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PREFACE. 



A NEW EDITION of the present Work having been called 
for, I have endeavoured to make this Treatise more de- 
serving of the favourable reception it has met with. 
Having myself used it for the last five years in teaching 
Analytic Geometry to beginners, I have gained some ex- 
perience as to the points where learners are likely to feel 
difficulties, I have accordingly rewritten a considerable 
part of the work, introducing in the early chapters co- 
pious numerical illustrations, such as I have been in the 
habit of using with my class. I have also endeavoured 
to separate, more carefully than in the former editions, 
between the elementary parts of the work and those in- 
tended for more advanced readers. The learner will find 
all essential parts of the theory of Analytic Geometry in- 
cluded in Chapters i., ii., v., vi., x., xi., xii., omitting the 
articles marked with asterisks. Should he require ex- 
amples for exercise, in addition to those contained in 
these chapters, he will find a sufficiently extensive col- 
lection of examples in Chapters iii., vii., xiii. The re- 
maining chapters treat of the algebraic and geometrical 
methods which have been introduced into use of late 
years, but of which no systematic account had been given 
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VI PREFACE. 

in any elementary work at the time that the first edition 
of this Treatise was published. I have made several ad- 
ditions to these chapters in this edition. In the altera- 
tions which I have made throughout the book, I have 
profited by the works on Analytic Geometry which have 
appeared since the first edition was published, among 
which I may mention in particular Mr. Gaskin's, and 
Mr. Walton's " Examples on Analytic Geometry,'' and 
Mr. Puckle's " Treatise on Conic Sections." 

Trinity College, Dublik, 
July, 1855. 
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ANALYTIC GEOMETRY. 



CHAPTER I. 

THE POINT. 

Art. 1 . Geometrical theorems may be divided into two classes : 
theorems concerning the maffnitade of lines, and concerning their 
position ; for example, that " the square of the hypotenuse is 
equal to the sum of the squares of the sides," is a theorem con- 
cerning magnitude ; that " the three perpendiculars of a triangle 
meet in a point," is a theorem concerning position. 

Theorems of the former class can easily be expressed algebrai- 
cally. To take the example already given, if the lengths of the 
sides of a right-angled triangle be a, 6, c, the proposition alluded 
to is written c* = a^ + &*. The learner is probably already familiar 
with this application of algebra to geometry, as the propositions of 
the Second Book of Euclid all relate merely to the magnitude of 
lines, and the demonstration of them is much simplified by the use 
of algebraical symbols. But it is by no means so easy to see how 
to express algebraically theorems involving the position of lines. 
Accordingly, although algebra was, soon after its introduction 
into Europe, applied to the solution of the first class of questions, 
its use was not extended to this latter class until the year 1637, 
when Des Cartes, by the publication of his " Geometrie,*' laid the 
foundation of the science on which we are about to enter. 

2. The following method of determining the position of any 
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2 THB POINT. 

point on a plane is that introduced by Des Cartes, and generally 
used by succeeding geometers. 

We are supposed to be given the position of two fixed right 
lines, XX', YY', intersecting in the point O. Now, if through 
any point P we draw PM, PN, parallel to YY' and XX', it is 
plain that, if we knew the position of the point P, we should 
know the lengths of the parallels PM, PN, or, vice versdi that 
if we knew the lengths of PM, ' ^ 

PN, we should know the posi- 
tion of the point O. 

Suppose, for example, that 
we were given PN = a, PM = 6, 
we need only measure OM = a 
and ON = 6, and draw the par- 
aUels PM, PN, which will in- 
tersect in the point required. 

It is usual to denote PM 
vparallel to OY by the letter y, 
ad PN parallel to OX by the 
letter re, and the point P is said to be determined by the two equa- 
tions a; = a, y = 6. 

3. The parallels PM, PN, are called the coordinates of the 
point P ; that parallel to YY' is often called the ordinate of the 
point P ; and that parallel to XX' the abscissa. 

The fixed lines XX' and Y Y' are termed the axes, of co-ordi- 
nates, and the point O, in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, according 
as the angle at which they intersect is a right angle or oblique. 

It will readily bey^feh that the co-ordinates of the point M 
on the preceding figure are ar = «, y = ; that those pf the point 
N are a; = 0, y = ft ; and that those of the origin itself are ar « 0, 
y = 0.- 

4. In order that the equations ar = a, y = ft, should only lie sa- 
tisfied by one point, it is necessary to pay attention, not only to the 
magnUudes, but also to the signs of the co-ordinates. 

If we paid no attention to the signs of the co-ordinates, we 
might measure OM = a and ON = ft, on either side of the origin, 
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and any of the four points, P, Pi, P„ Pj, would satisfy the equ»-^ 
lions x-a^y^b. It is possible, however, to distinguish alge- 
braically between the lines OM, OM' (which are equal in magni- 
tude, but opposite in direction) by giving them different signs. 
We lay down a rule, that if 

lines measured in one direo- V 

tion be considered'as positive, 

lines measmred in the oppo- B /N P 

site direction must be consi- 
dered as negative. It is, of 
course, arbitrary in which 

direction we measure positive x' rr^ ^ U^ X 

lines, but it is customary to 
consider OM (measured to 
the right hand)and ON (mea- 
sured wpirard*) as positive, 
and OM', ON' (measured in 
the opposite directions) as ne- 
gative lines. 

Introducing these conventions, the four points, P, Pi, Pj, P,, 
are easily distinguished. Their co-ordinates are, respectively, 




X = 



■\- a\ x^-a\ a? = + a\ x--a\ 



These distinctions of sign can present no difficulty to the learner, 
who is supposed to be already familiar with the principles of tri- 
gonometry. 

It appears from what has been said, that the points 

x = -¥ a, y ^ -\- by and a: = - a, y ^-bj 

lie on a right line passing through the origin ; that they are 
equidistant from the origin, and on opposite sides of it. 

N. B. — The points whose co-ordinates are ar = a, y = ft, or 
X- x\ y - y\ are generally briefly designated as the point aft, 
the point x'y. 

6. Gioen the co-ordinates of two points ajy, a?'y, to express 
the distance between them^ the axes of coordinates being supposed 
rectangtdar. 
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By Euclid, I. 47, 

PQ» = PS» + SQ», but PS - PM - QM' = |/' - y", 
and QS = OM - OM' = x'- x"; 
hence 8» = PQ' = (a;' - x'y + (y' - /)». 

To express the distance of any point from the origin, we must 
make x" =0, y = 0, in the 
above, and we find 



8». 



+ y\ 



Y 


Q 


^ 


P 

s 




^y 




X' 


O M' 


M 



6. In the following pages 
we shall but seldom have oc- 
casion to make u^e of oblique 
co-ordinates, sinceformulas are, 
in general, much simplified by 
the use of rectangular axes ; 
as, however, oblique co-ordi- 
nates may sometimes be employed with advantage, we shall give 
the pnncipal formulaB in their most general form. 

Suppose, in the last figure, the angle YOX oblique and = to, 

then PSQ = 180° - w, 

and PQ* = PS» + QS» - 2PS . QS . cos PSQ, 

or, PQ* = (y - yj + (x - aj + 2(y' - /) {x' - ^0 cos w. 

Similarly, the square of the distance of a point, a't/\ from the 
origin « a'^ + y * + 2x'y cos w. 

In applying these formulae, attention must be paid to the signs 
of the co-ordinates. If the point Q, for example, were in the 
angle XOY', the sign of y" would be changed, and the line PS 
would be the sum and not the difference of y and y". 

Ex. 1 . To find the lengths of the sides of a triangle the co-ordinates of whose vertices 
are or' = 2, y' = 3 ; or" = 4, y" = - 6 ; a:^ = - 3, y*" = - 6, the axes being rectangular. 

Ant, V68, V60, V106. 

V Ex. 2. Find the lengths of the sides of a triangle the co-ordinates of whose vertices 
are the same as in the last example, the axes being inclined at an angle of 60^ 

Am, V62, V57, V161. 

.^ 7. Given the co-ordinates of two points, xy\ x'y\ to find the 
co-ordinates of the point cutting the line joining thein, in a given 
ratio m : n. 
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Let ar^yhe the co-ordinates of the point B which we seek to 

determine, then 

mm:: PR:EQ:: MS: SN, 

or / T, ^^y 

m:n:: X - x:x - X i 
or mx - mx = iw?' - iwr, 
hence 



mx* + wic' 



rc = - 



m + » 
In like manner 



y« 



m + w 




If the line were to be cut externally m the given ratio, we should 
have 

m : n :: X " x^ : X - x% 
and therefore 

moT - nx m\f - nJ 

m- n ^ m "71 

We can sufficiently distinguish the cases of internal and external 
section, if we agree that to cut a line in the ratio m : 4 n shall 
denote to cut it internally in a certain ratio ; and that to cut in the 
ratio m : - n shall denote to cut it externally in the same ratio : 
for the formulae for external section are obtained from those for 
internal section by changing the sign of either m or n. 

•«^ Ex. 1. To find the co-ordinates of the middle point of the line joining the points 



*y, *y. 



Ant. X = 



x^x" 



y+/ 



Ex. 2. To find the co-ordinates of the middle points of the sides of the triangle the 
co-ordinates of whose vertices are (2, 3), (4, - 6), (- 3, - 6). 

"^ Ex. 3. The line joining the poi]|ts (2, 3), (4, — 6) is trisected : to find the co-ordi- 



nates of the point of trisection nearest the former point. 



An». :r = -, y=-. 



^^ Ex. 4. The co-ordinates of the vertices of a triangle heing xy\ xV* ^y'^ to find 
the co-ordinates of the point of trisection (remote from the vertex) of the line joining any 

vertex to the middle point of the opposite side. 

ar'+jr"+x"' y-VyVy' 
Am, X = , y = 



3 



3 
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£x. 6. To find the oo-ordinates of the intersection of the biwctora of sides of the 
triangle, the co-ordinates of whose vertiees are given in Ex. 2. 



An$, ar = 1, y = — 



Ex. 6. Anj side of a triangle is cat in the ratio m : a, and the line joining this to the 
opposite vertex is cut in the ratio m + n : / ; to find the co-ordinates of the point of section. 

y 4- my" 4- «y * 



Ana, 



" l + M + n 'y° 



l + m-\-n 



8. Transfcnrmation of Co-ordinates. — ^When we know the co- 
ordinates of a point referred to one pair of axes, it is frequently 
necessary' to find its co-ordinates referred to another pair of axes. 
This operation is called the transformation of co-ordinates. 

We shall consider three cases separately : first, we shall sup- 
pose the origin changed, but the new axes parallel to the old ; 
secondly, we shall sup* 
pose the direction of 
the axes changed, but 
the origin to remain 
unaltered ; and thirdly, 
we shall examine the 
case when both origin 
and direction of the 
axes are altered. . 

First. Let the new 
axes be parallel to the old. 

Let Oxj Oy, be the old axes, CKX, OT, the new axes. Let 
the co-ordinates of the new origin referred to the old be a\ t/, or 
O'S = a, O'R = y\ Let the old co-ordinates be Xy y, the new 
X, Y, then we have 

OM = OR + RM, and PM = PN + NM, 
that is, 

« = a?' + X, and y = y' + Y. 

These formulas are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Next, let the direction of the axes be changed, while the 
origin is unaltered. 

(I .) We shall commence with the case where both systems are 
rectangular, and we shall denote by 6 the angle a?OX = yOY. 
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Then PM = PS + NR; OM - OR - SN. 

But since the angle 

SPN = xOX = 0, 
PS = PN CO80, NR = ON sinfl; 
OR = ONco80, SN = PN sin©. 
We have, therefore, 

y = Y 0080 + X sin©, 
a: = X COS© - Y sin©. 

(2.) In general let the angles between the axes be any what- 
ever. In the figure then PS, PN are drawn parallel to Qy, OY, 
and NS to Ox. Then, as before, 

PM = PS + NR. 

We have no longer PS « PN cos SPN, since PSN is not sup- 
posed a right angle ; but 

PS : PN : : sinPNS (= sinYO^c) : sinPSN (- sin^x) ; 

PNsinYOa? 



PS = 



and 



&myOa 



NR : ON 



sin:rOX : sin NRO (=» sinyO^), 

^^ ON sinorOX 
. NR 



Hence 



sinyO^ 

y emxOy = Y sinoiOY + X sinorOX. 
From symmetry we can write down 

a sinyO^ = X sinyOX + Y sinyOY. 
In using these formulae, however, attention must be paid to 
the signs of the angles concerned in them. 

The sign + is to be used when the angles xQy, a:OY, a'OX, 
are all measured on the same side of Oa ; and yOxy y OX, yO Y, 
on the same side of Oy . 

In the case represented in the figure, the angle yOY lies on 
the opposite side of Oy from the angles yO^? and yOX, and the 
formula would become 

X sinyO^ = X sinyOX - Y sinyOY. 
It will often be convenient to write these formulae as follows : 
let the angle between the old axes yO^ = w : let the angle that 
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the new axis of X makes with the old, XO^ = a ; let YO^ = /3 : 
then the formulaB become 

y sinw = X sina + Y sinjS 

X sinw w X sin(a> - a) + Y 8in(w - j3). 

10. Lastly, by combining the transformations of the two pre- 
ceding articles, we can find the co-ordinates of a point referred to 
two new axes in any position whatever. We first find the co- 
ordinates (by Art. 8) referred to a pair of axes through the new 
origin parallel to the old axes, and then (by Art. 9) we can find 
the co-ordinates referred to the required axes. 

The general expressions are obviously obtained by adding a 
and y to the values for x and y given in the last article. 

•*^ Ex. 1. The co-ordinates of a point satisfy the relation >> + y« - 4r - 6y = 18 ; 
what will this become if the origin be transformed to the point (2, 3) ? 

Ana. X> + Y> = 31. 

_^ Ex. 2. The co-ordinates of a point to one set of rectanguUr axes satisfy the relation 
yS - a;> = 6 : what will this become if transformed to axes bisecting the angles between 
the given axes ? An8. XY = 3. 

- »* Ex. 3. Transfonn the equation 2*« — Sary + 2y* = 4 from axes Inclined to each other 
at an angle of 60", to the right lines which bisect the angles between the given axes. 

Ana, X» - 27Y» + 12 = 0. 
Ex. 4. Transform the same equation to rectangular axes, retaining the old axis of x. 

Ana, 3X2 + lOY* - 7XYV3 = 6. 
«-« Ex. 5. It is evident that when we change from one set of rectangdar axes to another, 
jr« + y2 must = X2 4- T2, since both express the square of the distance of a pwnt from the 
origin. Verify this by squaring and adding the expressions for X and Y in Art. 9. 

Ex. 6. Verify in like manner in general that 

x» + y» + 2a:y cos«Oy = X2 -j- Y« + 2XY cosXOY. 

11. The degree of any equation between the coordinates is not 
altered by transformation of co-ordinates. 

Transformation cannot increase the degree of the equation : 
for if the highest terms in the given equation be ^"*, y^^ &c., those 
in the transformed equation will be 

{a?'sina> + .r sin(ai-a) +y sin(w-j3) } *", (y sin w + ^ sin a + y sin)3)"*, 
&c., which evidently cannot contain powers of ^ or y above the 
nfi^ degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation back 
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9 




again to the old axes, we must fall back on the original equation, 
imd if the first transformation had diminished the degree of the 
equation, the second should increase it, contrary to what has been 
just proved, 

12. Polar Co-ordinates, — Beside the method of expressing 
the position of a point which we have hitherto made use of, there 
is also another which is often em- 
ployed. P 

K we were given a fixed point 
O, and a fixed line through it, OB, 
it is evident that we should know 
the position of any point, P, if we 
knew the length OP, and also the 

angle POB. The line OP is called the radius vector ; the fixed 
point is called the pole ; and this method is called the method of 
polar co-ordinates. 

It is very easy, being given the a and y co-ordinates of a 
point, to find its polar ones, or ^ 
vice versa- . 

First, let the fixed line coin- 
cide with the axis of a?, then 
we have 

^P:PM::sinPMO:sinPOM; 

denoting OP by p, POM by 0, 
and YOX by w ; then 

PMory = ^il^;andsimUarly,OM^^.. ^^^.(""^> . 
smw; "^ smw 

For the more ordinary case of rectangular co-ordinates, co= 90**> 

and we have simply 

^ = /o COS0 and y = p sinO. 

Secondly. Let the fixed line 

OB not coincide with the axis of 

Xy but make with it an angle = a, 

then 

POB = e and POM » 6 - a, 

and we have only to substitute 0-a for 6 in the preceding formulaa- 
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For rectangular co-ordinates we have 

X- p cos(6 - a) and y •= p sin(6 - a). 

Ex. 1. Change to polar co-ordinates, the followuig equations in rectangular co- 
ordinates, x'* ■\-y'^=i bmx, ' Ant, p = 5m cos 9. 
orS - ys = a«. Ans, p* cos 29 = a«. 

.^ Ex. 2. Change to rectangular co-ordinates the following equations in polar co-ordi- 
nates. p2 sin 2d = 2a>. Ana, xy = cfi. 

p« = a« cos 29. Am, (ar* + y2)« = a\x'* - y«). 

pi cos i^ = a*. -r4n#. ar« + y« = (2a - a:)«. 

p* = a*cosia Ans, (2x2 + 2y« - aar)« = a«(ar« + y«). 

13. Tfe express the distance between two points^ in terms of their 
polar co-ordinates. q 

Let P and Q be the two points, 
OP = p', POB = 0'; 
OQc=p^ QOB = r; 
then O 

PQ« « OP* + OQ'* - 20P . OQ • cos POQ, 
or S* = p'2 + p''^ - 2p>" cos {jSf'-ff). 




CHAPTER II. 

THE BIGHT LINE. 

14. We saw, in the last chapter, that we could determine the 
position of a point, being given two equations regarding its co- 
ordinates, of the form a? = a, y = *• It is evident that we could 
equally determine the point, had we been given any two equa- 
tions of the first degree between its co-ordinates, such as 
Ab + By + C = 0, A'x + By + C = 0, 

for we have here two equations between two unknown quanti- 
ties, which we can solve by eliminating y and x alternately between 
them, and obtain two results of the form 

rr s a, y = b, 

Ex. What point is denoted by the equations Sir + 5y « 13, 4ar - y s 2 ? 

Jns. JP ■» 1, y s* 2. 
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15. Two equations of higher order between the co-ordinates 
would represent, not one^ but a determinate number of points. 
For, eliminating y between the equations, we obtain an equation 
containing x only ; let its roots be ai, oj, as, &c. Now, if we sub- 
stitute any of these values (ai) for x in the original equations, we 
get two equations in ^, which must have a common root (since 
the result of elimination between the equations is rendered « o 
by the supposition x = ai). Let this common root be y = j3i. 
Then the point whose co-ordinates are a; » ai, y » /3i9 will at once 
satisfy both the given equations ; and so, in like maimer, will the 
point whose co-ordinates are a; ==: aa, y « /3a, &c. 

If the given equations were of the m^ and n'* degrees respec- 
tively, the equation in x would (by the theory of elimination, see 
Lacroix's Algebra^ § 196, p. 278 ; Young's Algebra^ § 124, p. 229) 
be of the mv^^ degree, and consequently there would be mn roots 
ai, 02, &c., and, therefore, mn points represented by the two 
equations. 

^.^ Ex. 1. Wliat points are represented by the two equations x3 + y3s=5, xyx:2? 
Eliminating y between the equations, we get x^ — 6x* +4 = 0. The roots of this 
equation are a;S = 1 and x^ = 4, and, therefore, the four values of jt are 
ar = +l, x = -l, ar = + 2, ar = -2. 
Substituting any of these in the second equation, we obtain the corresponding values 
ofy, y = + 2, y = -2, y = +.l, y = -l.^ 

Tlie two given equations, therefore, represent the four points 

(+l, + 2), (-1,-2), (+.2, + l),(-2,-l). 

Ex. 2. What points are denoted by the equations 

ar-y = 1, ;r8 + y2 = 26? Ant, (4, 8), (- 3, - 4). 

„^ Ex. 3. What points are denoted by the equations 

a:* - 5x + y + 3 = 0, ir« + y« - 6x - 8y + 6 = ? ^jw. (1, 1), (2, 3), (3, 8), (4, 1). 

16. Having seen that any two equations between the co-ordi- 
nates represent geometrically one or more points^ we proceed to 
inquire the geometrical signification of a single equation between 
the co-ordinates. We shall find the case to be similar to the so- 
lution of a class of geometrical problems, with which the learner 
is familiar. We can determine a triangle, being given the base 
and any other two conditions, but had we been given only one 
other condition, the vertex, though no longer determined in posi- 
tion, would still be limited to a certain locus. So we shall find, 
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that although one equation between the two co-ordinates is not 
sufScient to determine a point, it is, however, sufficient to' limit it 
to a certain locus. In fact, the equation asserts, that a certain 
relation subsists between the co-ordinates of every point repre- 
sented by it. Now, although this relation will not in general 
subsist between the co-ordinates of any point taken at random^ 
yet there will be more points than one for which this relation mil 
be true ; the assemblage- of these points will form a locus of points 
whose co-ordinates satisfy the equation, and this locus is consi- 
dered the geometrical signification of the given equation. 

That a single equation between the co-ordinates signifies a 
locus, we shall first illustrate by the simplest example. Let us 
recall theconstruction by which 
(p. 2) we determined the posi- 
tion of a point from the two 
equations ar « a, y = ft. We 
took OM = cr ; we drew MK 
parallel to OY; and then, mea- 
suring MP=ft, we found P, the 
point required. Had we been 
given a difierent value of y, 
a? = fl, y = ft', we should proceed 
as before, and we should find a point P' still situated on the line 
MK, but at a different distance from M. Lastly, if the value of 
y were left wholly indeterminate, and we were merely given the 
single equation ^ = a, we should know that the point P was si- 
tuated somewhere on the line MK, but its position in that line 
would not be determined. Hence the line MK is the locus of all 
the points represented by the equation a; = a, since, whatever point 
we take on the line MK, the a? of that point will always = a. 

17. In general, if we were given an equation of any degree 
between the co-ordinates, let us assume for x any value we please 
(x = a), and the equation will enable us to determine a finite 
number of values of y answering to this particular value of a?, and, 
consequently, the equation will be satisfied for each of the points 
(/), q^ r, &c.), whose a is the assumed value, and whose y is that 
found from the equation. Again, assume for a; any other value 
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(a = a'), and we find, in like manner, another series of points, 
y, q\ r\ whose co-ordinates satisfy the equation. So again, if we 
assume ^ = a" or ^ = a'", &c. Now, if a; take successively all pos- 
sible values, the assem- 
blage of points found 
as above will form a 
locus, every point of 
which satisfies the con- 
•ditions of the equation, 
and which is, therefore, 
its geometrical signifi- 
cation. We see then 
that every equation we 
can write down between 
the co-ordinates a and y must represent geometrically a locus of 
some kind. It is on this consideration that the whole science of 
Analytic Geometry is founded. 

18. It is the business of Analytic Geometry to investigate 
the nature of the difierentloci represented by difierent equations. 
Then, having once ascertained the locus represented by a given 
equation (for example, Ao? + By + C = 0), if we find this relation 
subsisting between the co-ordinates of any point, we shall be sure 
that this point lies on the locus so determined, and, vice versd, if 
we take aijy point on the locus, we shall know that this relation 
will exist between its co-ordinates. 

These loci are classified according to the degrees of the equa- 
tions representing them, being said to be of the m% n% orj/\ 
&c., degree, according as the equations representing them are of 
the m*\ n^\ or //* degree between a and y. 

We commence with the equation of the first degree, and we 
shall find that this always represents a riffht line, and, conversely, 
that the equation of a right line is always of the first degree. 

19. We have already (Art. 16) examined the simplest case of 
an equation of the first degree, namely, the equation a? = «, and 
we found that an equation of this form represents a right line PM 
parallel to the axis O Y, and meeting the axis OX ^t a distance 
from the origin OM = to a. Similarly, the equation y -b repre- 
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sents a line PN parallel to the axis OX, and meeting the axis 
OY at a distance from the origin ON » b. 

Let us now proceed to .examine the case next in order of sim- 
plicity, that of a right line passing through the ori^, and let us 
consider what relation subsists between the co-ordinates of points 
situated on such a line. 

K we take any point P on Y 

such a line, we see that both 

the co-ordinates PM, OM, j» /n P 

will vary in length, but that 
the ratio PM : OM will be 
constant, being » to the ratio 

sinPOMisinMPO. 

Hence we see, that the equa- 
tion 

sin POM 

^""sinMPO"^' 

wiU be satisfied for every 
point of the line OP, and, 
therefore, this equation is said to be the equation of the line OP. 
Conversely, if we were asked what locus was represented by 
the equation 

write the equation in the form - = »i, and the question is, " to 

find the locus of a point P, such that, if we draw PM, PN parallel 
to two fixed lines, the ratio PM : PN may be constant." Now 
this locus evidently is a right line OP, passing through O, the 
point of intersection of the two fixed lines, and dividing the angle 
between them in such a manner that 

sin POM = m sin PON. 

If the axes be rectangular, sin PON = cos POM, therefore, 
m = tan POM, and the equation y = mx represents a right line 
passing through the origin, and making an angle with the axis of 
a, whose tangent is m. 

20. An equation of the form y = + ww: will denote a line OP, 
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situated in the angles YOX, Y'OX'. On the contrary, an equar 
tion of the form y = -mx will denote a line OP', situated in the 
angles YOX, YOX'. 

For it appears, from the equation y = + »m?, that whenever x 
is positive y will be positive, and whenever x is negative y will be 
negative. Points, therefore, represented by this equation, must 
have their co-ordii^tes either both positive or both negative, and 
such points we saw (Art. 4) lie only in the angles YOX, Y'OX'. 
On the contrary, in order to satisfy the equation y « - ma?, if a? be 
positive y must be negative, and if ^ be negative y must be posi- 
tive. Points, therefore, satisfying this equation, will have their 
co-ordinates of different signs, and must, therefore (Art. 4), lie in 
the angles Y'OX, YOX'. 

Y 

21. Let us now exa- 
mine how to represent a 
right line PQ, situated in 
any manner with regard to 
the axes. 

Draw OR through the 
origin parallel to PQ, and "" 
let the ordinate PM meet 
OR in R. Now it is plain 
(as in Art. 19), that the 

ratio RM : OM will be always constant (RM always equal, sup- 
pose, to m . OM) ; but the ordinate PM differs from RM by the 
constant length PR = OQ, which we shall call b. Hence we may 
write down the equation 

PM = RM + PR, or PM - m • OM + PR, 

that is, 

y = »M? + ft* 

The equation, therefore, y = ww? + ft, being satisfied by every 
pomt of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OR, parallel to the right line PQ, lies in 
the angle YOX, or Y'OX. And, again, ft will be positive or 
negative according as the point Q, in which the line meets OY, 
lies above or below the origin. 
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Conversdy, the equation y.- mx-hb will always denote a right 
line ; for the equation can be put into the form 

= m. 

X 

Now, since if we draw the line QT parallel to OM, TM will be 
= ft, and PT therefore = y - ft, the question becomes : " To find 
the locus of a point, such that, if we draw PT parallel to OY to 
meet the fixed line QT, PT may be to QT in a constant ratio ;" 
and this locus evidently is the right line PQ passing through Q. 
The most general equation of the first degree, Ax + By + C = 0, 
can obviously be reduced to the form y - mx + bj since it is equi- 
valent to ' AC 

this equation therefore always represents a right line, 

22. From the last Articles we are able to ascertain the geo- 
metrical meaning of the constants in the equation of a right line. 
If the right line represented by the equation y == mx + b make an 
angle « a with the axis of a?, and = j3 with the axis of y, then 
(Art, 19) „8i««. 

8m/3 
and if the axes be rectangular, m «= tana. 

We saw (Art, 21) that ft is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form A^ + By + G = 0, 
we can reduce it, as in the last Article, to the form y = mj? + ft, 
and we find that A ^ sin a 

~ B'smS' 

C 

or if the axes be rectangular = tan a ; and that - ^p ^^ ^^^ length 

of the intercept made by the line on the axis of y. 

Cor, — The lines y ^ mx -{■ b^ y = mx + ft' will be parallel to 
each other if to = tw', since then they will both make the same 
angle with the axis. Similarly the lines Ax + By + C » 0, 
A'x + B'y + C = 0, will be parallel if 

A A' 
B " B • 
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Beside the forms Ax + By + C » and y mmx+ b^ there are 
two other forms in which the equation of a right line is frequently 
used ; these we next proceed to lay before the reader. 

23. To find the lengths of the intercepts which the line MN, 
whose equation is Ax + By + C = 0, cuts off on the axes. 

. We found in the last 
Article the length of one 
of these intercepts, by 
comparing the present 
equation with the equa- 
tion y=in^+ J. We pre- 
fer, however, in the pre- 
sent Article, to investi- 
gate the same question 
directly, by the help of 
an important principle 
already alluded to (Art. 
18). The co-ordinates of every point of the line MN must of 
course satisfy the given equation, therefore so must the co-ordi- 
nates of the point M, where this line meets the axis of ^. Now 
for every point on the axis of ^, y = (Art. 3), therefore, for the 
point M, the equation gives Ax + C = 0, but the x of the point 
M is the intercept OM, whose length is required ; therefore, 

C 




Similarly, 



0M = - 



Hence it is easy to find the equation of a line which shall cut 
off intercepts on the axes, OM = a and ON = b. 
The general equation of a right line is 



but 



A B 

Ax + By + C = 0, or j^x + T^y + I = ; 

A 1 _ 1 J B_ 1 1 



therefore, tihe equation of the right line required is 

1. 



a b 
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This is the equation of the right line in terms of the intercepts it 
cuts off on the axes. It evidently holds whether the axes be ob- 
lique or rectangular. 

It is plain that the position of the line will vary with the 
signs of the quantities a and b. For example, the given equation 

- + 1 = Ij which cuts off positive intercepts on both axes, repre- 
sents the line MN on the preceding figure ; 

— \- 1, cutting off a positive intercept on the axis of 4?, and a 
a 

negative intercept on the axis of y, represents MN'. 



and 



Similarly, V ^ % x xniT' 

•'^ i - « = 1 represents NM ; 
b a 

- + ^ = - 1 represents M'N'. 
a o 



The student will find no diflBculty in examining for himself 
how changes in the signs of A, B, or C affect the position of the 
lifte represented by the general equation 
Aa? + By + C = 0. 

Ex. 1. Ezamine the position of the following lines, and find the intercepts they make 
on the axes. 2x - 8y = 7 ; 3x + 4y + 9 = ; 

3jr + 2y = 6} 4y - 5a: = 20. 
y Ex. 2. The rides of a triangle being taken for axes, form the equation of the line 

joining the points which cut off the m<* part of each, and show, by Art 22, that it is 
parallel to the base. ^ x y ^ 

ma mo 

24. Kwe suppose A = in the general equation, the inter- 

C . 

cept - -^ made by the line on the axis of a becomes infinite. 

Hence the line By + C = cuts the axis of ^ at an infinite distance, 
or, in other words, is parallel to it. This agrees with Art. 16. 
The distance from the origin at which this parallel meets the 

C 

axis of y (Art. 22), is - :g. K, therefore, C = 0, this distance will 

vanish, and the equation y = represents the axis of a? itself. 

Similarly, Ax + C = denotes a line parallel to the axis of y, 
and 4? -> the axis of yitself. 
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25. To express the equation of a right line in terms of the length 
of the perpendicular on it from the origin^ and of the angles which 
this perpendicular makes with the axes^ 

Let the length of the perpendicular OP == p, the angle POM 
which it makes with the axis of a? = a, 
P0N = /3, OM = a, 0N = 6- 

We saw (Art. 23) that the equa- 
tion of the right line MN was 

a b 
Multiply this equation by p, and we 



Ix^p-p. 




But - = cos a ; ^ = C08/3 ; therefore the equation of the line is 
a 

fljcosa + ycos/3 = p. 

In rectangular co-ordinates, which we shall most generally 
use, we have /3 = 90° - a. Hence, x cos a + ^ sin a - p is the 
equation, referred to rectangular cp-ordinates, of a line, the per- 
pendicular on which from the origin makes an angle = a with the 
axis of A', and is in length = p. 

If we had been given the equation of a right line in the gene- 
ral form Ax + By + C = 0, it is easy to reduce it to the form 
^ cos a + y sin a = /? ; for, divide the first by y/ (A* + B*), and we 

have A B C 

^■*" V(A» + B^/"^ V(A^ + BO" 



V(A^+B*) 
But we may take 
A 



= cos a, and 



B 



^sma. 



nnce the sum of squares of these two quantities <= 1. 



Hence we learn, that 



V(A» + B»)" 

tively the cosine and sine of the angle which the perpendicular 
firom the origin on the line (^Ax + By + C = 0) makes with the 

axis of «, and that -tt-ti — b^^ ^^ the length of tMs perpendicular* 
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The square root in these values is, of course, susceptible of a 
double sign ; since the equation may be reduced to eidier of the 
forms 

a?cosa + ycos/3-/?«0, afcos(a + 180®) + ycos(/3+ I80^) + jo = 0. 

* 26. To reduce the equation Ax + By + C = {referred to 
oblique co-ordinates)^ to the form x cos rt + y cos j3 = /?. 

Let us suppose that the given equation when multiplied by a 
certain factor R is reduced to the required form, then RA = cos a, 
RB = cos /3. But it can easily be proved that, if a and j3 be any 
two angles whose sum is ci>, we shall have 

cos^ a + cos* /3 - 2 cos a cos j3 cos m = sin' m. 
Hence R«(A* + B* - 2 AB cos o>) = sm« w, 

and the equation reduced to the required form is 
A sin o) B sin o) 



V(A*+B2-2ABcosw) ^ V(A« + B^-.2ABcosw)^ 

C sin o) __ ^ 

■^ t/(A*+B»-r2ABcosa>) - "• 
And we learn that 

Asinoi B sinctf ' 

V(A«+B'^-2ABcos(oy V(A*+B'-2ABcosft>y 

are respectively the cosines of the angles that the perpendicular 
from the origin on the line Kx + By + C = 0, makes with the 

axes of X and y ; and that ,. . , — ^5^ — 7^-^^ \ is the length of 

^ V (A* + B'^ - 2ABcos w) ^ 

this perpendicular. This length may be more easily calculated 

by dividing the double area of the triangle NOM, (ON.OM sinw) 

by the length of MN, expressions for which are easily found. 

27. To find the length of the perpendicular from any point x']/^ 
on the line whose equation is x cos a ■\- y cos j3 -• /> = 0. 

We shall show that it is found by substituting the co-ordinates 
x\ y, for X and y in the given equation, and is equal to 

± {x cos a + y cos j3 - jo). 
For, from the given point Q draw QR parallel to the given line, 
and QS perpendicular. Then 

OK « x\ and OT will be = aj' cos a. 
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Again, since 

SQK = /3, and QK = y\ 

ET = QS = yco8/3; 
hence 

or' cos a + y cos j3 = OR. 
Subtract OP the perpendicular 
from the origin, and 

a/ cos a-^ y cos/3 - jo = PR = the 
perpendicular QV. Q. E. D. 

But if in the figure the point Q had been taken on the side of 
the line next the origin, we should have obtained for the perpen- 
dicular the expression p - of cos a - t/' cos /3 ; and we see that the 
perpendicular changes sign as we pass from one side of the line to 
the other. It is arbitrary on which side of the line we shall re- 
gard the perpendicular as positive. If we choose that form to 
represent the perpendicular in which the absolute term is posi- 
tive, then it is easy to see that the perpendiculars which fall on 
the side of the line next the origin are to be regarded as positive, 
and those on the other side as negative ; and vice versa if we choose 
the other form. 

If the equation of the line had been given in the form 
A^ + By + C =. 0, we have only to reduce it to the form 

^coso + y cos/3 -p = 0, 
and the length of the perpendicular from any point xy\ 

_ Ax + By + C {Ax' + By + C) sin (^ 

"■ V(A^ + B^) ' ^^ V(A* + B' - 2ABC0S w)' 

according a& the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from xy with that for the 
perpendicular from the origin, we see that xi/ lies on the same 
side of the line as the origin when Ax + By -f C has the same 
sign as C, and vice versa • 

The condition that any point a/\/ should be on the right line 
A^ + By + C = 0, is, of course, that the co-ordinates x'i/ should 
satisfy the given equation, or 

Ao/ + By + C = 0. 
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And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from the 
point xy on the given line is = 0. 

Ex. 1. Find the length of the perpendicular from the origin on the line 

8ar + 4y + 20 = 0, 
axes bdng rectangular. Ant, 4. 

Ex. 2. iind the length of the perpendicnlar from the pomt (2, 8) on 2dr + y - 4 s= 0. 

Q 

Am, —j-z : and the ^ven point is on the mde remote from the oHgin. 

Ex. 3. Find the length of the perpendicular from (3, - 4) on 4x + 2y - 7, the angle 

between the axes bemg 60°. . 8 . _ . ^ . ., ' • ^ ^*x. 

An$. - : and the pomt is on the side next the ongin. 
4 

Ex. 4. Find the length of the perpendicular from the origin on 

a(x-a) + 6(y-6) = 0. Ant, V(a8 + 6«). 

28, To find the eqtiation of a right line passing through a given 
point xy. 

The general equation of a right line, we have seen, can be put 
imder the form y = wa; + ft, where m and b are as yet unknown, 
and-are to be determined by any conditions we are given respect- 
ing the line. Now suppose a point on the line given, the equa- 
tion y = mx + ft, which is true for every point on the line, must 
be true for the point afy. Hence we get the condition y = ma?' + ft,. 
As we are given no other condition, we are notable to determine 
both the unknown quantities m and ft, but by means of this con- 
dition we can determine one of them, ft « y - ma!. Substituting 
this value in the general equation, we get 

y = mx + y' - mx\ 

or y - y - ^(p^ - ^')> 

for the equation of a right line passing through the point afy. 
m remains indeterminate, as it ought, since an infinite number of 
lines can be drawn through the point xy. 

29. To find the equation of a right line passing through two 
given points^ x'l/^ od'y". 

The condition that the right line must pass through a second 
point will now enable us to determine the constant m which was 
left indeterminate in the last Article. 

By the last Article the equation of a right line through xy is 
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~ — —. = m* 
X - X 

But since the line must also pass through the point aCjf^ this 
equation must be satisfied when the co-ordinates a;% r/\ are substi- 
tuted for X and y; hence 

or -a; 
Substituting this value of tn, the equation of the line becomes 

y~.y ^ /-y 

a; -a;' x^-x'" 

In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is sometimes 
more convenient, 

(y-/)a:-(a:'-aj")y + :ry-yy=0. 

Cor. — The equation of the line joining the point ar'y to the 
origin is yx = xy. 

It will sometimes happen that we can write down, without 
calculation, the equation of the line joining two points. If we 
happen to know beforehand that the co-ordinates of both points 
are connected by the relations 

Aa!' + By + C = and Ax' + By" + C = 0, 
then it is evident that the equation of the line joining them is 
Ax + By + C = 0, for it is the equation of a right line, and is 
satisfied by the co-ordinates of both points. 

Ex. 1. Form the equations of the rides of a triangle, the co-ordinates of whose vertices 
ase (2, 1), (3, - 2), (- 4, - 1). An: Sa; + y = 7, a; 4- 7y + 11 = 0, 8y - a? = 1. 

Ex. 2. Find the lengths of the perpendiculars from each vertex of this triangle on the 
opposite side. Ana, 2V2, VlO, 2V10, and the origin is within the triangle. 

Ex. 3. Form the equations of the sides of the triangle formed by 
(2, 3), (4, - 6), (- 8, - 6). An», 4a; + y=ll, » - 7y = 89, 9a?-6y = 8. 

Ex. 4. Form the equation of the line joining the points 

, , , fMd + na;* my' + nj/' 

a? y and . -^ ^. 

» + «, m + » 

^«. (y'-y")aj-(a/-aOy + a^y''-y'«' = 0. 

Ex. 5. Form the equation of the line joining 

*9 ««*« 2 » 2 

Am, {y" -^-f - 2y')« -(/-Y^- 2a?')y + aTy' - /ii^ + iTy' -sTj^s 0. 
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Ex. 6. Foim the equations of the bisectors of the sides of the triangle described in 

Ex. 3. Ans, 6a: - 6y = 21 ; 17a; - 3y = 26 ; 7a? + 9y + 17 = 0. 

Ex. 7. Form the equation of the line joining 

Ix'—mj^ Zy - my" Ix - nx^ ly - ny"* 
.to- 



I — m I — m l—n l~n 

An$, ir{/(m-ii)y'+m(ii-7)/4ii(/-m)/'} -y{l(m^n)x-^ m(n-0^ + «('-«>"} 

= /m(y V - x'y') + mn{yx" - xY') + nl^jf^ - yx"), 

30. To find the condition that three points shall lie on one right 
line. 

We found (in Art. 29) the equation of the line joining two of 
them, and we have only to see if the co-ordinates of the third will 
satisfy this equation. 

The condition, therefore, is 

(yi - y2)a?3 - (a?i - X2)y^ + (a?,y3 - x^i) = 0, 
which can be put into the more symmetrical form, 

yi {pc^ - Xi) + y2 (a?3 - X,) + y^{xi - a^) = 0.* 

31. To find the area of the triangle fi)rmed by three points. 
If we multiply the length of the line joining two of the points, 

by the perpendicular on that line frotn the third point, we shall 

have double the area. Now the length of the perpendicular from 

x^yz on the line joining x^iy x^2^ the axes being rectangular, is 

(Art. 27) 

(yi - y^x^ - (a?i - x^y^ + ^it/a - x^^ 

V{(yi-y2)^ + (^i-a;,)^} 

and the d^ominator of this fraction is the length of the line join- 
ing ^lyi, ^2^2, hence 

a yi (aij - x^ + y2 {x^ - ^i) + y^ (xi - x^) 

represents double the area formed by the three points. 

If the axes be oblique, it will be found on repeating the in- 
vestigation with the formulae for oblique axes, that the only change 
that will occur is that the expression just given is to be multiplied 
by sin w. 

* In using this and other similar formalae, which we shall afterwards 

have occasion to employ, the learner must be careful to take the co-ordi- ,^L^,^» 

nates in a fixed order (see engraving). For instance, in the second mem- ^/ A i' 

ber of the formula just given y2 takes the place of yi, Xz of a^, and Xi Qfx^ A. Jr 

Then, in the third member, we advance from y2 to yjj, from Xi to afi, and ^* *'*' 
from «! to «2, always proceeding in the order just indicated. 
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Cor. 1. — Double the area of the triangle formed by the lines 
joining the points a^iyi, x^^ to the origin, is y^^x^ - y^Xn as appears 
by making x^ = 0, yg » 0, in the preceding formula. 

CoR. 2 — The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes » 0. 

32. To express the area of a polygon in terms of the co-ordi- 
nates of its angular points. 

Take any point xy within the polygon, and connect it with all 
the vertices x^i^ x^yt^ • . . Xnyn ; then evidently the area of the 
polygon is the sum of the areas of all the triangles into which the 
figure is thus divided. But by the last Article double these areas 
are respectively 

^(yi - yO - y (^i - ^) + ^xyt - a^jyi, 
^(y* -y^-yi^" ^) + ^^ya - ^sy^^ 
^ (ys - yO - y (ajs - a?*) + a^ay* - ^4^3, 



^ (yn - yi) - y (p^n - a?i) + a?„yi - Xi yn* 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

(iCiya - aJa^i) + (a?ay3 - x^y;) + (x^y^ - x^y^) + • • • (x^yi - Xiyn). 

This may be otherwise written, 

«i (ya - yn) + x^ipz - yO + aJaO* - y2) + . . . a;„(yi - y«.i)j 
or else 

yi(Xn-X2)-¥yi{xi -a:3) + y8(a?a-a;0 + * * • yn (^n-i - aJi). 

Ex. 1. Find % area of the triangle (2, 1), (3, - 2), (- 4, - 1). Atu, 10. 

Ex. 2. Find the area of the triangle (2, 3), (4, - 6), (- 3, - 6). Ans. 29. 

Ex. 3. Find the area of the quadrilateral (1, 1), (2, 8), (3, 3), (4, 1). Ans. 4. 

33. To find the co-ordinates of the point of intersection of two 
right lines -whose equations are given. 

Each equation expresses a relation which must be satisfied by 
the co-ordinates^ of the point required; we find its co-ordinates, 
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therefore, by solving for the two unknown quantities x and y, 
from the two given equations. Let the equations be given in the 
most general form, 

Aa: + By + C = 0, A'a? + By + C = 0, 
then 0? will be found « ^^. _ g^; , and y = ^jrzr^" 

We said (Art. 14) that the position of a point was deter- 
mined, being given two equations between its co-ordinates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz., ^ = a, y = ft, are the equations 
of two parallels to the axes of co-ordinates, the intersection of 
which is the required point. 

The reader will also now understand why two equations of 
the first degree only represent one point, and why two equations 
of higher degree represent more points than one (Art. 15). In the 
first case each equation represents a right line, and two right lines 
can only intersect in one point. In the more general case, the 
loci represented by the equations are curves of higher dimensions, 
which will intersect each other in more points than one. 

34. To find the condition that three right lines shall meet in a 
point. 

Let their equations be . 
Aj?4By + C = 0, A'a?+By + C' = 0, A''^ + B y + C" «= 0. 
If they intersect, the co-ordinates of the intersection of two of 
them must satisfy the third equation ; and using the values found 
in the last article, we get, for the required condition, 

A" (BC - B'C) + B" (C A' - C'A) + QT ( AB' - BA')' = 0, 
which may be also written in either of the forms 

A (B'C - B'C) + B (C'A" - C'A') + C (A'B' - ATBT) = 0, 
A(BC - B"C') + A' (B"C - BC") + A'(BC' - B'C) = 0. 

Ex. 1. To find the co-ordinates of the vertices of the triangle the equations of whose 
aides are * + y = 2;ir-3y = 4;3a:+6y+7 = 0. 



^'"- V2'~2}i"u'""l4} ( 2» 2/ 
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Ex. 2. To find the co-ordinates of the intersections of 

84? + y-««0; <p+2y«6; 2a:-8y+7 = 0. 

Ex. 3. Find the co-ordinates of the intersections of 

2a; + 8y = 18 ; 6« - y = 7 ; « - 4y + 10 « 0. 

Aas, They meet fn the point (2, 8). 
Ex. 4. Find the co-ordinates of the yertioes, and the equations of the diagonals, of 
the quadrilatera] the equations of whose sides are 

2y - 8a: = 10, 2y + a? = 6, 16a? - lOy « 88, 12a? + I4y + 29 « 0. 

Ans, (-1,^) (3, 5). (i, -5J, (-8,1); 6y - a?« 6, 8a? + 2y + 1 « 0. 

Ex. 6. Find {he intersections of opposite sides of the same quadrilateral and the equa- 
tion of the line joining them. 



[ 'T }[^T'lor 162y-199a?«4462. 



Ex. 6. Find the diagonals of the parallelogram formed by x^a,x=a', y =3 (, y sft'. 
Ans, (h-h')x-{a- a)y = ah -ah'; Q> -b')x-\- (a- a)y ^ ab - ah\ 

Ex. 7. The axes of co-ordinates being the base of a triangle and the bisector of the 
base, form the equations of the two bisectors of sides, and find the co-ordinates of their 
intersection. Let the co-ordinates of the vertex be 0, y', those of the base angles a^, ; 
and - a^, 0. 



Ans. 3a;y - y'x - a^y = ; 8a:V + y'a; - a^y' = ; ( 0, |^ J. 



.Ex. 8. The equations of the sides of a quadrilateral are 

find the co-ordinates of the intersections of opposite sides and of the middle poiot of the 

line joining them. 

raa(6+^ hh\a-{-a') \ l aaQt + h') hb'{a-^a) \ 
V 6a' — ab' ab' — a'b } * \ db' — ab db' — a6) i 

[ad (a - aO (5 + 67^ *&' (P' -&)(« + oO*}- 



2(a'6'-a6)(a6'-a'6) 



Ex. 9. Find the equation of the line joining the middle points of the diagonals of the 

same quadiilateraL ^ 2a; 2y ^ 

Ans. ; + 1 — =- = 1. 

a — a b — b 

'Ex. 10. Verify that the co-ordinates of the middle point found in Ex. 8 satisfy this 

equation. 

* 35. Tofivid the area of the triangle formed by the three lines 
Ax + By + G = 0, A'o: + By + C = 0, A:'x + Wy + C = 0. 

We find the co-ordinates of the vertices by Art. 33, and sub- 
stituting in the formulaof Art. 31, we obtain for the double area 
the expression 
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BC^ - B C f A^C^^ ~ C^A" AC - C A ^ 
AB' - BA' IB'A" - A'B" " B"A - A"B J 
B C^^ - B C^ f A"C -^ C A AC^ - C A \ 

^ A'B ' - B'A ' 1 B"A - A"B BA' - AB' i 
B"C - BC" / AC^ - CA ^ ^ AC - CA" ^ 

■*^ A"B - B'A^ BA' - AB' B'A' - A'B'7 ' 

But if w^ reduce to a common denominator, and observe that the 
nxmierator of the fraction between the first brackets is 

{A'XBC - B'C) + A(B'C" - BC) + A(B"C - C'B)) 
multiplied by A"; and that the numerators of the fractions between 
the second and third brackets are the same quantity multiplied 
respectively by A and A, we get for the double area the ex- 
pression 

(A (B'C' ~ B'C) + A'(B'C - BC) + A(BC - B'C))« 
(AB' - BA) (AB " - BA ") (A "B - B 'A) 

If the three lines meet in a point, this expression for the area 
vanishes (Art. 34) ; if any two of them are parallel, it becomes 
infinite (Art. 22). 

36. Gioen the equations of two riff ht lines ^ to find the equation 
of a third through their point of intersection. 

The method of solving this question, which will first occur to 
the reader, is to obtain the co-ordinates of the point of intersec- 
tion by Art. 33, and then to substitute these values for x'y in the 
equation of Art. 28, viz., y - y ^m{x - x). The question, how- 
ever, admits of an easier solution by the help of the following 
important principle : 7/* S = 0, S' = 0, 6e the equations of any two 
loci, then the locus represented by the equation S + AS' = (where 
k is any constant) passes through every point common to the two 
given loci. For it is plain that any co-ordinates which satisfy the 
equation S = 0, and also satisfy the equation S'= 0, must likewise 
satisfy the equation S + AS' = 0. 

Thus, then, the equation 

(Ax + By + C) -hk(Ax + By + C) = 0, 
which is obviously the equation of a right line, denotes one passing 
through the intersection of the right lines 

Ax + By + C^O, Ax + By + C = 0, 
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for if the co-ordmates of the point cdmmon to them both be sub- 
stituted in the equation (Aa? + By + C) + A; (A'a + B'y + C) « 0, 
they will satisfy it, since they make each member of the equation 
separately = 0. 

Ex. 1. To find the equation of the line joining to the ori^ the intersection of 

Aj? + By + C = 0, A'ar + B> + C = 0. 

Multiply the fint by C, the second by C, and subtract, and the equation of the required 

line is (AC - A!C)x + (BC - CB'}y == ; for it passes through the origin (Art 19), 

and by the present article it passes through the intersection of the given lines. 

Ex. 2. To find the equation of the line drawn through the intersection of the same 
lines, parallel to the axis of x. Ang. (BA' - AST) y + CA' - AC = 0. 

Ex. 3. To find the equation of the line joining the intersection of the same lines to 
the point ady. Writing down by this article the general equation of a line through the 
intersection of the given lines, we determine k from the consideration that it must be 
satisfied by the co-ordinates a!y\ and find for the required equation 

(A;r + By + C) (AV + By + C) = (A^ + By' + C) (A'a? + B'y + C). 

Ex. 4. Fuid the equation of the line joining the point (2, 8) to the intersection of 
2a: + 8y + 1 = 0, 8« - 4y = 6. 

Ans, 11 (2a: + 8y + 1) + U(px - 4y - 6) = 0; or 64a: - 28y = 69. 

37. The principle established in the last article gives us a test 
for three lines intersecting in the same point, often more conve- 
nient in practice than that given in Art. 34. Three right lines mil 
pass through the same point if their equations being multiplied each 
by any constant quantity, and added together, the sum is identically 
= : that is to say, if the following relation be true, no matter 
what X and y are — 

;(Aaj + % + C) + m(A'ar + B'y + C) + n(A"ar + B"y + C") « 0. 

For then those values of the co-ordinates which make the first 
two members severally - .0 must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their equations 
are (Art. 29, Ex. 6)— 

(/ + jT - 2 j/ ) a: - (a^' + a^" - 2;i^ ) y + (aT y - /a:' ) + (^j/ - jT^' ) = 0. 
(y^ + y' - 2/ ) a: - (a;'* + a/ - 2a:'') y + {fif- ^aT) + (a^/ - y'a^ ) = 0. 
(y + y" - 2y '0 a: - (a/ + a^' - 2aO y + (j^Y' ^^' ) + (^V - /O = 0. 
And since the three equations when added together vanish identically, the lines repre- 
sented by them meet in a point. Its co-ordinates are found (Art. 83) 
/a:' + a:'' + a:"' ^j^£±£\ 



Digitized by VjOOQ IC 



30 THB RIGHT LINE. 

Ex. 2. Prove the same thing, taking for axes two ddei of the triangle whoee lengths 

a b a b a b 

* 38. To find the co-ordinates of the intersection of the line 
joining the points a!y\ x'y*^ with the right line Ax + By + C = 0. 

We might solve this question by forming the equation of 
the line joining the two points, and then determining, by Art. 
33, its intersection vdth the given line. There is, however, 
another method (which we shall frequently employ) of deter- 
mining the point in which the line joining two given points is 
met by a given locus. We know (Art. 7) thstt the co-ordinates 
of any point on the line joining the given points must be of the 

form 

mx"-¥ not! my'-\- nxi 

m+n ^ m+n 

and we may take as our unknown quantity — , the ratio, namely, 

in which the line joining the points is cut by the given locus, and 
we may determine this unknown quantity from the condition, 
that the co-ordinates just written shall satisfy the equation of 
the locus. Thus, in the present example we have 

m + n m-\-n 

hence 

7i~"A^'+B/ + C* 

and consequently the co-ordinates of the required point are 

(Aa?^-fBy + C)^"-(Aa/^-HB/ + C)a? - 
^" (Aa;' + By' + C)-(A/r" + B/ + C) ' 

with a similar expression for y. T^is value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x^y x'y is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 27) these perpendiculars are 

Ax'^l&y^C ^ A^-"h-B/ + C 
V(A» + BO V(AHB^) • 
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The negative sign in the preceding value arifies from the fact 
that in the case oi internal section to which the positive sign of 
m : n corresponds (Art. 7)9 the perpendiculars fiJl on opposite 
sides of the given line, and must, therefore, be understood as 
having different signs (Art. 27). 

If a right line cut the aides of a triangle BC, CA, AB, in the 

points LMN, then 

BL.CM.AN 
CL.AM.BN*" ^' 

Let the co-ordinates of the vertices be x^^ x"y'\ a!"y'\ then 

BL^ Axc^^+B/+C M 

CL" Air/" + By'%C' ^ 

CM Ax"-fBy"+C 

AM" Aa/+By + C' 

AN Aa?^-fBy + C 

BN" Ac''+B/+C' 
and the truth of the theo- 
rem is manifest. 

* 39. To find the ratio in which the line joining two points 
x^ii x^2, is cut by the line joining two other points x^^^ x^y^. 
The equation of this latter line is (Art. 29) 

(ya - yO^ - (^s - «4)y + x^4. - x^yz = 0. 

Therefore by the last article 

fn^_^ (ys - yQa?! - {x^ - a?i)yi + x^^ - x ^y^^ 
^ ~^ {ys-yi)3h-{x9-Xi)y2 + a3y4''X^i' 

It is plain (by Art. 31) that this is the ratio of the two triangles 
whose vertices are 

^iyi5 ^^zi «4l/i> and x^ytj x^i^ ar^y*, 
as also is geometrically evident. 

If the lines connecting any assumed point with the vertices of 
a triangle meet the opposite sides BC, CA, AB, respectively, in 
D, E, F, then B DCEAF 

CDAEBF ""^^^ 
Let the assumed point be 2:4^4, and the vertices x^yu x^29 ^^s? 
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then BD ^ Xi (y^ - y^) + x^ (ffi - yQ -^ x^(yi - r/2) 

CD ^ Xi (y* - ys) + 3:4^3 - yi) + arj (yi - yi)' 

CE _ jTg (ys -• yO + a?3 (y4 - 1/2) + ^4 (ya ~ ys) 
^SE " a;i (y, - y*) + a?a (yi - yO + x^ (yx - ya) ' 

AF ^ xi (y4 - ys) h- a?4 (y, - yQ + a^s (yi - yi) 
BF a?3 (ys - y*) + iCa (yi - ya) + a?i(y2 - ys)' 
and the truth of the theorem is evident. 

40. To find the angle between two lines, whose equations with 
regard to rectangular coordinates are given. 

The angle between the lines is manifestly equal to the angle 
between the perpendiculars on the lines from the. origin ; if there- 
fore these perpendiculars make with the axis of x the angles a, a , 
we have (Art. 25) 

"^^ ° V(AhB') ' ^^°'' ° v(A'+B') ' 
A' . , B' 



cos O = // A>. .T>'.\ » 8™« = 



V (A'»+B'»)' y/ (A'»+ B'»)' 

BA' - AB' 
Hence «^ (« " "O = :7^ArrB07(A^^^^ ' 

AA' + BB' 

COs(a-a> ^^^,^g,^ V(A^ + B'0^ 

and therefore tan (a - a ) - -t-^t — ^dw^ 

Cor. 1. — The two lines are parallel to each other when 
BA - AB' = (Art. 22), 
since then the angle between them vanishes. 

Cor. 2. — The two lines are perpendicular to each other when 
AA + BB' = 0, 
since then the tangent of the angle between them becomes infinite. 
If the equations of the lines had been given in the form 
y = TwaJ + J, y = nix + i ; 

since the angle between the lines is the difierence of the angles 
they make with the axis of ar, and since (Art. 22) the tangents of 
these angles are m and m\ it follows that the tangent of the re- 
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quired angle is z — ^ — > ; that the lines are parallel if m « m'; and 
^ 1 + mm 

perpendicular to each other if mm' + 1 » 0. 

* 41. To Jind the anffle between two lineSf the coordinates being 

oblique. 

We proceed as in the last article, using the expressions of 

Art. 26. 

Asinctf 



cosa = 



consequently, 



Hence 
sin(a - o') 



cosa » 



suia 



sma B 



V(A» + B«-2ABcoswy 

A siuto ^ 

V(A» + B'2-2AB'cosw)' 

B - A cos (tf 

V(A» + B3-2ABcoswy 

B' - A' cos (tf 

V(A'»+B'»-2AB'coswy 

(BA- AB)sma> 



V (A» + B» - 2AB cosa>) V ( A'^ + B'» - 2 AB'cos w)' 

BB^ + A A - (AB^ + AB) coso^ 

coe(a a)- ^(A»+ B^- 2ABcos<.>)V(A^+B'»-2AB'coswy 

(BA- AB)8infti 

^^^"^ "^"AA + BB -(AB'+BA)cosw' 

Cob. 1. — The lines are parallel if BA' = AB'. 
Cor. 2. — The lines are perpendicular to each other if 
AA + BB' = ( AB' + B A) cos w. 

42. To find the equation of a line passing, through a given 
point and making a given angle^ 0, with a given line g -mx -¥ b 
{the axes of coordinates being rectangular). 

Let the equation of the required line be 
y - y = m'{x - ^'), 

and the formula of Art. 40, 

m - wl 

1 + mm 

enables us to determine 

m - tan0 



1 + mtan0 
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To find the equation of a right line passing through a given 
pointy and perpendicular to a given line^ y = mx + 6, 

The condition that two lines should be perpendicular, being 
mm' = - 1, we have at once for the equation of the required per- 
pendicular y _y . _1(^_^'). 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point aSy' on the line Aa + By + C = is 

A(y-y') = B(a:-a?'), 

that is to say, we interchange the coefficients of x and y, and 
alter the sign of one of them. 

Ex. 1. To find the equations of the perpendiculars from each vertex on the opposite 
side, of the triangle (2, 1), (3, - 2), (- 4, - 1). 
The equations of the sides are (Art. 29, Ex. 1} 

ir + 7y+ll = 0, 3y-a?=l, 8a? + y = 7; 
and the equations of the perpeoBgulars 

7a: - y = 13, 8ic + y = 7, 8y - a? = 1. 
The triangle is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of the sides 
of the same triangle. The co-ordinates of the middle points being 

The perpendiculars are 

7a;-y+2 = 0, 3a? + y+8 = 0, 3y-iP+4 = 0, intersecting in f - -, - - 1 

Ex. 8. Find the equations of the perpendiculars from the vertices of the triangle 
(2, 8), (4, - 6), (- 8, - 6) (see Art. 29, Ex. 3). 
Ana. 7a; + y = 17, 6a? + 9y + 26 = 0, a? - 4y = 21 : intersecting ^^ [ 09' ~ "og" f 

Ex. 4. Find the equations of the perpendiculars at the middle points of the sides of 
the same triangle. 

Ans. 7a; + y + 2 = 0, 5a: + 9y + 16 = 0, a? - 4y = 7 ; intersecting in [ - ~, -]. 

\ 29 29/ 

Ex. 5. To find in general the equations of the perpendiculars from the vertices on the 
opposite sides of a triangle the co-ordinates of whose vertices are given. 

Ans. (x" - x'")^ + (y" - y"')y + (xx" + y'y") - (xx" + y'y" ) = 0, 
(x'" -x')x->r (y'" -y')y+ (x"x + y"y ) - (a:'V+ y'V*) = 0, 
(x* - x")x +0/ - y")y + (x"'x"-\- y"y") - (x"'x' + y"y') = 0. 
By Art 89 these lines intersect in a point, since the equations added together vanish 
identically. 
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Ex. 6. Find the equations of the perpendicnlan at the middle points of the sides of 
A triangle, and show that they meet in a point. 

Ans. (x"- x"')x + (y" - y"')y + J(^"" " ^"*) + i (^'^ - V"^) = 0, 
(x'"- X' )x + (y'"- y )y + J (x'^- x'^ ) + iCy'"*- y** ) = 0, 
(a:' - a:")a: + (y' - y")y + K^** - «** ) + I (y"* - y"") = 0. 

£z. 7. Taking for axes the base of a triangle and the perpendicular on it fin>m the 
vertex, find the equations of the other two perpendiculars, and the co-ordinates of their 
intersection. The co-ordinates of the vertex are now (0, y*), and of tJie base angles 

(,', 0), (- or, 0). ^ ^.^^ _ ^^ ^ y.y ^ ^^ ^.^^ ^ ,^ _ yy = 0, ( 0, ^ I 

Ex. 8. Usmg the same axes, find the equations of the perpendiculars at the middle 
p<nnts of sides^ and the co-ordinates of their intersection. 

Afu. 2(«"x + yy)=y'»-a:''«, 2 (a;'* - y'y) = a;'» - y'«, 2x = z^x\\^^^ J*'^'' \ 

43. To find the equation of the bisector of the angle between 
two linesj x cosa + y8ino-jo=0, ar C08j3 + y sin/S - j?' = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

a; cosa + y sina -p = a cos/3 + y sin/3 - />', 

since each side of this equation denotes the length of one of those 
perpendiculars (Art. 27). 

The reader will remember (Art. 27) that the sign of the per- 
pendicular changes as we pass from one side of a line to the 
other ; consequently the equation 

X cosa + ysino-j?»-(ar cos/3 + y sin/S - p') 

denotes the bisector of the supplemental angle between the two 
lines. 

If the equations had been given in the form Ax + By + C = 0, 
A!a + B'y + C = 0, the equation of the pair of bisectors would be 

Aar + By + C A a? + By + C^ 
V(A»+B») '* V(A'« + B'2) • 

If we choose that sign which will make the two constant 
terms of the same sign, it follows from Art. 27 that we shall 
have the bisector of that angle in which the origin lies ; and if 
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we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Reduce the equation of the hisecton of the angles between two luies, to the 
formir C06 a + y Bin a = />. 



An9. rjso%[\ {a-itar)-\' 90*} + y ffln{i ia^-a)-\- 90''} = 



P-P 



2 8inJ(a-a)* 



j?C08| {a^-a)-^^ wx\ (a + a) + r — 



P+P 



2 cos i (« - «') 

Ex. 2. Prove that the thiee Inaecton of the angles of a triangle meet in a point. The 
origin hdng anywhere within the triangle, their equations are 

(arcosa + ysina -/))- (*co8/3 + y sin j3 -/>') = 0, 
(« cos/3 + y sin/3-/)') ~(«cosy + ysiny -/>") = 0, 
(xcoBy + ysiny — pO ~ (arcosa+ysina — /> ) = 0. 

Ex. 8. Find the equations of the bisectors of the angles between 
Sat + 4y - 9 = 0, 12ar + 6y - 8 = 0. 

Ant. 7x - ^ + 84 = 0, 9x + 7y = 12. 

44. To find the polar equation efa right line (see Art. 12). 

Suppose we take, as our 
fixed axis, the perpendicular 
on the given line, then let OR 
be any radius vector drawn &om 
the pole to the given line 
OR = p, ROP = 9, 
but, plainly, 

OR cose = OP, 
hence, the equation is 

/OCOS0 =/>. 

If the fixed axis make an angle a with the perpendicular, the 
equation is 

/ocos(fl - a) =^. 

This equation may also be obtained by transforming the equa- 
tion with regard to rectangular co-ordinates, 

^ cos a + y sin o = p. 

Rectangular co-ordinates are transformed to polar by writing for 
ar, /OCOS0, and fory, /osind (see Art. 12); hence the equation 
becomes 

p (cos0 cos a + sin sin a) B p ; 
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or, as we got before, 

p cos (fl - a) = p. 

An equation of the form 

p ( A cos e + B sin 0) = C 
can be (as in Art. 25) reduced to the form p cos (d - o) « />, by 
dividing by V (A* + B*) ; we shall then have 

A . B C 



V (A* + B«)' °"* " "■ V ( A»+ BO' ^ " V (A»+ B^- 

Ex. 1. Reduce to rectangular co-ordinates the equation 

p = 2a8ecf 0+^J. 
Ex. 2. Find the polar co-ordinates of the intersection of the following lines, and also 
the angle between them: p cos I — — j = 2a, p cos ( — — 1 = a. 

An9. p = 2a, = -, angle = ^. 

Ex. 3. Find the polar equation of the line passing through the points whose polar 
co-ordinates are p', & ; p", 9", 

Ant, p'p" Bin(0' - 0") + p"p sm(0" - 0) + pp' sin(0 - 0) = 0. 



CHAPTEK III. 

EXAMPLES ON THE RIGHT LINK. 

45. Having in the last chapter laid down principles by which 
we are able to express algebraically the position of any point or 
right line, we proceed to give some further examples of the appli- 
cation of this method to the solution of geometrical problems. 
The learner should diligently exercise himself in working out 
such questions, until he has acquired quickness and readiness in 
the use of this method. The examples given in this chapter being 
introduced, not so much for their own sake, as to show how such 
questions may be solved algebraically, wiQ often be such as admit 
of simpler geometrical solutions. It must not be supposed, how- 
ever, that because in these instances the geometrical method has 
the advantage, it is in all cases to be preferred. Each method has 
its peculiar recommendations. If the geometrical solutions of some 
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questions are clearer and more simple, the algebraical method 
proceeds with more uniformity, and reaches its end with greater 
certainty. It should be the student's aim to make himself master 
of both instruments of investigation, so as to be able to apply 
either, according as the nature of the subject demands. We shall 
give examples of some of the classes of problems which are of most 
frequent occurren<}e : the student who has mastered these will 
find no difficulty in applying the same method to any others that 
may present themselves. 

46. Problems where it is required to prove that three lines meet 
in a point. 

It seems unnecessary to add any illustrations to those given in 
the last chapter, on this subject. The process we pursue is as fol- 
lows : We form the equations of the three lines : it may then 
happen that we observe at once that the three equations vanish 
identically when added together (multiplied, it maybe, by suitc^ble 
constants) : if this be the case, we know, by Art. 37, that the lines 
represented by the equations meet in a point. Otherwise, we 
find the co-ordinates of the intersection of two of them, and exa- 
mine whether they satisfy the equation of the third; or else we 
apply to the equations the test of Art. 34. 

In the solution of this and every other class of geometrical 
problems, our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates: since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes uncon- 
nected with the figure, the equations will gain in symmetry more 
than an equivalent for what they lose in simplicity. The reader 
may compare the two solutions of the same question, given Ex. 
1 and 2, Art. 37, where, though the first solution is the longest, 
it has the advantage that the equation of one bisector being 
formed, those of the others can be written down without further 
calculation. 

Since expressions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 
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Problems where it is required to prove that three points lie in 
one right line. 

It may happen that we observe that, the co-ordinates of two 
of them being x' y\ oi' y'\ those of the third are of the form 

mx" + mi my*' + n\j 
m-\- n tn-^n 

in which case it is obvious, Art. 7, that the three points are in 
one right line. Otherwise we form the equation of the line 
joining two of them, and examine whether it is satisfied by the 
co-ordinates of the third. 

47. Loci, — Analytic geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordiaates of the poiat whose locus we seek, and then the state- 
ment of this relation in algebraical language gives us at once the 
equation of the required locus. 

Ex. 1. Given base and difiference of squares of sides of a triangle, to find the locos of 
Tertex. 

Take the base for axis of x, and a perpendicn- >kC 

lar through one extremity A for axis of y. Call Q^ 

the length of base e, and let the co-ordinates of 
vertex be a?, y. Then 

BC« = CR» + RB« = y«+(c-a:)«. 

therefore BC* - AC« = c« - 2cx ; 

and, putting this equal to a constant, 

c2 - 2cx = »i3 
18 the equation of the locus of vertex ; but this is (Art 15) the equation of a line per- 

C2 — TO* 

pendicular to the base at a distance from the origin = — — . Subtracting this from 

e, the other segment will be — - — , and we easily verify that the locus will cut the 

base so that the difference of the squares of segments = the difference of squares of sides 
(Euc. I. 47, Cor. 4). 

Ex. 2. Given base and sum of sides of a triangle, if the perpendicular be produced 
beyond the vertex until its whole length is equal to one of the sides, to find the locus of 
the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the co-ordinates 
of the point whose locus we are seeking. The x of this point plainly is AR, and the y is, 
by hypothesis, = AC ; and if m be the given sum of sides, 

BC = » - y. 
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Now (Eadid, XL 13), 

BC* = AB> + AC*-2AB.AR; or, denoting AB by c, 

(w - y)> = c« + y* - 2cx. 
Reducing this equation, we get 

2my — 2car = wi« — c*, 
the equation of a right line. 

Ex. 8. Given two fixed lines, OA and OB, if any line be drawn to intersect them 
parallel to a third fixed line, 00, to find the locus of the pohit where AB is cut in a given 
ratio. 

We may here employ oblique axes, since angles are not 
concerned (Art. 46). Let us take the fixed line OA for 
axis of ^, and the fixed line 00 for axis of y, then the 
equation of OB must be of the form y = mXj and it is re- 
quired to find the locus of the point P cutting AB, so that 
AP may, for instance, = nAB. O A 

Since the point B lies on the line whose equation is y = mx, we have 
AB = toOA, 
therefore AP = mnOA, 

but AP is the y of the point P, and OA its x, therefore the locus of Pis expressed by the 
equation y = mnx, 

and is, therefore, a right line through the point 0. 

Ex. 4. Given bases and sum of areas of any number of triangles having a common 
vertex, to find its locus. 

Let the equations of the bases be / 

a^cosa + ysina -p = 0, a;cos/3 +ysin/3 — pi = 0, 
X cosy + y siny — /)2 = 0, &c 
and their lengths, a, b, c, &c. ; and let the given sum = m* ; then, since (Art 27) 
or cos a + ysina — p denotes the perpendicular from the point xy on the first line, 
a (x coaa + y aiD.a — p) will be double the area of the first triangle, &c., and the equa- 
tion of the locus will be 

a(arcosa + ysina— p) + 6(a;cos/3 + yanj3-pi) + c(ipcosy+ysiny —pz) + &c. = 2m>, 
which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 5. Two vertices of a triangle ABC move on fixed right lines LM, LN, and the 
three sides pass through three fixed points 0, P, Q which lie^on a right line ; find the 
locus of the third vertex. 

Take for axis of x the right line OP, 
containing the three fixed points, and for 
axis of y the line OL joining the intersec- 
tion of the two fixed lines to the point 
through which the base passes. Let the 
co-ordinates of C be x'p', and let 
0L = &, OM = a, ON^ = a', 
OP = c, OQ = e. 
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Then obvioiuly the equations of LM, LN are 



a h 



1 and * + I = 1. 
a o 



The equation of CP through x'y and P (y = 0, or = c) is 
{x —c)y — yx-\'Cy^ 0. 
The oo-ordhiat68 of A, the intersection of this line with 

ab{x - c) + acy' b(a - c)y' 

^ h(x' - e)-^ay" ^* 6(*'-c) + ay'* 
The co-ordinates of B are found by simply accentuating the letters in the preceding; 
__ ah Qc' — e')-\- ac'y ^ _ h(a' — e) y' 



y3=i 



h {x' - c*) + (iLy'' 
Kow the condition that two points, x^y^, xty^ shall lie on a right line passing through 

the origin, U (Art 30) ?5 = ?^. 

Xi Xi 

Applying this condition we have 

b(a-e) y' h(a -e)y 



ah (a?' — c) + aey' ah (a?' — f *) + a'e'y'' 
This being a relation then which must always be satisfied by the co-ordinates x'f/^ the 
equation of the locus is obtained by simply remoying the accents from x'y' ; and clearing 
oiffractions, we have 

(a - c) \a'h (je-e)-\^ ac'yl = (a' - c*) [aft (aJ - c) + acy], 

(ae' — a'c) x V ^ 

cc (a — a ) — aa (c — c J o 
the equation of a right line through the point L. 

Ex. 6. If in the last example the pohits P, Q lie on a right line passing not through 
O but through L, find the locus of vertex. 

Take for axis of x the line LP, and for axis of y the line 
LO. Let LP = a, LQ = a , LO = &, and let the equations 
of LM, LN be y = mar and y = mx. The equation of CP 
through x'y and (a, 0) is 

if{X''a)^{3i^a)y. 

The co-ordinates therefore of the point A where this line ,— r^ 

meets y = ma: are £• Y\ /Q 

oy .. _ gwy \^ 



ari = - 



- mar + am 



yi = 




y — mar' + am ' 



In like manner the co-ordinates of B are x%- 



gy 



ya=. 



amy 



if - mix' + €Liii( ^ " y' - m'x' + am' 
We must now express that the line joining these points passes through O. Substitute 
the co-ordinates :r — 0, y = &, in the equation of the line joining two points ar,yi, Xtyt 
(Art. 29), and it becomes 

(«» - aJa)^ = iPiy» - yi«2 ; or, x^ {y% - 6) = aJ3(yi - h), 
G 
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42 BXAMPLBS ON THE RIGHT LINB. 

Sabstitiite in this the valaes just obtained for :p„ Pi, X2i ^Zt and dear of fractions ; the equa- 
tion becomes divisible by y\ and we hare for the rdation to be satisfied by the point x'y', 

a {(a'm' ~ t)y + m'b (x - a)} = a {(am - }>)y + mb(x — a)}, 

the equation of a right line. It passes (Art 86) through the intersection of the lines 
found by equating each side of the equation separately to 0. It will be found that these 
are the lines joining P and Q to the points where a parallel to LQ through O meets IM, 
LN. 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the co-ordinates of the 
point whose locus we are seeking, to express them in the first in- 
stance in terms of some other lines of the figure; we must then 
obtain as many relations as are necessary in order to eliminate 
the indeterminate quantities thus introduced, so as to have re- 
maining a relation between the co-ordinates of the point whose 
locus is sought. The following Examples will sufficiently illus- 
trate this method. 

Ex. 1. To find the locus of the middle pomts of rectangles inscribed in a given 
triangle. 

Let us take for axes CR and AB ; let CR = p, Q 

BR = 8j AR = 8. The equations of AC and BC are 

?-? = land?^ + f=l. 

P 8 P 8 

Kow if we draw any line FS parallel to the base at a 
distance FK = A, and whose equation, therefore, is 

*"*' AKR Ij^W 

we can find the absdssse of the points F and S, in 

which the line FS meets AC and BC, by substituting in the equations of AC and BC 

this value, i/ = k. Thus we get from the first equation 

--?=l.MrorKR = 
P » 

and from the second equation 





s 



-■('-l> 



- + - = 1 .% ar or RL = 
P « 



Having the abscissffi of F and S, we have (by Art. 7) the abscissa of the middle point of 

FS, viz., a: = -— . f 1 I This is evidently the abscissa of the middle point of the 

ft 

rectangle. But its ordinate is y = - . Now we want to find a relation which will 

subsist between this ordinate and abscissa whatever k be. We have only then to elimi- 
nate k between these equations, by substituting In the first the value of k (= 2y), derived 
from the second, when we have ^ , ^ f 2v\ 
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In like maimer, the equation of SQ is 



EXAMPLES ON THB RIGHT LINE. 43 

or ; 4- -Z. = 1. 

9-8 p 

. This is tlie equation of the locos which we seek. It ohvionsly repzesents a right line, 
and if we examine the intercepts which it cuts off on the axes we shall find it to he the 
line joining the middle point of the perpendicular CB to the middle point of the base. 

Ex. 2. A parallel is drawn to the base of a triangle, and perpendicolars to the sides 
erected at its extremities, find the locos of their intersection. 

Take the same axes as in Ex. 1. Then the line FQ, which is a perpendlcolar to the 

line AC [---, = 1 J, throogh the point f|-«'( 1 — ],* I has for its eqoation 
itionofSQis 

l{...(..i)}.!<,..,.o. 

Now idnce the point whose locos we are seeking lies on both the lines FQ, SQ, each of Uie 
eqoations jost written expresses a relation which most be satisfied by its co-ordinates. 
Still, since these eqoations involve k, they express rektions which are only tme for that 
particolar point of the locos which corresponds to the case where the parallel FS is drawn 
at a height k above the base. I^ however, between the eqoations, we eliminate the inde- 
terminate k, we shall obtain a relation involving only the co-ordinates and known qoan- 
tities, and which, since it most be satisfied whatever be the position of the parallel FS, 
will be the reqoired eqoation of the locos. 

In order, then, to eliminate k between the eqoations, pot them into the form 

. FQ f + i + ^ = )fe(UlYand 

SQ y_f + l = A(i-fl); 

a p p \8 py 

and eliminating, we have for the equation of the locos, 

hot this is evidently the eqoation of a right line, since x and y are only in the first degree, 
and it will be foond that it passes tiut)ogh the vertex of the given triangle, for the co-ordi- 
nates of the vertex x = 0, y = p, will satisfy the eqoation. It also passes (Art. 36) throogh 
the intersection of the lines formed by eqoating each side of the eqoation separately to 
0. It will be foond that tiiese are the lines drawn at the extremities of the base perpen- 
dicolar to the conterminoos sides. 

Ex. 3. A line is drawn parallel to the base of a triangle, and the points where it 
meets the sides joined to any two fixed points on the base ; to find the locos of the point 
of intersection of the joining lines. 

We shall preserve the same axes, &c., as in Ex. 2, and let the co-ordinates of the 
fixed points, T and V, on the base, be for T (m, 0), and for V (n, 0). 
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and that of SY to be 



44 BXAMPLBS ON THB RIGHT LINK. 

The equation of FT will be found to be 

|«'f 1- -J +m|y + il«-*m = 0. 

Putting the equations into the form 

FT (»' + m)y- A (-y-» + iiij = 0, 

and SV (,-.„)y _ ;t f ly + ^_»J = 0; 

and, eliminating ky we get for the equation of the locus 

But%is is the equation of a right line, smce « and y are only in the first degree. 

Ex. 4. A line is drawn parallel to the base of a triangle, and its extremities joined 
transversely to those of the base; to find the locus of the point of intersection of the 
joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by choosing 
for axes the sides of the triangle AC and CB. Let the lengths of those lines be a, 6, and 
let the lengths of the proportional intercepts made by the parallel be /ta, fih. Then the- 
equations of the transversals will be 

a fib fia 

Subtract one from the other ; divide by the constant 1 — , and we get for the equation 

A* 
of the locus X y _ ^ 

which we have elsewhere found (see p. 80} to be the equation of the bisector of the base 
of the triangle. 

Ex. 5. If on the base of a triangle we take any portion AT, and on the other side of 
the base another portion BS, in a fixed ratio to AT, and draw ET and FS parallel to a 
fixed line CR, to find the locus of 0, the point of intersection of £B and FA. 

Take CB for axis of y ; let AT = A, BR «: s, 
AR = 8\ CR ^p, let the fixed ratio be m, then BS 
will = mk; the co-ordinates of S will be (« - mk, 0), 
andofT{ -(»'-*), 0}. 

The ordinates of E and F will be found by sub- 
stituting these values of ^ in the equations of AC and /^ m -jm 
BC. We get for 




and for 



pk 

E, aj = -(«'-*), y = ^, 

F, xszt-.mkf yt=^. 
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Now form the equations of the tmuvene Hnefl, and the equation of £B is 
and the equation of AF is 



(« + *'-A)y+^*-^ = 0, 



(« + «'- niX)v - !^ » - 5? — = 0. 
8 s 

To eliminate k, subtract one equation firom the other, and the resnlt, divided by k, 

yrmhe 

which is the equation of a right line. 

Ex. 6. PP' and QQ' are any two parallels to the sides of a parallelogram ; to find 
the locns of the intersection of the lines PQ and P'Q'. 

Let ns take two of the sides for onr^axes, and let Q J^ 

the lengths of the sides be a and h, and let AQ' = m, 
AP = n. Then the equation of PQ, jouung P (0, n) 
toQ(m,()is 

(6 — !»)« — my 4- mi» ss 0, •■• / 




and the equation of FQ' joining F (a, n) to Q' (»», 0) a q 
is im: — (a — m) y — mj» = 0. 

There bdng two indeterminates, in and n, we should at first suppose that it would 
not be possible to eliminate them from two equations. However, if we add the above 
equations, it will be found that both vanish together, and we get for our locus 

6« — ay s= 0, 
the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines : draw any two lines through the fixed 
point, and j(nn transversely the points where they meet the fixed lines, to find the locus 
of intersection of the transverse lines. 

Take the fixed lines for axes, and let the equations of the Imes through the fixed 
point be 

- + ?^ = 1, and — , 4- ^ == 1. 
m n m n 

The condition that these lines should pass through the fixed point x y' gives us 
or, subtracting, 



- + ^=1, and-+2^,= l; 
m n m n 



ii-h)*4-=)-- 



Now the equations of the transverse lines clearly are 
or, subtracting, 



« y - ^ * y - 

- + 2l;=al, and— , + ?^=l; 
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Now jQrom this and the eqaation just found we can eliminate 

\m my \n n J 

and we have 

*'y + y'* = 0, 

the equation of a right line through the origin. 

Ex. 8. At any point of the base of a triangle is drawn a line of given length, parallel 
to a given one, and so as to be bisected by the base : find the locos of the intersection of 
the lines joining its extremities to those of the base. 

Ex. 9. The base of a triangle is given, and the sides meet a fixed line AB parallel to 
the base in points C, D, soch that the ratio of AC : BD is given ; find the locus of vertex. 

Ex. 10. Given the vertical angle of a triangle and the sum of sides, find the locus of 
the point where the base is cut in a given ratio. 

Ex. 11. Given two fixed points, A, B, one on each of the axes : if A' and B' be taken 
on the axes, so that OA' + OB' = OA + OB, find the locus of the intersection of AB', 

49. Problems where it is required to prove that a moveable 
right line passes through a fixed point. 
We have seen (Art. 36) that the line 

Afl? + By + C + A(A'a: + B'y + C) = 0; 
or, what is the same thing, 

(A + AA')« + (B + iB')y + C + AC'= 0, 

where h is indeterminate, always passes through a fixed point, 
namely, the intersection of the lines 

AiP + By + C = 0, and A!x + B'y + C = 0. 
Hence, if the equation^ of a right line contain an indeterminate 
quantity in the first degree, the right line will always pass through 
a fixed point, 

Ex. 1. Given vertical angle of a triangle and the sum of the reciprocals of the sides ; 

the base will always pass through a fixed point. 

X y 
Take the sides for axes ; the equation of the base is - + ^ ss 1 and we are given the 

a o 

condition 11 1 1 11 

- + T = -, or - = ^ 

a b e b c a 

therefore, equation of base is 

a c a 

where c is constant and a indeterminate, that is, 

a e 
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If here > is indeten&inate. Hence the base most alwayB pais through the intersection of 
the two lines x - y = 0, and y s= c. 

Ex. 2. Given three fixed lines, OA, OB, 00, meeting in a point, if the three vertioes 
of a triangle move one^on each of these lines, and two sides of the trian^e pass through 
fixed points, to prove that the remaining side passes throngh a fixed point. 

Take for axes the fixed lines OA, OB, on which 
the base angles move, then the line OG on which 
the vertex moves will have an equation of the form 
y = mx, and Jet the fixed points be xy\ x"y". Now, 
in any position of the vertex, let its co-ordinates be 
X = a, and, consequently, y^ma\ then the equa- 
tion of AG is 

{x - a)y - (y' — ma)x + a(y' - rax') = 0. O B 

Similarly, the equation of BC is (x" - €i)y - (y" - ma)x '\- a(y" - mx") = 0. 

Now, the length of the intercept OA is found by making x s in equation AC, or 

a(y' - mx') 
X -a 

Similarly, OB is found by making y = in BC, or 

a(y''-«x") 

y —ma 

Hence, from these intercepts, equation of AB is 

y" -^ ma' x' — a 
X ' '■ — y ' ss a. 

j/ — mx" y' — mx' 

But since a is indeterminate, and only in the first degree, this line always passes through 
a fixed point. The particular point is found by arranging the equation in the form 



y 



X ( mx y -\ ^ 

- -; ; y - a I T, r. - , ; + 1 ) = 0. 

y - mx \y — mx y —mx J 



y —mx 

Hence the line passes through the intersection of the two lines 
y" of 

y — mx y — mx 
and 

y — mx y — mx 
Ex. 8. If in the last example the line on which the vertex moves do not pass 
through 0, to determine whether m any case the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difference that the 
equation of the line on which G moves will be y = nu; -f »> and the co-ordinates of the 
vertex in any position will be a, and ma-^-n. Then the equation of AG is 

(x' - fl)y -(j/ -ma- n)x + a(y' - moT) -nx'-O. 
The equation of BC is 

(x* - a)y — (y" -ma — n)x + a(i/' — mx") - nx" = 0. 

OA- «(y'~'»^')-«^ - Q^^ /^(y"-^l'-nx" 

x' - a * y" — ma — i» * 
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The eqiistion of AB is theref on 

y" — ma — » x' — a 

a(y -mx^-nx a(y - mx) - nx 

Kow when this is cleared of fractions, it will in general contain a in the second degree, 
and therefore, the base will in general not pass through a fixed point ; if, however j the 
points xy\ x'*y'\ lie in a right line (y s= kx) passing through O, we may snbstitate in the 
denominators y" = kx'\ and y' s kx\ and the equation becomes 

y^-ma-n »-a ._ . 

X X 

which only contains a in the first degree, and, therefore, denotes a right line passdng 
through a fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculars let fall on it from a 
number of fixed points, each multiplied by a constant, may = 0, it wifl pass through a 
fixed point. 

Let the equation of the line be 

d?cosa + ysina— p = 0, 
then the perpendicular on it from xy is 

«' cosa + y' sin a - p, 
and the conditions of the problem give us 
m(x' cosa + y sma -/)) + »"(«" cosa + y"sina -j») + m"'(ar"' cosa 4- y'" sina - p) 

+ &c == 0, 
or, using the abbreviations 2 (me) for the sum* of tiie mx, that is, 

mV + mV + m"x"' + &c., 
and in Hke manner 2 (niy') for 

my' + m"y" + m'"y" + &c., 
and 2 (m) for the sum of the m^s or 

m' + m" + m'" + &c 
We may write the precedhig equation 

'2(mx') cosa + 2(my')sina -p2(m) = 0. 
Substituting in the oii^nal equation the value of p, hence obtained, we get for the equa- 
tion of the moveable line 

a:2(m) cosa + tf'^(ni) aina - 2(»Mr') cosa - 2(my') ana = 0, 
or a:2(m) - 2(mjr') + {y2(m) - 2(my')} tan a = 0. 

Now as this equation involves the indeterminate tana in the first degree, the line 
passes through the fixed point determined by the equations 

ar2(m) - 2(iiiar') = 0, and y2(m) ~ 2(t»y') = 0, 
or, writing at full length, 

m'x' + m"x" + f»'V" + &c. m'y 4- m"y" ■\- m"'y"' -f &c 

X=. r- — y= — ^—, 

TO + m + m + &c TO + TO H- to'" + &c. 

This point has sometimes been called the centre of mean position of the given points. 

* By sum we mean the algebraic sum, for any of the quantities to', to", &c., may be 
negative. 
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50. If the equation of any line involve the co-ordinates of a 
certain point in the first degree, thus, 

(A;p'+ By + C)x + (AV+ By + C')y + (AV+BY + C")= 0. 

Then if* the point xt/ move along a right line, the line whose 
equation Jhas just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

Lx'+My+N^O, 

then if, by the help of this relation, we eliminate a/ from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax + By + C = 0, 
be connected by the relation a A + ftB + cC «= {where a, ft, c are 
constant and A, B, C may vary) the line represented by this equa- 
turn will always pass through a fixed point. 

For by the help of the given relation we can eliminate C and 
write the equation 

(ca? - a) A + (cy - J) B = 0, 

a right line passing through the point [ a; = -, y = - )• 

51. Polar co-ordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points ; draw through B any line, and let fall on it a 
perpendicnlar from A, AP ; yodnce AP so that the rectangle AP • AQ may be constant : 
to find the locus of the point ti. 

Take A for the pole, and A6 for the fixed axis, then AQ 
is onr radius vector, designated by p, and the angle QA6 = 9, 
and oar object is to find the relation existing between p and 
0. Let us call the constant length AB = c, and from the 
light-angled triangle APB we have AP = e cos^, but AP • AQ 
= const = k^, therefore, 

pc cos9 = A2, orp COS0 = — ; 
c 

but we have seen (Art 44) that this is the equation of a right line perpendicttlar to AB, 

and at a distance from A = — . 
c 

Ex. 2. Given th€ angles of a triangle ; one vertex A is fixed, another B moves along 
a fixed right line : to find the locus of the third. 

H 
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EXAMPLES ON THE RIOHT LINE. 



Ttfke the fixed vertex A for pole, and AP perpendictdar 
to the fixed Kne for axis, then AC = p, CAP = 9. Now 
since the angles of ABC are ^ven, AB is in a fixed ratio to 
AC(=toAC) andBAP = a- a; but AP = AB cos B AP ; 
therefore, if we call AP, a, we have 

mpco8(8 — a) = a, 
wMch (Art. 44) is the equation of a right line, maldng an 
angle a with the given line, and at a distance from 





Ex. 3. Given base and snm of sides of a triangle, if at either extremity of the base B 
a perpendicular be erected to the conterminous side BC : to find the locus of P the point 
where it meets the external bisector of vertical angle CP. 

Let us take the point B for our pole, then BP wiU be 
our radius vector p ; and let us take the base produced 
for our fixed axis, then PBD = 0, and our object is to 
express p in terms of 0» Let us designate the sides and 
opposite angles of the triangle a, 6, c. A, B, C, then it is 
easy to see, that the angle BCP = 90** - \C, and from 
the triangle PCB, that a = p tan \Q, Hence it is evident, 

that if we could express a and tan|C in terms of 0, we could express p in terms of d- 
Now from the triangle ABC we have 

t« = a2 + c« - 2ac cosB, 

but if the given sum of sides be m, we may substitute for 5, m^ a\ and cos B plainly 

= suid ; hence 

m« - 2am + a* = a« + c» - 2ac an©, 
and 

m« — c» 

~ 2(m -c sin0)* 

Thus we have expressed a in terms of B and constants, and it only remains to find an 
expression for tani|C. 



Now 



taniC= • 



&sinC 



&(1 + cosC) 

But & sinC = c sinB = c cosd ; and h cosC ^a- c cosB ^a-c smd. 

e COS0 



Hen6e 



tan|C =:■ 



m — csiLB 

We are now able to express p in terms of 0, for, substitute in the equation a = p tan |C 

the values we have found for a and tan ^C, and we get 

m* — c8 __ pc COS0 o _''*''" ^' 

2(m-csin0)~(m-c8in©y or p cos - -^^— . 

Hence the locus is a line perpendicular to the base of the triangle at a distance firom 

Wl2- c« 



B=. 



2c 



The student may exercise himself with the corresponding locus, if CP had been the 
internal bisector, and if the difference of sides had been given. 
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Ex. 4. Given n fixed right lines and a fixed point ; if tluongh this point any radina 
vector be drawn meeting the right lines in the points rj, r2, rs . . . . rn, and on this a pdnt 

R be taken such that — — = -— • + q^ +?:" + • • • • TTTi *<> ^^ *^ ^<*^ ^ ^- 

Let the equations of the right lines be 

p cos (8 — a) =p, ; p cob(0 — /3) —p^, &c 

Hence it is easy to see that the equation of the locus is 

>^ cos(g-a) ^ co8(g-i8) ^ ^^ 

P Py Pi 

the equation of a right line (Art. 44). This theorem is only aparticolar case of a general 
one which we shall prove afterwards. 



* CHAPTER IV. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF THE 

RIGHT LINE. 

52. We have seen (Art. 36) that the line 

(x cosa + y sina - /?) - A (a- cos/3 + y sm/3 - j»') « 

denotes a line passing through iihe intersection of the lines 

a; coso + y sino-/> = 0, a: cos/3 +y sinjS -j»'= 0. 

We shall often find it convenient to use abbreviations for 
these quantities. Let us call 

a coso + y sina - j>, a : x cos/3 + y sin/3 -/>', /3. 

Then the theorem just stated may be more briefly expressed, the 
equation a - i/3 = 0, denotes a line passing through the intersec*- 
tion of the two lines denoted by o = 0, /3 = 0. We shall for 
brevity call these the lines a, jS, and their point of intersection 
the point aj3. We shall, too, have occasion often to use abbre- 
viations for the equations of lines in the form Ax + By + C = 0. 
We shall in these cases make use of Roman letters, reserving the 
letters of the Greek alphabet to intimate that the equation is in 

the form 

a cosa + y sina - /? = 0. 
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53. We proceed to examine the meaning of the coefficient k 
in the equation o - A/3 = 0. We saw (Art. 27) 
that the quantity a (that is, w cosa + y sina - p) /^\p 
denoted the length of the perpendicular let fall fix)m 
any point ccy, on the line OA (which we suppose 
represented by a). Similarly, that /3 is the length ^ 
of the perpendicular from the point ^y, on the line OB, repre- 
sented by /3. Hence the equation - 




-*/3 = 0, (or^ = i), 



asserts, that if from any point of the locus represented by it, per- 
pendiculars be let fall on the lines O A, OB, the ratio of these 

PA 

perpendiculars, that is, p^, will be constant, and = k. Hence the 

locus represented by a - A/3 = is a right line through O, and 

, PA sinPOA 

^ = PB' '^^'^sinPOB- 

It follows from the conventions concerning signs (Art. 27) that 
o + A/3 = denotes a right line dividing externally the angle 

AOB into parts such that -; — ^^r^^ "^ Ic* It is of course as- 
^ sm POB 

sumed in what we have said that the perpendiculars PA, PB 
are those which we agree to consider positive ; those on the op- 
posite sides of a, /3 being regarded as negative. 

54. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorem : — " If a pencil of four 
right lines meeting in a point O he intersected by any transverse 
right line in the four points A, P, P', B, then ^ \r^ ^, 

A p , P'"R 

the ratio .^, ^p is constant^ no matter how 
AJr • JrxJ 

the transverse line be dravm^ This ratio is 

called the anharmonic ratio of the pencil. In O 

fact, let the perpendicular from O on the transverse line = p : 

then p . AP = OA . OP . sin AOP (both being double the area 

of the triangle AOP); ;> • FB = OF • OB sinFOB; p AF 

- OA . OF sin AOF; p • PB = OP OB • sinPOB ; hence 
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p^AP-FB-OAOPOFOBsinAOPBinFOB; 
;>«.AF.PB = OA.OF.OP.OB.smAOF.sinPOB; 

AP > P^ sin AOP ■ sinPOB 
AF . PB sin AOF • sinPOB ' 

but the latter is a constant quantity, independent of the position 
of the transverse line. 

55. If a - A/3 = 0, o - A'/S = 0, be the equations of two lines, 
then jp will be the anharmonic ratio of the pencil formed by the 
four lines a, /3, a - i/3, o - i'/3, for 

sinAOP ^ sinAOF 
^"sinPOB' ^""sinFOB' 

A sinAOP > sinPOB 
•'• A' " sinAOF . sinPOB' 

but this is the anharmonic ratio of the pencil. 

k 
The pendl is a harmonic pencil when t? = - 1, for then the 

angle AOB is divided.intemally and externally into parts whose 
sines are in the same ratio. Hence we have the important theo- 
rem, two lines whose equations are a - A/3 « 0, a + A/3 « O^form 
with a, j3 anharmonic pencil. 

56. In general the anharmonic ratio of four lines a - A/3, 
a- Ifiy a- mj3, a - wj3, is ^ _ VZ - i^V ^^^ ^^* *^^ pencil be 

cut by any parallel to j3 in the four 

points K, L, M, N, and the ratio 

. NLMK ^ ^ . ^, ^, 
IS -vTx/r i- TT ' But smce p has the 
NM . LK ^ 

same value for each of these four 
points, the perpendiculars from these O ~ ? 

points on a are (by virtue of the equations of the lines) propor- 
tional to A, /, m, n ; and AK, AL, AM, AN, are evidentiy pro- 
portional to these perpendiculars ; hence NL is proportional to 
n-ly MK to m - A ; NM ton- m; and LK to Z - A. 
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Ex. 1. To express in this notation the proof that the three bisectors of the angles of 
a triangle meet in a point 

The equations of three bisectors are obvionsly (see Arts. 48, 53) a— /S — O, /3— 7 = 0, 
y — a = 0, which, added together, yanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the third 
internal bisector. 

Attending to the convention abont signs, it is easy to see that the equations of two 
external bisectors area + /3 = 0, a + y^O, and subtracting one from the other we get 
/3 — y = 0, the equation of the third internal bisector. 

Ex. 3. The three perpendicnlars of a triangle meet in a point 

Let the angles opposite to the sides a, /3, 7, be A, 1^, C, respectively. Then smce the 
perpendicular divides any angle of the triangle into parts, which are the complements of 
the remaining two angles, therefore (by Art 53) their equations are 

a cosA - p cosB = 0, p cosB - y cosC = 0, y cosC - a cosA = 0, 

which obviously meet in a point 

. Ex. 4. The three bisectors of the sides of a triangle meet in a point 

The ratio of the perpendiculars on the sides from the point where the bisector meets 
base plainly is sin A : sinB. Hence the equations of the three bisectors are 

a sinA - /3 sinB = 0, /3 shiB - y sinC = 0, y sinG - a sinA = 0. 

Ex. 6. To form the equation of a perpendicular to the base of a triangle at its ex- 
tremity. Ans, a + /3cosG = 0. 

Ex. 6. If there be two triangles such that the perpendiculars from the vertices of one 
on the sides of the other meet in a point, then, vice versd, the perpendiculars from the 
vertices of the second on the rades of the first will meet in a point 

Let the sides be a, j8, 7, a', /3', y, and let ns denote by (a/3) the angle between 
a and j3. 

Then the equation of the perpendicular 

from ap on 7' is a C08(py'^ - /3 cos (ay') = 0, 
from py on a' is /3 coB(ya) — 7 cos(j3a') = 0, 
from ay on /3' is 7 cos(aj3^ — a cos(7/3') = 0. 

The condition that these should meet in a point is found by eliminating P between the 
first two, and examinmg whether the resulting equation coincides with the third. It is 

cos(a/3') coB(Py') cos (7a') = cos(a'/3) cos(j3'7) cos(7'a). 

But the symmetiy of this equation shows that this is also the condition that the perpen- 
diculars from the vertices of the second triangle gd. the sides of the first should meet in a 
point 

57. The lines a - A)3 = 0, and Ao - j3 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line j3, and are therefore equally inclined to the 
bisector a - /3. 
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Ex. If throogh the vertioes of a triangle there be drawn any three lines meeting in a 
point, the three lines drawn through the same angles, eqnaUy inclined to the bisectors of 
the angles, will also meet in a point. 

Let the sides of the triangle be a, j3, 7, and let the equations of the first three lines 
be 

la - mp = 0, m/3 - «y = 0, wy - /a = 0, 

which, by the principle of Art 36, are the equations of three lines meeting in a point, and 
which obviously pass through the points a/3, j8y, and ya. Now, from this Article, the 
equations of the second three lines will be 

/ m f» » n I 

which (by Art 36) must also meet in a point 

58. Given the eqitations of three right lines^firming a triangle ^ 
L = 0, M = 0, N = 0, the equation of every right line can be 
thrown into the form /L + mM. + «N = 0. 

then in order to throw the equation of any fourth line 

aa? + ^ + c s= 

into the form IL + iwM + wN = 0,.we should have three equa- 
tions to determine three unknown quantities, namely, 

/A + »iA' + »A" = a, /B + mB' + wB''=6, ZC + mC'V nC"= c; 

, a (RC - WC) -f h (C^A" - AC^O + c ( AB"- B^A") 

whence - ^ ^^,^„ ^ ^„^,^ ^ ^ ^^,^, _ ^,^„^ ^ ^ IaB"- B' A')' 

with corresponding values for m and n. It is plain (Art. 34) 
that if the three right lines L, M, N meet in a point, the theorem 
of this article would not be true, since the values of /, m, n would 
then become infinite. We have used in this article equations of 
the form A^ + By + C = 0, because it was with regard to equa- 
tions in this form that the condition for three lines meeting in a 
point (Art. 34) was given ; but had the equations been given in 
the form ^ coso + y sm/3 = p^ it would of course be equally true 
that the equation of any fourth line can be thrown into the form 

la + mj3 + ny « 0. 

59. To write in the form la + m/3 + »y = ifAc equation of the 
line joining two given points a't/^ x"y". 

Let d denote the quantity^ cosa + y' sina - p found by sub- 
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stituting the co-ordinates sitj in the equation a = 0, &c. Then 
the condition that the co-ordinates ^y shall satisfy the equation 
la + m/3 + uy « 0, may be written 

Similarly we have W + m)3" + n/ «= 0. 

1 m 

Solving for -, — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a (fiY - y'^') + IB (y'a" - /«') + y (a'/3". - a"/3') = 0. 

This article obviously proves, independently of the last ar- 
ticle, that the equation of every right line can be thrown into the 
form la + f»j3 + ny = 0. 

Ex. 1. To find the eqaation of the line joining two points given by the eqnationB 

(ka-0 = O,la-y = 0), (k'a - jS = 0, fa - y = 0). 

From the first set of equations, 1^ = ka\ y = la ; from the second, (3" = k'a", y" = fa" ; 
sabstituting these values in the equation of this article, it becomes divisible by aa\ and 
we have 

a («' - k'l) + /3(/ - + r(*' - *) = 0. 

Otherwise thus : The required equation must (Art 36) be capable of bemg thrown into 
dther of the forms 

(Aa - /3) + A(/a - y) = 0, (k'a - jS) + A'(l'a - y) = 0. 

These equations must be identical ; the coefficient of ^ is the same in both ; and equa- 
ting the coefficients of *a and y we get 

and substitutmg this value we get for the required line the same equation as before. 

Ex. 2. To form the equation of the line joining the intersection of the perpendiculars 
of a triangle to the intersection of the bisectors of sides. 
We have (Art 67, Ex. 8, 4) 

__ g'cosA , _ a' cos A ^ _ o" sin A „_ a" sinA 

^ "" cosB * ^ cosC"' ^ "" sinB ' ^ S!c"' 
substituting these values, the equation becomes 

a sm2Asin(B - C) + ^3 sin2B 8in(C - A) + y sin2C rin(A - B) = 0. 

60. The following examples will further illustrate the general 
principle, that being given the equations of three lines, a = 0, 
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|3 a 0, y « 0, it is possible to express the equation of any other 
line in terms of these. 

Ex. 1. To deduce analytically the harmonic properties of a complete quadrilateral 
Let the equation of AG be a = ; of AB, p=^0; €i BD, y ■> ; of AD, la -mfi= ; 

and of BO, mp - ny = 0. Then ve are aUe to 

exprsBs in terms of these quantities the equations 

of all the other lines of the figure. 
For instance, the equation of CD is 

la — mp 4- «y = 0, 
for it is the equation of a right line passing through 
the hitersection of 2a - m/3 and y, that is, the 
point D, and of a and mp - »y, that is, the pcont 
C. Again, /a — ny =s is the equation of OE, 
fbr it passes through ay or E, and it also passes 
through the intersection of AD and BC,' since it is = (la - m/3) + (m/3 - ny). 

£F joins the point ay to the point (la - mfl + ny^ /3), and its equation will be found 
to be la + fly = 0. 

From Art. 55 it appears, that the four lines EA, £0, EB, and EF, form an harmonic 
pendl, for their equations have been shown to be 

a = 0, 7 = 0, and la±ny ss 0. 

Again, the equation of FO, which Joins the points (ia + «rt P) And (la > m/3, m/3 - ny), 

" la - 2mp + #»y = 0. 

Hence (Art. 55) the four lines FE, FC, FO, and FB, are an harmonic pencil, for their 
equations are 

/a - m/3 + «y = 0, /3 = 0, and la - m^ + »y + m^ = 0. 
Again, 00, OE, OD, OF, are an harmonic pencil, for tiieir equations are 
la - m/3 = 6, m/3 - «y = 0, and la~-inp± (mp - j»y) a 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing through the 
angles of a triangle three lines meeting in a point 

Let the equation of AB be y = ; 
ofAC/3=0; ofBCa = 0; thenwe 
shall assume for 00 la - mP ; for 
OA mp — ny ; and for OB ny — la 
(as in Art 57); these three lines 
meet in a point, since these three 
quantities added together are = 0. 

Now we can form the equations 
of all the other lines in the figure. 

For example, the equation of £F 

^ m/3 + ny - la = 0, 

since it passes tibirough the points (/3, »y - la) or £, and (y, m/3 - la) or F. 
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In like maimer, the equation of DF is 

la - m/3 + ny = 0, 
and of DE 

/a + iw/3 - ny = 0. 

Now we can prove, that the three points L, Bi, N are all in one right line, whose 
equation is Za + wjS + ny = 0, 

for this line passes through the points (la i-mp- «y, y) or N, (la - iw/3 + ny, j3) or H 
and (mp + ny — /a, a) or L. 

The equation of CN is la -{■ mp = 0, 

for this is evidently a line through (a, j3) or C, and it also passes through N, since it 
= (/a*+ mP + ny) - ny. 

Hence BN is cut harmonically, for the equations of the four lines CN, CA, CF, CB 

are, 

a = 0, p = 0, la-mp = 0, la + mp = 0. 

We shall often afterwards meet with equations of the form discussed in this example. « 

Ex. 3. If two triangles be such that the intersections of the corresponding sides Ue 
on the same right line, the lines joining the corresponding vertices meet in a point 

Let the sides of the first triangle be a, j3, y ; and let the line on which the corre- 
sponding sides meet be la + mp + ny : then the equation of a line through the intersection 
of this with a must be of the form la + fnp -)- ny = 0, and similarly those of the other 
two sides of the second triangle are 

la + m'P + «y = 0, /a + mj3 + n'y = 0. 

But subtracting successively each of the last three equations fix)m another, we get for 
the equations of the lines joining corresponding vertices 

(I ^r)a = (m- m)P, (m - m')P = (n - n')y, (» - n')y = (Z~ r)«- 
which obviously meet in a point. 

61. We have seen that having assumed any three right lines, 
we can express the equation of any right line in the form 

Ao + Bj3 + C7 = 0, 
and so solve any problem by a set of equations expressed in terms 
of a, /3, 7, without any direct mention of ^ and y. This suggests 
a new way of looking at the principle laid down in Art. 58, &c« 
Instead of regarding a as a mere abbreviation for the quantity 
a cos a + y sina - J9, we may look upon it as simply denoting the 
length of the perpendicular from a point on the line a. We may 
imagine a system of trilinear co-ordinates in which the position 
of a point is defined by its distances from three fixed lines, and 
in which the position of any right line is defined by a homoge- 
neous equation between these distances of the form 
Aa + BjS + Cy = 0. 
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The advantage of trilinear co-ordinates is, that whereas in 
Cartesian (or x and y) co-ordinates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of co-ordinates, we can in trilinear co-ordinates 
obtain still more simple expressions by choosing three of the most 
remarkable lines for the lines of reference a, j3, 7. The reader 
will compare the brevity of the expressions in Art. 66 with those 
corresponding in Chap. 11. 

62. To redtice a non-homogeneous equation (for example ^ a «■ 3) 
ta the homogeneous form la + m^ + ny « 0. 

Let a, A, c be the lengths of the sides of the triangle formed 
by the three lines of reference ; then since a denotes the length 
of the perpendicular from any point O on a, flo is double the area 
of the triangle OBC ; in like manner 6/3 is double O AC ; and cy 
double O AB ; therefore, no matter where the point O be taken, 
the quantity aa + 6/3 + cy is always constant, and equal double 
the area of the triangle ABC. The reader may suppose that this 
is only true if the point O be taken within the triangle; but he 
is to remember that if the point O were on the other side of any 
of the lines of reference (a), we must give a negative sign to that 
perpendicular, and the quantity aa + 6/3 + cy would then 

= 2(0AC + 0AB-0BC), 

that is, still = twice the area of the triangle. If, then, we call 
the double area M, the equation a = 3 may be written 

Ma = 3(aa + 6)3 + cy), 
which is the required form. K A, B, C be the angles (opposite 
a, /3, 7 respectively) of the triangle formed by the lines of refe- 
rence, it is plain that a sin A + /3 sinB + 7 sinC is also constant, 

, . M sin A 

bemg = . 

" a 

63. To express in trilinear coordinates the equation of the pa- 
ralld to a given line Aa + B/3 + C7 = 0. 

In Cartesian co-ordinates two lines are parallel if their equa- 
tions A4? + By + C = 0, Ak + By + C = differ only by a con- 
stant. It follows, then, that the equation 

Aa + B/3 + C7 + k{a sin A + BiM»^ + y sinC) = 
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denotes a line parallel to Aa + B/3 + C7 >» 0, since the two equa- 
tions differ only by a constant. 

Ex. 1. To find the equation of a parallel to the base of a triangle drawn through the 
▼ertez. ^ An$, a shiA + /3 sinB — 0. 

For thia, obTioiisiy, u a Una through aj3, and writfaig the equation in the fivm 
7 linC - (a linA + jS mnB + y sinC) = 0, 
it uppeaiB that it differs only by a constant ftom y = 0. 

We see, also, that the parallel a sin A + )8 sinB, and the bisector of the base a an A 

— P nnB form a harmonic pencU with a, /3 (Art 55). 

Ex. 2. The line joining the middle points of sides of a triangle is parallel to the base. 
Form (Art 59) the equation of the line Joinhig (fi nnB — y ionC, a), (a sinA 

- 7 sinC, j8), when we get a sinA + /3 sinB - y sinC = 0, which, by this article, is 
parallel to y. 

Ex. 8. To find the equation of a perpendicular to any side at its middle point 
This is to draw a parallel to the line a cosA — /3 cosB = through the point 
(o shi A - p sinB, y). Atu. a sinA - p sinB + y sin(A - B) = 0. 

Ex. 4. The three such perpendiculars meet in a point. Their equations vanish when 

multiplied, respectirely, by sin 20, sin2B, sin 2 A, and added together. The equations of 

a B 

the lines joining their intersection to the yertaces will be found to be r = ^ &c. 

cos A cos B 

Ex. 5. Verify that this point lies on the line whose equation is given Art. 59, Ex. 2. 
Ex. 6. Find the length of the perpendicular from a point a'/3 y' on Aa + B/3 + Cy = 0. 

An. Aa+B^ + Cy' 



V(A« + Bs + C» - 2AB cosC - 2BC cos A - 2CA cos B)' 

64. To examine what line is denoted by the equation 
a sinA + /3 sinB + y sinC = 0. 

This equation is included in the general form of an equation 
of a right line, but we have seen that the co-ordinates of any finite 
point render the quantity a sinA + /3 sinB + y sinC = a certain 
constant, and never = 0. Let us return, however, to the general 
equation of the right line, Arc + By + C « 0. We saw that the 

C C 

intercepts which this line cuts pfF on the axes are - -j, - ^ ; con- 
sequently, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line 
represented by Ax + By + C = 0. Let Aand B be both « 0, then 
the intercepts become infinite, and the line is altogether situated 
at an infinite distance from the origin. Hence we arrive at the 
conclusion, that the paradoxical equation C = 0, a constant « 0, 
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(and therefore, likewise, a sin A + /3 sin B + y sin C » 0), repre- 
sents a right line situated altogether at an infinite distance from 
the origin. 

65. We saw (Art. 63) that a line parallel to the line a » has 
an equation of the form a + C = 0. Now the last Article shows that 
this is only an additional illustration of the principle of Art. 36. 
For, a parallel to a may be considered as intersecting it at an infi* 
nite distance, but (Art. 36) an equation of the form a + C = 
represents a line through the intersection of the lines a = 0, C = 0, 
or (Art. 64) through the intersection of the line a with the line at 
infinity. 

66. We have to add, in conclusion, that Cartesian co-ordinates 
are only a particular case of trilinear. There appears, at first sight, 
to be an essential difference between them, since trilinear equa- 
tions are always homogeneous, while we are accustomed to speak 
of Cartesian equations as containing an absolute term, terms of 
the first degree, terms of the second degree, &c. A little reflec- 
tion, however, will show that this difference is only apparent, 
and that Cartesian equations must be equally homogeneous in 
reality, though not in form. The equation a; = 3, for example, 
must mean that the line x is equal to three feet or three inches, 
or, in short, to three times some linear unit ; the equation ay- 9 
must mean that the rectangle xy is equal to nine square feet or 
square inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by z^ and write the 
equation of the right line 

Ax + By + C;2; = 0. 

Comparing this with the equation 

Ao + B^ + Cy«0; 

and remembering (Art. 64) that when a line is at an infinite dis- 
tance its equation takes the form 2? = 0, we learn that equations in 
Cartesian coordinates are only the particular form assumed by 
trilinear equations when two of the lines of reference are what are 
called the co-ordinate axes, while the third is at an infinite distance. 
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CHAPTER V. 

BQUATIONS ABOVE THB FIRST DBGREB RBPRBSBNTING RIGHT 

LINBS. 

67. Beforb proceeding to speak ofthecMrue^ represented by 
equations above the first degree, we shall examine some cases 
where these equations represent right lines. 

If we take any number of equations, L « 0, M. = 0, N = 0, 
&c., and multiply them together,' the compound equation LMN, 
&c. = will represent the aggregate of all the lines represented by 
its factors ; for it will be satisfied by the values of the co-ordinates 
which make any of its factors = 0. Conversely, if an equation of 
any degree can be resolved into others of lower degrees^ it will repre- 
sent the aggregate of all the loci represented by its different factors. 
K, then, an equation of the «'* degree can be resolved into n 
factors of the first degree, it will represent n right lines. 

68, A homogeneous equation^ of the n* degree between the 
variables^ denotes n right lines passing throtigh the origin. 

Let the equation be 

^ - paf^'^y + qaf^'^y^ - &C. • • • + fy = 0. 
Divide by y", and we get 



g-Ki)"^r-*«-»- 



Let a, b, 0, &c., be the n roots of this equation, then it is re- 
solvable into the factors 

(r«)(i-')(r «)*»-<-. 

and the original equation is therefore resolvable into the factors 

(x - ciy) (x -by) {x - cy) &c. = 0. 
It accordingly represents the n right lines x - ay - 0, &c*, all of 
which pass through the origin. Thus, then, in particular, the 
homogeneous equation 

x^-pxy + yy' = 
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represents the two right lines a? - ay = 0, re - 5y « 0, where a and 
h are the two roots of the quadratic 



©•-K^-"- 



It is proved, in like manner, that the equation 
{x - ay-pijc - ay-^ (t^-b) + q{x- a)""* (y - 6)' • • + t(y-by = 
denotes n right lines passing through the point (a, b). 

Ex. 1. What locus is represented by the equation xy = 07 

Ans, The two axes, since the equation is satisfied by either of the 
suppositions a: = 0, y = 0. 

Ex. 2. What locus is represented by a^ - y« = ? 

Ana. The bisectors of the angles between the axes, x±y=0 (see Art 43). 

Ex. 3. What locus is represented by o^ - dxy + 6y2 s o ? 

An». a; - 2y = 0, « - 8y = 0. 
Ex. 4. What locus is represented by «• — 2a^ sec© + y« = ? 

Ant. * = ytan(45''± J©). 
Ex. 6. What lines are represented by x^ — 2xy tan© - y* = ? 
Ex. 6. What lines are represented by ar* - 6a:«y + ll«y« - 6y» = ? 

69. Let us examine more minutely the three cases of the solu- 
tion of the equation a^ - pxy + qy^ = 0, according as its roots are 
real, and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those tan- 
gents, and q their product. 

In the second case, when a = 6, it was once usual among geo- 
meters to say that the equation represented but one right line 
(x-ay = 0). We shall find, however, many advantages in making 
the language of geometry correspond exactly to that of algebra, 
and as we do not say that the equation above has only one root, 
but that it has two eqtial roots, so we shall not say that it repre- 
sents only one line, but that it represents two coincident right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
co-ordinates can be found to satisfy the equation, except the co- 
ordinates of the origin or = 0, y « ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
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US very objectionable, for we saw (Arts. 14, 15) that two equa- 
tions are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously inunaterial 
what the values of jo and q are, provided only that they give ima- 
ginary values for the roots, that is to say, provided that p^ be less 
than 4^. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra; and as 
we do not say that the equation above has no roots when f^ is less 
than 4g, but that it has two imaginary roots, so we shall not say 
that, in this case, it represents no right lines, but that it repre- 
sents two imaginary right lines. In short the equation x^ - pxy 
+ ?y' = being always reducible to the form {x - ay) (a - by) = 0, 
we shall always say that it represents two right lines drawn through 
the origin ; but when a and b are real, we shall say that these lines 
are real ; when a and b are equal, that the lines coincide ; and 
when a and b are imaginary, that the lines are Imaginary. It may 
seem to the student a matter of indifference which mode of speak- 
ing we adopt ; we shall find, however, as we proceed, that we 
should lose sight of many important analogies by reiusing to adopt 
the language here recommended. 

Similar remarks apply to the equation 
Ax^ + Bxy + Cy» = 0, 
which can be reduced to the form x^ - pxy + qy^ = 0, by dividing 
by the coefficient of a?'. This equation will always represent two 
right lines through the origin; these lines will be real if B' - 4 AC 
be positive, as at once appears &om solving the equation ; they 
will coincide if B* - 4 AC = ; and they will be imaginary if 
B' - 4 AC be negative. So, again, the same language is used if 
we meet with equal or imaginary roots in the solution of the 
general homogeneous equation of the »'* degree. 

70. To find the angle contained by the lines represented by the 
equation a^ - pxy + qy^ = 0. 

Let this equation be equivalent to (re - ay) (x - by) » 0, then 
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the tangent of the angle between the lines is (Art. 40) " , ,but 

the product of the roots of the given equation = q^ and their dif- 
ference = |/(p* - Aq). Hence 

**^* TT^ — 

If the equation had been given in the form 

Ax^ + Bxy + Cy' = 0, 
it will be found that 

V(B^-.4AC) 
^* A + C • 

CoR.^ — The lines will cut at right angles, or tan^ will become 
infinite, if g = - 1 in the first case, or if A + C = in the second. 

Ex. Find the angle between the lines 

«8 + ay-^*=0. Ana, 46'. 

««-2aysece + y« = 0. Ana. 9. 

* If the axes be oblique, we should find, in like manner, 

, ^ sinaiV(B''-4AC) 

tanA = — T — ^ — ^ ^. 

^ A + C - B cosw 

71. To find the equation which will represent the lines bisecting 
the angles between the lines represented by the eqiuition 
Ax^ + Ba;y + Cy« = 0. 

Let these lines be ar - ay « 0, « - 6y = ; let the equation of 
the bisector be x- fiy - 0, and we seek to determine /u. Now 
(Art. 22) lA is the tangent of the angle made by tins bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
tlierefore, tangent of twice this angle to tangent of sum, we get 

2)u a + b 
l-/ti»"r^' 
but, from the theory of equations, 

A B . C 

« + * = -5;j A* 



therefore 

2fi 



1_^2- A-C 



K 
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or , ^ A - C , * 

/ii» - 2-^— /£ -1 = 0. 

This gives us a quadratic to determine fij one of whose roots will 
be the tangent of the angle made with the axis of y by the internal 
bisector of the angle between the lines, and the other the tangent 
of the angle made by the eostemal bisector. We can find the com- 
bined equation of both lines by substituting in the last quadratic 

for fi its value » -, and we get 
^ A-C 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 70). 

The student may also obtain this equation by forming (Art. 
43) the equations of the internal and external bisectors of the 
angle between the lines a? - fly = 0, a? - ^ « 0, and multiplying 
them together, when he will have 

{a - ayy (a; - byY 
1 + a» ' 1 + i* ' 
and then clearing of fractions, and substituting for a + 5, and ab 
their values in terms of A, B, C, the equation already foimd is 
obtained. 

72. To find the condition that the general equation of the second 
degree should represent two right lines. 
Let the general equation be 

Aa?2 + Bxy + Cy» + Da? + Ey + F = 0: 
write it in the form 

Ar» + (By + J))x + Cy2+ Ey + P = 0, 
and solving this quadratic for x^ the roots are found to be 

By+D±V{(B^-4AC)y« + 2(BD~2AE)y + D«>4AF} 
^' 2 A 

* It is remarkable that the roots of this last equation will always be real, even if the 
roots of the equation ksfi + 'Rxy + C^ &s be imaginary, which leads to the curious 
result, that a pair of imaginaiy lines may have a pair of real lines bisectmg the angle 
between them. It is the existence of such relations between leal and imaginary lines 
which makes the connderation of the latter profitable. 
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Now this value cannot be reduced to the iform x ^my + n^ 
unless the quantity under the radical be a perfect square. The 
condition that this should be the case is 

(B» - 4AC) (D» - 4AF) = (BD - 2AE)% 

or expanding and dividing by 4 A, 

AE» + CD' + rB» - BDE - 4ACP = f 

which is the required condition that the equation of the second 
degree should represent right lines. 

£jL 1. Verify tbat the fdilowing equation representa right lines, and find the lines. 
«• - 6ay + 4y« + a? + 2y - 2 = 0. 
Am. Sdving for « as in the text, the lines are found to be 

af-y-l = 0, «-4y + 2s=0. 

Ex. 2. Verify that the following equation represents right Ihies : 
(ax-^py- r*y = (ai + ^ - r8) (4j» + yi - ri). 

Ex. 8. What lines are represented by the equation 

«"-«y + y*-iP-y + l = 0? 

Ant. The ima^^nary lines a + 9y+ 0*ssO, d?+9^-f0»O, whereO is one 
of the imiiginary cube roots of 1. 

Ex. 4. Determine B, so that the following equation may represent right lines : 
a^ + Bay + y« - 6a? - 7y + 6 = 0. 
Ant. Substituting these values of the coefficients in the general oonditioo, we 

get for B the quadratic, OB* — 86B + 60 » 0, whose roots are ~- and -. 

8 2 

• 73. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees : we therefore give 
another solution of the same problem. It is required to ascertain 
whether the given equation of the second degree can be identical 
with the product of the equations of two right linegr 

(ax + /3y - 1) {ax + /3V - 1) = ; 

multiply out this product, and equate the coefficient of each term 
to the corresponding coefficient in the general equation of the 
second degree, having previously divided the latter by F, so as 
to make the absolute terln in each equation = 1 . We thus obtain 
five equations : four of them enable us to determine the four un- 
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known quantities, a, a, /3, fi\ in terms of the coefficients of the 
general equation ; and then these values being substituted in the 
fifth give the condition required. The five equations actually 
are • 

From the first four we can at once form two quadratic equar 
tions for determining a, a, jS, /3', as indeed we might have other- 
wise inferred from the consideration that these quantities are the 
reciprocals of the intercepts made by the lines on the axea ; and 
that the intercepts made by the locus on the axes are found (by 
making alternately a; » 0, y « 0, in the general equation) from the 

equations 

Aa:* + Da; + F = 0, Cj^ + Ey + F = 0. 

Now if the locus meet the axes in the points L, L'; M, M'; it is 
plain that if it represent right lines at all, these must be either 
the pair LM, L'M', or else LM', L'M, whose equations are 

(aa: + j3y-l)(aa; + /3>-l)«0, or (aa: + /3V-l)(a« + /3y-l) = 0, 

B 

Multiplying out, we see that =^ might not only have the value 

given before aj3' + )3a , but also might be a/3 + a j3'. The sum of 
those quantities 

and their product 

hence ^ is given by the quadratic 

B^ DE B AE« + CD' - 4ACF 

F^ P * F ^ ps "' 

which, cleared effractions, is the condition already obtained. 

Ex. To determine B so that a^ + Bxy + y* - 6a? - 7y + 6 = may represent right 
lines. 

The intercepts on the axes are given l^ the equations 

a^ - 6iP + 6 = 0, y« - 7y + 6 = 0, 

whose roots arear = 2, a? = 3; y=l, y = 6. Forming, then, the equation of the lines 



Digitized by LjOOQ IC 



EQUATIONS REPRBSENTIN6 RIGHT LINES. 69 

joining the points so found, we see that if the equation represent right lines, it must be of 
one or other of the forms 

(a; + 2y - 2)(2a; + y - 6)^= 0, (jxi-\^9y 8)(8x + y - 6) = 0, 
whence, mnliiplying out, B is determined. 

* 74. To find how many conditions must be satisfied in order 
that the general equation of the n^ degree may represent right 
lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term « 1, 
with the product of the n right lines 

{ax + j3y - 1) {ax + 0'y - 1) (a"a? + 0> - 1) &c. = 0. 

Let the number of terms in the general equation be N ; then 
from a comparison of coefficients we obtain N - 1 equations (the 
absolute term being ahreadj the same in both) ; 2n of these equa- 
tions are employed in determining the 2n unknown quantities 
a, a 9 &C.9 whose values being substituted in the remaining equa- 
' tions afford N - 1 - 2w conditions. Now if we write the general 
equation ^ ^ 

+ Ba? + Cy 

+ Da^ + Ea?y + Fy» 

+ Qa^ + Hxhf + Kxy^ + Ly« 

+ &c., 

it is plain that the number of terms is the sum of the arithmetic 
series 

N=l + 2-f3 + .-.(«+ 1) = ^ 1^;^^ ^\ 

hence 



^^^^.(n^3), N-1.2n«^ 



12' 12 

* 75. To find how many conditions must bejulfilled in order, 
that the general equation of the n^ degree should represent n right 
linesy each passing through a given point. 

We should now compare the general equation with the equa- 
tion 

{y -y' - m{x - a!)] [y-f - m\x - x")} &c. = 0. 
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There are now but the n unknown quantities, m, m', &c., to be 
determined ; hence the number of conditions is 

N-l-n = ^^. 

I * ^ 

* 76. To find the number of conditions which rmist be fulfilled 
in order that the general equation may represent n right lines^ all 
passing through the same point. 

We now compare the general equation with 

{y-f/^mix-af)] {y-y-»n'(a:-a/)} &c. = 0. 

Beside the n imknowns m, m', &c., there are also the two x'y' to 
be determined; hence the number of conditions 

-N-l-(n + 2)=-^j-2-^-2. 



CHAPTER VI. 

THE CIRCLE. 

77. Before we proceed to the general investigation of the 
curves represented by the general equation of the second degree, 
it seems desirable that we should examine the equation of the 
circle, which ranks next to that of the right line in simplicity. 

To find the equation of the circle whose centre is the point (ab) 
and radius is r. 

Expressing (Art. 6) that the distance of any point fix)m the 
centre is equal to the radius, we at once obtain the equation 
(a - ay + (y - by = r\ 

If the axes be oblique, we have (Art. 6) 

(x-ay -^(j/ - by + 2(x -a)(y -b) cosw = r' ; 
but we shall seldom use oblique axes in questions relating to 
circles. 

Cor. 1. — The equation to rectangular axes of the circle whose 
centre is the origm is i , .,2 * -2 
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Cor. 2. — ^Let the axis of a; be a diameter, and the axis of ^ a 
perpendicular at its extremity, then the co-ordinates of the centre 
are obviously (r, 0), and on substituting these values for a audi, 
the equation of the circle becomes 

The two forms just mentioned are the simplest which the 
equation of the circle can be luade to assume by a particular choice 
of axes; and are' those which most frequently occur in practice. 

78. By comparing the equations found in the last Article 
with the general equation of the second degree, 

Anj* + Bay + Cy« + Da? + Ey + F = 0, 

we can ascertain the conditions that this latter equation should 
represent a circle. 

If the axes be rectangular, it is evident that B must » and 
A = C, in order that when we divide by A the equation may be 
capable of being put into the form 

(« - a)» + (y - by = r^, or re* + y* - 2ax - 2fty + a» + A» - r» = 0. 

K the axes be oblique, we must compare the general equation 
with the equation 

(ar - a)« + (y - by + 2(iK - a) (y - b) cosw = r', 

and we find that in this case the general equation will represent 

a circle, if A = C, and -^ = 2cos(ft>. 

K the general equation of the second degree, referred to rect- 
angular axes, fulfil the conditions B = 0, A = C, w?e can find the 
radius of the circle represented by it^ and also the co-ordinates of its 
centre^ thus fully determining the circle, both in magnitude and 
position ; for, comparing the equations, 

D E F 

and x^ + y' - 2ax - 2by + a' + ft' - r» = 0, 

D E F 

we get ^ = ~2a, j = - 2ft, -j = a« + ft»-r»; 
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and, therefore, 

D .^ E ^ D» + E^ ~ 4AF 

and the general equation is equivalent to 

1^^2aJ n^-^2AJ = 4A^ • 

The rule, then, for bringing the equation of any circle to the 
form (a; - a)^ + (y - by = r*, may be expressed as follows : " By 
division make the coefficients of a:^ and y^ = 1, transpose F, and 
then complete the squares by adding to both sides the sum of the 
squares of half the coefficients of « and y," 

Ex. 1. Find the co-ordinates of the centre and the radius of 



«« + y«-6ar-4y = 7. (5 ^\ V(69) 



Ex. 2. Bednce to the fonn of Art. 77, 

3^ + y2 - 2« - 4y = 20. 

Ans. (ar-l)3 + 0-2)« = 5«. 
Ex. 3. Fmd the line joining the centres of the drcles 
jr2 + y8 = 2y; a;«-fy« = 2a?. 

Ant. a: + y = 1, 

Since P does not occur in the values just found for the co- 
ordinates of the centre, we learn that two circles mil be concentric 
if their equations only differ in their constant term. 

79. We consider in this Article the effect of two or three 
particular suppositions on the general equation. 

(1.) If F = the origin is on the curve. For then the equar 
tion is satisfied by the values a? = 0, y = ; that is, by the co-ordi- 
nates of the origin. The same argument proves that if an equa- 
tion of any degree want the absolute term^ the curve represented by 
it passes through the origin* 

(2.) If D'* + E^ = 4 AF ; it appears from Art. 78 that the ra- 
dius of the circle vanishes, and that the equation may be reduced 

to the form 

(a? - a)2 + (y - by = 0. 

It is plain, that this equation can be satisfied by the co-ordi- 
nates of no point save those of the point (a? = a, y = ft) ; hence it 
has been common to ^say, that the equation just written is the 
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equation of this point. We object to this mode of expression 
for the reasons given. Art. 69, g-nd prefer to call it the equation 
of an infinitely small circle^ haying for centre the point (ab). We 
have seen (Art. 69) that it may also be considered as the equation 
of two imaginary right lines passing through the point (ai)> since 
it can be resolved into the factors 

{x-a)+{y- ft) V(- 1) = 0, and (aj - a) - (y - J)^(- 1) = 0. 
These remarks, of course, apply, in like manner, to the equation 

a?2 + y3 = 0, 

which is a particular case of the above. 

(3.) If D« + E^ be less than 4AF, the radius of the circle 

becomes imaginary, and the equation, being equivalent to one of 

the form 

(^ - a)'* + (y - by + r^ = 0, 

cannot be satisfied by any real values of the co-ordinates x and y. 

80. To find the co-ordinates qfthe points in which a given right 
line meets a given circle. 

Let the equation of the circle be ^' + y* = r^, and that of the 
right line x cos a + y sina = ;>. These two equations are suflGicient 
(Art. 15) to determine the x and y of the intersection. For ex- 
ample, finding the values of y from both, and equating them to 
each other, we get for determining ^, the equation 

^-f^^^" = V(r'-^')> 
smo ^ ^ 

or, reducing x^ - 2px coso +/?'*- r* sin 'a == ; 
hence, a; = jo cosa ± sina V (r* - p'*), 

and, in like manner, 

y = JO sina T cosa V (r' - /?'). 

(The reader may satisfy himself, by substituting these values 
in the given equations, that the - in the value of y corresponds 
to the + in the value of ic, and vice versa.) 

Since we obtained a quadratic to determine x^ and since every 
quadratic has two roots, we must, in order to make our language 
conform to the language of algebra, assert that every line meets a 
circle in two points. 
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81. Let us, however, examine separately the three cases of 
this solution : » 

First. If /?, which is the distance of the line from the centre, 
be less than the radius, we get two real values for a and y, and 
the line meets the circle in two real points. 

Secondly. Let p = r, or the distance of the line from the cen- 
tre = the radius. In this case it is evident geometrically that 
the line is a tangent to the circle, and our analysis points to the 
same conclusion, since the two values of a? in this case become 
equalj as do likewise the two values of y. Consequently, the 
points answering to these two values, which are in general diffe^ 
rent, will in this case coincide. We shall, therefore, not say that 
the tangent meets the circle in only one point, but rather that it 
meets it in two coincident points ; just as we do not say that the 
equation for this case 

x'^ - 2rx cosa + r^cos'a = 0, 

has only one root, but rather that it has two equal roots. And, in 
general, we define the tangent to any curve as the line joining 
two indefinitely near points on it. 

Thirdly. Let p be greater than r. In this case it is usual to 
say, that the line does not meet the circle at all. Analysis, how- 
ever, though it fails to furnish us with real values for x and y, yet 
supplies us with imaginary values. We shall, therefore, find it 
more consistent to say that in this case the line meets the circle 
in two imaginary points. By an imaginary point we mean nothing 
more than a point, one or both of whose co-ordinates are imagi- 
nary. It is a purely analytical conception. We do not attempt 
to represent it geometrically. But the neglect of those imaginary 
points would lead to as great a want of generality in our reasonings, 
and to as much inconvenience in our language, as if, only paying 
attention to the real roots of equations, we were to deny that every 
equation has as many roots as it has dimensions, or to assert that 
the equation 

^ -; 2px cosa = r* sin'a - p* 

has no root at all when p is greater than r. We shall presently 
meet with many cases in which the line joining two imaginary 
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points Is real, and enjoys all the geometrical properties of the cor- 
responding line in the case where the points are real. 

82. We should proceed as in Art. 80, if it were required to 
find the points where the line ax + by + c = meets the circle 

Aaj3 + Af + Da? + Ey + F = 0. 

Eliminating either variable between the equations, we have a qua- 
dratic to determine the other ; and if this quadratic have equal 
roots, the line touches the circle. We only think it necessary to 
notice particularly the case where the given line is one of the axes 
of co-ordinates. By making alternately y = 0, a; = in the equa- 
tion of the circle, we find that the points in which it is met by the 
axes are determined by the quadratics 

Aa? + Da? + F = 0, Ay« + Ey + F = 0. 

The axis of a will be a tangent when the first quadratic has equal 
roots, that is, when 

D'^ = 4AF, 

and the axis of y when E* = 4AF. 

When seeking to determine the position of a circle represented 
by a given equation, it Is often as convenient to do so by finding 
the intercepts which it makes on the axes, as by finding its centre 
and radius. For a circle is known when three points on it are 
known ; the determination, therefore, of the four points where the 
circle meets the axes serves completely to fix its position. 

Ex. 1. Find the co-ordinates of intersection of ar« + y» = 66 ; 8a; + y = 25. 

Am. (7, 4) and (8, 1). 

Ex. 2. Find intersections of (« - c)» + (y - 2c)> = 26c« ; 4x + 3y = 35c. 

An9, The line touches at the point (5c, 5c). 

Ex. 8. Find the pomts where the aies are cut by ar« + y3-5x- 7y + 6 = 0. 

Ans. « = 8, ar = 2; y=6, y=l. 
Ex. 4. What is the equation of the circle which touches the axes at distances from 
the origm = a ? Ans. a;* + y* - 2im? - 2<gf + a» = 0. 

Ex.5. Whenwilly = mii?+6touchir« + y» = r«? Ans. When6« = r*(l +*n>). 

Ex. 6. Find the tangent from the origm to A (ar* + y*) + Dar + Ey + F = 0. The 
points where any line through the origin (y = mx) meets the circle are given by the 

^'^^^'^ A(m2+l)x8 + (D + Em)* + F=0. 
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If the line touchesi this quadratic will have equal roots, 

or (D + Em)« = 4AF («« + 1), 

which gives a quadratic for determining m. 

Ex. 7. Find the tangents from the origin to dr* + y^ - 6j; - 2^ + 8 = 0. 

AnM. * - y = 0, 7ar + y = 0. 

83. To find the equation of the tangent at the point x'y' to a 
given circle. 

The tangent having been defined (Art. 8 1) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joining any two 
points {xy\ x"y") on the curve, and then making a! = a?" and y = y" 
in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, therefore, the equation of the circle x"^ + y^ = r*. 

The equation of the line joining any two points (x'y) and 
(W') is (Art. 29), 

y-y ^ y ~y^ ; 

iC "~ iC tC "^ X 

now if we were to make in this equation y' = y" and of = x" , the 

right-hand member would assume the indeterminate form of -. 

The cause of this is, that we have not yet introduced the condi- 
tion, that the two points (^y, x"y") are on the circle. By the help 
of this condition we shall be able to write the equation in a form 
which will not become indeterminate when the two points are 
made to coincide. For, since 

r2 = a'^ + y'a ^ x"^ + y"\ we have a!'' - .a!"" = /» « y'%^ 
and, therefore, y' - y' x' + x" 

Hence the equation of the chord becomes 

x-x' }/+y"* 

And. if we now make a! = a?" and y' = y", we fiind for the equation 
of the tangent, y_y ^ 

x-x' t/^ 
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or, reducing, and remembering that a/* + t/'* « rS we get finally 

xx' + yy = r*. 

If we were now to transform the equations to a new origin, so 
that the co-ordinates of the centre should become a, ft, we must 
substitute (Art. 8) x- a^ x' - a, y - h^ y - b for a;, x\ y, y', re- 
spectively : the equation of the circle would become 

(aj - a)» + (y - by = r\ 
and that of the tangent 

(x - a){x' ^a)-^ (y- b){y' '-b)^r^\ 

a form easily remembered, from its similarity to the equation of 
the circle. 

We might have obtained the equation of the tangent 
xx' + yy' = r* 
in another way, by forming the equation of a line through the 
point a^i/^ perpendicular to the radius, whose equation is easily 
seen to be y'x = x'y. We have preferred, however, the method 
actually adopted, both because it is the same as that which we 
shall employ in the case of other curves, and also because we wish 
the learner to perceive that all the properties of the circle can be 
deduced from its equation without a previous acquaintance with 
the geometrical theory of the curve ; as in the present instance, 
where the equation just found may be used to prove that the tan- 
gent to a circle is perpendicular to the radius. 

84. To find the equation of the tangent to the circle whose 
eqtmtion referred to any axes is 

Aa^ + Bxy + Ay^ + Da; + Ey + F «= 0, 

where B = 2 A coso^. We form, as in Art. 83, the equation of the 
line joining two points, and then by the help of the conditions 
that x'y'y x"y" are points on the circle^ we can get an expression for 

—, — —„i which will not become indeterminate when the two points 

X — X 

coincide. We have the two conditions 

Ax'^ + Ba;y + Ay'^ + Da;' + Ey' + F = 0, 
Ax"^ + Ba?'y' + Ay ''^ + Dar" + Ey" + F = 0. 
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Subtraeting one from the other 

A(j^ -«"')+B(xy- «>') + A(2/^ -/') + l^Ca^-^O+ECy'-y')" 0. 

Now a/y-a!y = ar'(y'-iO + /(*'-«'). 

/ // 

«7 — 4i 

Hence, dividing by ^ - x\ and solving for ^7— ^> we find 

a/-a/'~ A(y'+/)+ Ba:' + E* 

The equation of the chord is, therefore, 

y - y A (xU QJ') -t- By" + D 
a? -a?'"' AO^' + y")+ Ba?' + E' 

If the points 7!y\ ^y coincide, we have the equation of the tangent 

y-^y' 2 Ax + By 4 D 
X'Sd^ 2 Ay' + Bo/ + E' 

or, reducing, and remembering that xy satisfies the equation of 
the curve, 
(2Aa:' -f By + D)x + (2Ay' + Bar' + E)y + Dx' + Ey' + 2F = 0. 

Ex. 1. Find the tangent at the point (6, 4) to (a; - 2)* + (y - 8)* = 10. 

Arts. Sx + p = 19. 
Ex. 2. What is the equation of the chord joining the points x'y, 3>'y" on the circle 
,J + yJ = r8? Am, {z' + x")x + (y' + y")y = '•* + ^'^" + ^V"- 

Ex. 3. Find the condition that Aa? + By + C = should touch (a; - a)« + (y - 6)« = r\ 
Ant. .. — =rr- = r ; since the perpendicnlar on the line firom ab ia equal to r. 

85. To Jind the points of contact of tangents drawn to a circle 
from a given point* 

Let the given point be a/y, and let the co-ordinates of the 
point of contact which we are seeking be x'\ y. Then (Art. 83) 
the equation of the tangent will be 

xx" + yy" = r* ; 
but by hypothesis this line passes through the point xj/^ hence 
we get the condition ^y ^ ^y ^ ^^ . 

and since the point dil'y" is on the circle, we have also the condi- 
*^^^ X"- + y"- = r\ 
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These two conditions are sufficient to determine the co-ordinates 
«", y". Solving the equations, we get 

^ " x^^y"' ' y " a!^ + y'^ 

Hence, from every point may be drawn two tangents to a circle. 
These tangents will be real when a!'^ + y * is > r% or the point 
outside the circle ; they will be imaginary when a;'* + y * is < r*, 
or the point inside the circle ; and they will coincide when 
a;'2 + y'a = r'*, or the point on the circle, 

86. To find the equation of the line joining the points of contact 
of tangents from any point. That is, to form the equation of the 
line joining the two points whose co-ordinates were found in the 
last article. It will not, however, be necessary to set about this 
in the usual manner, if we attend to the remark at the end of 
Art. 29. We saw in the last article that the co-ordinates of each 
point of contact were connected with those of the given point by 
the relation a;y'-fyy' = r^ 

The equation, therefore, of the line joining the points of contact, 

for this is the equation of a right line, and is satisfied for each 
point of contact. In fact, since the co-ordinates of the points of 
contact were found by solving for x and y from the equations 

xx' + yt/ ^T^\ ar'* + y2 = ^3 ; 

the geometrical meaning of these equations is, that these points 
are the intersections of the circle ai^ -{^y'^ - r* with the right line 
xx' + yy = r*. 

We see, then, that whether the tangents from sdy be real or 
imaginary, the line joining their points of contact will be the real 
line xx' + yy = r', which we shall call the polar of xy with regard 
to the circle. This line is evidently perpendicular to the line 
{afy - y'.a? = 0), which joins x']/ to the centre ; and its distance 

y.2 

from the centre (Art. 25) is -— r-r jr.. Hence, the polar of 

any point P is constructed geometrically by joining it to the centre 
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C, taking on the joining line a point M, such that CM • CP = r% 
and erecting a perpendicular to CP at M. We see, also, that 
the equation of the polar is similar in form to that of the tangent^ 
only that in the former case the point sly is not supposed to be 
necessarily on the circle : if, however, x}/ be on the circle, then 
its polar is the tangent at that point. 

87. To find the equation of the polar ofx'y with regard to the 
circle ^^ ^ g^y ^ ^^, + D^ + Ey + F. 

We adopt the same process as in Art. 86. The equation of 
the tangent at any point xy" may be written (Ar^. 84) 

(2A^ + By + Vi)a!' + (2Ay + Baj + E)/ + D^ + Ey + 2F = 0. 

This expresses a relation between the co-ordinates of any point 
xy on the tangent, and those of the point of contact a^'y". Let us 
then suppose the former to be known, and the latter to be un- 
known ; let u5 denote the known co-ordinates by the accented 
letters o/y, and the unknown co-ordinates by the unaccented let- 
ters ay, and the relation just written becomes 

(^Kx + By + D)ar + (2Ay' + Ba?'+ E)y + D^' + Ey'+ 2F = 0, 

the equation of a line on which both points of contact must lie, 
and therefore the equation of the line joining them. It is still 
similar in form to the equation of the tangent. 
Cor. — The polar of the origin is 

Do? + Ey + 2F = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (x - 1)2 + (y - 2)« = IS. 

Am, 83; -H 2y = 20. 
Ex. 2. Find the polar of (4, 6) with regard to a^ + y« - 3:c - 4y = 8. 

Ans. hx\ 6y = 48. 
Ex. 3. Find the pole of A^ + By + C = with regard to a;* + y« = r«. 

/ Ar» Br2\ ^ . ^ . ... 

• I — T^-, — pr k as appears from comparing the given equation with 

iiox + yy' = r2. 

Ex. 4. Find the pole of Sar + 4y = 7 with regard to a;» + y* = 14. Am, (6, 8). 

Ex. 5. Find the pole of 2a? + 3y = 6 with regard to {x - !)« + (y - 2)2 = 12. 

Am. (- 11, - 16). 
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88. To find the length of the tangent drawn from any point to 
the circle^ whose equation is 

(jp - a)» + (y - by - r^ = 0. 

The square of the distance of any point from the centre 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point for x and y 
in the first member of the equation of the circle 

(^ - a)» + (y - by - r» = 0. 
Since the general equation to rectangular co-ordinates 

Aa?» + Ay* + D^ + Ey + F = 0, 
when divided by A, is (Art. 78) equivalent to one of the form 

(a: - a)» + (y - ft)'» - r» = 0, 

we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of x^^ and then substituting in the equation the co- 
ordinates of the given point. 

The square of the tangent from the origin is found by making 
X and y = 0, and is, therefore, = the absolute term in the equation 
of the circle, divided by A. 

The same reasoning is applicable if the azes be oblique. 

* 89. To find the ratio in which the line joining two given 
points^ afy\ x"\j\ is cut by a given circle. 

We proceed precisely as in Art. 38. The co-ordinates of any 
point on the line must (Art. 7) be of the form 
fo" + mx' ly" + my 
l-\- m * I ^-m ' 

Substituting these values in the equation of the circle 

ai* + y* - r» = 0, 

and arranging, we have to determine the ratio / : m, the qua- 
dratic 
/»(ar"» -f j^'» - r') + 2/m(a?V+ yy" - r«) + m»(x'* + y'» - r«) - 0. 
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The values of Z : m being determined from this equation, we have 
at once the co-ordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used Art. 80. 

If jry lie on the polar of Qiy\ we have x^' + yy - r' = 
(Art. 86) and the factors of the preceding equation must be of the 
form I + ^m, I - fim; the line joining xt/\ xy" is therefore cut 
internally and externally in the same ratio, and we deduce the 
well-known theorem, any lime dravm through a point is cut har^ 
monically by the pointy the circle, and the polar of the point. 

* 90. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 86) found the co-ordinates of the points 
of contact; substituting, therefore, these values in the equation 
«ic' + yi/' - r* = 0, we have for the equation of one tangent 

r {xx + yy' - x'^ - y^) + {xt/ - yx') V {af^ + y'^ - r^) = 0, 

and for that of the other, 

r(xx' + yy' - x*^ - y'*) - (xy - yx') y/(x'^ + ?/* - r») = 0. 

These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines l:m will have 
equal roots if the line joining ^'y', x'Y' touch the given circle ; if 
then x"y' be any point on either of the tangents through a?y, its 
co-ordinates must satisfy the condition 

(ar'« + y'^ - r') (a?^ + y^ - r^) = (ax'-\-yy^ - r^. 

This, therefore, is the equation of the pair of tangents through 
the point x'y*. It is not difficult to prove that this equation is 
identical with that obtained by the method first indicated. 

91. To find the equation of a circle passing throtyh three 
given points. 

We have only to write down the general equation 

a?» + y« + Da? + Ey + F = 0, 

and then substituting in it, successively, the co-ordinates of each 
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of the given points, we have three equations to determine the 
three unkoown quantities D, E, F. 

Ex. 1. find the drde through the origin, and through (2, 8) and (8, 4). 
Here F = 0, and we have 

13 + 2D + 3E = 0, 26 + 8D + 4E = 0, whence D = - 28, E = 11. 
Ex. 2. Find the circle through (1, 2), (1, 8), (2, 6). 

We have 6 + D + 2E + F = 0, 10 + D 4- 8E + F = 0, 29 + 2D + 6E4- F = 0, 
whence D = - 9, E = - 5, F = 14. 

Ex. 8. Fmd the circle through (2, - 8), (3, - 4), (- 2, - 1). 

An*. D = 8, B = 20, C » 81. 
Ex. 4. Fuid the circle making intercepts a and ( on the axia of x. 

Ana. D = - (a + (), F = a&, E hideterminate. 

Ex. 5. Taking the same axes as in Art 48, Ex. 1, find the equation of the circle 
through the origin and through the middle points of sides. 

Am, 2p(«« + y«) -/>(# - *> - (p» + w')y = 0. 
The circle, therefore, also passes through the middle point of base. 

* 92. To express the equation of the circle through three points 
x*y\ oi'ify oi"}/" *** terms of the coordinates of those points* 

We have to substitute in 

a?' + y» + Da; + Ey + F = 

the values of D, E, F derived from 

(ic'» + y'^ ) + Dar' + Ey + F = 0, 
(ar"2 + y"2) + Dx'' + Ef + F = 0, 
(aj'"« + j^^O + Dar''+ E/'+ F - 0. 

The result of thus eliminating D, E, F between these four equa- 
tions will be found to be 

(x^ +y» ){^'(y"-jO+ar''(y"'-y')+'»"'(y'-y'')) 
-(»" +/')K(y'"-y)+^"'(y -/)+* (y"-y")} 

as may be seen by multiplying each of the four equations by the 
quantities which multiply (x^ + y^) &c: in the last-written equa- 
tion, and adding them together, when D, E, F will be found to 
vanish identically. 

If it were required to find the condition that four points 
should lie on a circle, we have only to write x^, y* for x and y 
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in the last equation. It is easy to see th&t the following is the 
geometrical interpretation of the resulting condition. If A, B, 
C, D be any four points on a circle, and O any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BCD, &c., then 

0A« . BCD + OC* . ABD « 0B» • ACD + OD^ . ABC. 

93. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 

We may either obtain it by substituting for re, /dcos 0, and 
for y, p sin0 (Art. 12), in either of the equations of the circle 
already given, 

Aa?« + Ay« + Da? + E^^ + F « 0, or (a? - ay + (y - by = r\ 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let O be the pole, C the centre of 
the circle, and OC the fixed axis ; let ^^J^ 

the distance OC = d^ and let OP be any 




radius vector, and, therefore, = p, and ^ 

the angle POC = fl, then we have 

PC» = OP* + OC* - 20P . OC cosPOC, 

that is, r* = /o* + rf' - 2pd cos0, 

or p^ - 2dp cosO + rf* - r* = 0. 

This, therefore, is the polar equation of the circle. 

If the fixed axis did not coincide with OC, but made with it 
any angle a, the equation would be, as in Art. 44, 

p» - 2dp cos (0 - a) + rf* - r* = 0. 

If we suppose the pole on the circle, the equation will take a sim- 
pler form, for then r = ^, and the equation will be reduced to 

p = 2rco80, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 77, Cor. 2), «» + y* - 2rx. 
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CHAPTER VII. 

THEOREMS AND EXAMPLES ON THE CIRCLE. 

94. Having in the last chapter shown how to form the 
equations of the circle and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
Examples, and to apply them to the establishment of some of the 
principal properties of the circle. Having sufficiently shown, in 
Chapter iii., how in general to apply the analytical method to 
the solution of problems, we do not think it necessary to enter 
into the subject here with equal minuteness, and shall feel our- 
selves at liberty to suppress many details which can easily be 
supplied by the reader who has worked out the examples there 
given. 

We commence with some Examples of circular lociy which 
will serve as examples of the method of determining the position 
of a circle from its equation, if the learner will in each case, by 
Art. 78, determine the co-ordinates of the centre and the radius ; 
or else find, by Art. 82, the points where the circle meets the 
axes. 

Ex. 1. Given base and vertical angle of a triangle, to find the locos of vertex. 

Let na take the base for axis of x, and a perpendicular throngh its middle point for 

axis of y ; let the co-ordinates of the vertex be x^ y^ and 

let the base = 2c. Then the tangent of the base angle 

CR */ CR V 

CAB wmbe-, <«r^, «.d of CBB = g^, or ^. 

Hence we can find the tangent of the sum of the base 
angles, and make it = — the tangent of C, the given ver- 
tical angle, or 

y , y 




c-\- X 



1- 






.= -tanC, 



and, reducing this equation, the equation of the locus will be found to be 

a^ 4- yt _ 2cy cotC - c» = 0, 
which represents a circle which passes through the extremities of the base, whose radius 
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is -r-7;* ftnd centre (0, cotC). The centre will therefore be above, on, or below the 

base, according as C is acute, right, or obtuse. 

Ex. 2. To solve the last example, the axes having any position. 
Let the co-ordinates of the extremities of base be xY, x'y"' Let the equation of 
one side be 

then the equation of the other side, making with this the angle C, will be (Art 42) 

(1+ m tan C) (y - yO = (« - tan C) (* - *")• 
Eliminating m, the equation of the locus is 

tanC{Cy-y')(>-y'') + (a?-O(*-O}+*(>'--y'')-'y(«'-«'') + *y'-y'*''=0» 

which reduces to the equation of the last example if y' = y" = ; d;'= + c, x" = - c. 
If C be a right angle, the equations of the sides are 

y-y'^mix-xy, m(y - y") + (x - O = 0, 
and that of the locus 

(y - y') (y -»") + («-*')(«-«<') = 0. 

Ex. 8. Given base and vertical angle, to find the locus of the intersection of perpen- 
diculars of the triangle. 

The equations of the perpendiculars to the sides are 

«(y - y") + (« -- O = 0, (m - tanC) (y - y*) + (1 + w» tan C) (« - a:') = 0. 

Eliminating m, the equation of the locus is 

tanC {(y -yO (y-yO +(x - ar") (ar - *")! = «(y'-y")-y (a?'- a^O + « V - y'^^" ; 

an equation which only diiFers from that of the last article by the sign of tan C, and 
which is therefore the locus we should have found for the vertex had we been given the 
same base and a vertical angle equal to the supplement of the given one. 

Ex. 4. Given base and ratio of sides of a triangle, find locus of vertex. 

With the same axes as in Ex. 1, if ratio be m : », we find, for equation of locus, 

wJ{yS + (c - a:)a} = n^y^Arie + a:)«}. 

Hence the locus is a circle, whose centre is on the axis of or, at a distance from origin 

n? ■\-r^ - „ 2mn , , . , 

= c ; whose radius = —- c ; and which meets the base at the points 

m* — n* m^ — n^ '^ 

m + » , m — n 

X = c. and * = c. 

m-n m-^n 

Since the co-ordinates of the extremities of the base are x-=±e^ these (Art. 7) are 
the two points where the base is cut in the ratio m : n. 



Ex. 6. Given base of a triangle, and m times square of one side, + n times square of 

other ; find the locus of vertex. ^ ^ I m^n \ 

Ans. A circle whose centre is c. j. 

\m±n ' j 

Ex. 6. Find the locus of a point the square of whose distance from a given point is 
proportional to its distance from a given right line. 
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Ex. 7. A line of constant length movea between two fixed right lines, and perpendi- 
culars to the lines are raised at its extremities ; find the locos of their intersection. 

Ex. 8. In genera], given any number of points, to find locus of a point such that m' 
times square of its distance from the first + m times square of its distance from the se- 
cond + &c., = a constant : or (adopting the notation used in p. 48) such that S (^i^ may- 
be constant. 

The square of the distance of any point xy from x'y' is 

Multiply this by m', and add it to the corresponding terms found by expressing the dis- 
tance of the point xy from the other points ^"y", &c If we adopt the notation of p. 48 
we may write, for the equation of the locus, 

2 (m)«» + 2 («) j^ - 22 {mai) a; - 22 (mjOy + 2(iiw^>) + 2 (mj/*) = C. 

Hence the locus will be a circle, the co-ordinates of whose centre will be 

that is to say, the centre will be the point which, in p. 48, was called the centre of mean 
position of the given points. 

If we investigate the value of the radius of tins circle, we shall find 

R? 2(«) = 2(mr») - 2(«|a»), 

where 2 {mr^ = C = sum of m times square of distance of each of the given points from 
any point on the circle, and 2 (mpS) = sum of m times square of distance of each point 
fix)m the centre of mean position. 

95. We shall next give one or two examples involving the 
problem of Art. 80, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle, drawn pa- 
rallel to a given line. 

Let the equation of any of the parallel chords be 

xcosa + ysina — /> = 0, 

where a is, by hypothesis, given, and p is indeterminate ; the abscissas of the points 
where this line meets the circle are (Art 80) found from the equation 

ofl — 2px cosa +/>« — r> sin>a = 0. 

Now, if the roots of this equation be x' and x", the x of the middle point of the chord 

x' + x" 
will (Art 7) be — - — , or, from the theory of equations, will = /> cosa. In like manner, 

ff 
the y of the middle point will equal p sin a. Hence the equation of the locus is - = tan a , 

X 

that is, a right line drawn through the centre perpendicular to the system of paraUel 
chords ; since a is the angle made with the axis of a; by a perpendicular to the chord 
arcosa + ysina— /> = 0. 
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Ex. 2. To find the condition that the intercept made hy the dicle on the line 

xcoBa + ^sina =p 

should sabtend a right angle at the point xy. 

We found (Art 94, Ex. 2) the condition that the lines joining the points arV, ar'V" 
to xt/ should be at right angles to each other ; viz. : 

Let x'Yj x' V" ^ ^e points where the line meets the circle, then, by the last example, 

*"+ jr"' = 2pcosa, x V" = />3 - r» sin* a, y " + y"' = 2p sin a, yy"=p»-r«co«»a. 

Putting in these valaes, the required condition is 

a?'" + y'« - 2px'coaa - 2py' sina + 2/>» - r> = 0. 

Ex. 8. To find the locus of the middle point of a chord which subtends a right angle 
at a given point. 

If X and y be the co-ordinates of the middle point, we have, by Ex. 1, 

pcoBa^Xf />sina = y, p* = a^ + i/*, 

and, substituting these values, the condition found in the last example becomes 

(x-xy-\-(y- y')» + ipi + y8 = r». 

Ex. 4. To find the locus of the foot of a perpendicular from x'y on a chord which 
subtends a right angle at that point 

The co-ordinates of the foot of perpendicular are determined by the equations 

X cosa + y sino = /> ; (ar — «') sina — (y — y*) cosa = ; 
whence, if we write for shortness, 

R^=(x~0'S-(y-y')«, 

we have R sina = y — y', R cosa = x — x\ Rp = aS* + y« — ««' - yy' ; 

but the condition in Ex. 2 may be written 

= a;'«+y*2-»^+2p(/>-x'cosa-y'sina)=ar1+y'«-r»+2p{(x-ar')coso+(y-y')8ino}; 

but (x - ar')cosa + (y-y) sina = R; 

hence «'» + y'»~r»+ 2(a?2 +y« -xar'-yy*) = 0; 

or, the locus is the same as that found in the last example. 

Ex. 5. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendiculars let fall from its extremities on the given line, the rectangle 
under these perpendiculars may be constant. 

Take the given line for axis of y, and let the axis of a; be the perpendicular on it 
from the centre of the given circle, whose length we shall call p. Then the equation of 
the circle is (Art 77) 

y«+(a?-/>)« = ri. 

Again, if the co-ordinates of the sought point be x\ y', the eqoation of any line through 

it will be 

(y-y')^ m(x .- a?*), ory = m* + y' - m*'. 
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Substitate this value of y in the equation of the circle, and we shall get, to detennine the 
X of the points where the line meets the circle, 

(1 + mi) ar» + {2m (y' - mx^ - 2/>} a; + (y' - md;')» +/>> - r« = 0. 

But X is the perpendicular on the given line, and the product of the two perpendiculars 
(by the theory of equations) 

^ (y' - mxy -f />a - r8 
1 + m* 

This will not be independent of m, unless the numerator be divisible by 1 + m*, and 
it wiU be found that this cannot be the case unless y' = and x^ =/>' - r*. Hence 
there are two such points situated on the axis of x^ and at a distance from the origin 
>= the tangent drawn from it to the given circle. 

Ex. 6. If any chord be drawn through a fixed point on a diameter of a cirde, and its 
extremities joined to either end of the diameter, the joining lines will cut off on the tan- . 
gent, at the other end of the diameter, portions whose rectangle is constant. 

Let us take the diameter for axis of a?, and either extremity of it for ori^n, then 
(Art 77, Cor. 2) the equation of the circle will be a;* + y* = 2rx, and that of any chord 
through a fixed point on the diameter will be y = w(a; — a;*). By combining these equa- 
tions we can determine the co-ordinates of the extremities of the chord. We can, how- 
ever, without solving for these co-ordinates, obtain directly from the equations the equa- 
tion of the lines- joining these extremities to the origin. For if, by combining the equations, 
we can obtain a homogeneous function of the second degree, it will be, by Art. 68, the 
equation of two right lines drawn through the origin, and it evidently must be satisfied 
by the co-ordinates of the points which satisfy the two given equations. 

Write these equations thus, 

a^ + y« = 2ra;, and mx —mz-y^ 

and, multiplying them together, we get 

mx' (a?* + yi) - *lTx{mx - y). 

This being homogeneous in x and y, is the required equation of the joining lines. It may 
be written thus, 

mx\ y» + 2r .a?y + m(a:' — 2r) x« = 0. 

This equation enables us to ^d the values of y corresponding to any value of jr, and 

X — 2r 
we see that the product of these values will be — ; — a^, and, therefore, independent of m. 

X 

The intercepts made on a perpendicular at the extremity of the diameter are found by 

a?' — 2r 
making ar = 2r in the preceding equation, and their product is 4r* — ; — , which will be 

X ' 

, constant as long as a;' is constant 

96. We shall next obtain one or two of the properties of the 
polar of a point from its equation (Art. 86). 

If any chord be drawn through a fixed point and tangents at 
its extremities : to jind the locus of their intersection, 

N 
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Let any point on the locus be XY, then the chord joining 
points of contact of tangents passing through XY is 

Xa; + Yy = r2; 

but by hypothesis, this line passes through the point a?y, there- 

^'^^^^ Xa^ + Yy' = r^; 

this is the relation connecting the co-ordinates of the point XY, 
its locus, therefore, is the line 

or the polar of the point x'y. 

The proposition just proved may be stated otherwise, thus : 
If one point lie on the polar of a second pointy the second point 

will lie on the polar of the Jirst point. 

For the condition that xy should lie on the polar ofa"y" is 
x'x" + yY = r\ 

But this is also the condition that the point a"y" should lie on the 
polar of x'y» 

97. Given any point O, and any two lines through it ; join 
both directly and transversely the points in which these lines meet a 
circle ; then, if the direct lines intersect each other in P and the 
transverse in Qythe line PQ will be the polar of the point O, ivith 
regard to the circle. 

Take the two fixed lines for axes, and let the intercepts made 
on them by the circle be a and a\ b and b\ Then 

%|_i.o. J,. 1-1 = 0, 

a i) ^ a o 

will be the equations of the direct lines ; and 

J.|_i = o, M-'i = o, 

a o a o 

the equations of the transverse lines. Now, the equation of the 
line PQ will be 

^ ^ y V ft ^ 

a a b b 
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for (see Art. 36) this line passes through the intersection of 






and also of ^ V ^ ^ y ^ 

a a 

If the equation of the circle be 

Aa;2 + l&xy + Ay» + Dar+ Ey + F = 0, 

a and a! are determined from the equation Aa:» + Da? + F « 

(Art. 82), therefore, 

11 D , 1 1 E 
a^a'==-F'^^^6-'6r = -F 

Hence, equation of PQ is 

Da? + Ey + 2F = 0; 

but we saw (Art. 87) that this was the equation of the polar of 
the origin O. Hence it appears, that if the point O were given, 
and the two lines through it were not fixed, the locus of the points 
P and Q would be the polar of the point O. 

98. Given any two points A and B, and their polar s^ with 
respect to a circle whose centre is O : let fall a perpendicular AP 
Jrom A on the polar of B, and a perpendicular BQ^rowi B on the 

polar of A ; then -^ = g^. 

The equation of the polar of A {afy') is xx' + yy' -r^ = 0; and 
BQ, the perpendicular on this line from B(a?'y'), is (Art. 27) 

x'x" + yy" - r» 

Hence, since V(a^'* +y'0 = 0-^> '^^ ^^^ 

OABQ-xV + yy-r'. 
and, for the same reason, 

OB . AP « jr'aj" + yy" - r». 

Hence OA OB 

AP ~ BQ* 
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99. Given a circle and a triangle ABC, if we take the polars 
with respect to the circle of the three vertices of the triangle^ we 
shall form a neto triangle A'B'C {where A' is the pole ofUCy W 
the pole of AC9 'and C the pole 0/ AB), then the lines AA', BB', 
CC, will all pass through the same point. 

The equation of the line joining the point a/y to the intersec- 
tion of the two lines xx" + yy" - r' « and xs!" + yj/" - ?^ = is 
(Art. 36) 

A A' {x'x'" + yY' - r») {xx" + yy'' - r*) 

In like manner, 

BB' {afx" + ^y" - r«) {xal" + yy'" - r«) 

- (a;V' + ff- T^) {xx' + yy- rO - 0; 

and CC (a: V + yV" - r^ (a?a?' + y^ - r^) 

- (^V"+ t/V"- rO {xx" -^ yy" - r^) = ; 

and by Art. 37 these lines must pass through the same point. 

The following is a particular case of the theorem just proved. 
If a circle he inscribed in a triangle^ and each vertex of the triangle 
joined to the point of contact of the circle vnth the opposite sidcy 
the three joining lines vdll meet in a point. 

Ex. Prove, by Art. 38, that the three pohits of intersection of AB and A'B', of AG 
and A'C, and of BC and B'C, lie in one right line. 

100. In working out questions on the circle it is often con- 
venient, instead of denoting the position of a point on the curve 
by its two co-ordinates aj'y, to express both these in terms of a 
single independent variable. Thus, let & be the angle which the 
radius to x'y makes with the axis of a?, then a?' = r cos 0', y'-r sin 0', 
and on substituting these values our formulas will generally be- 
come simplified. 

The equation of the tangent at the point x'y will by this 
substitution become 

a;cosO'+ ysinfl' = r; 

and the equation of the chord joining a?y, x"f/\ which (Art. 83) is 

x{x' + a/') + y(y' + /) = r» + a/x^' + yY, 
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will, by a similar substitution^ become 

X cosi(0^ + &') + yAn^id' + r) = r cos J(0' > 0"), 

d' and 0" being the angles which radii drawn to the extremities 
of the chord make with the axis of ^. 

This equation might also have been obtained directly from the 
general equation of a right line (Art. 25), 

arcosa + ysina =/?, 

for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities ; and the perpendicular on the chord 

= rcosK0'-n- 

Ex. 1. To find the co-ordinates of the intersection of tangents at two given points on 
the circle. The tangents being 

a? cos 0' + y sin ^ = r, x cos d" + ^ sin 0" = r, 

the co-ordinates of their intersection are 

cosK^'+O ^ sinK^+O 

' ~ ''cosK^' - O' ^ "" ''cos J (e'- B'J 

Ex. 2. To find the locns of the intersection of tangents at the extremities of a chord 
whose length is constant 

Making the substitution of this article in 

(x - ar")' + (y' - y")* = constant, 

it reduces to cos {& - B") = const, or 0' - 0" = const If the given length of the chord 

be 2r sin ^, then & -&' — IS. The co-ordinates then found in the last example fulfil 

the condition 

(x« + yS) cos«5 = r». 

Ex. 3. What is the locus of a point where a chord of a constant length is cut in a 
given ratio ? 

Writing down (Art 7) the co-ordinates of the point where the chord is cut in a given 
ratio, it will be found that they satisfy the condition a:2 + y» = const 

Ex. 4. The diagonals of a hexagon circumscribing a circle meet in a point 
Let the angles made with the axis by radii to the points of contact be 2a, 2j3, 2y, 
2^, 2f, 20 ; then the equation of the line joining the intersection of the tangents at 2a, 

2/3, to that of the tangents at 2^, 2«, will be . _j>> {^ cos (a + ^) + y sin (a + S) 

~rcos(a-a)}+ -jjYJT^t* *^'' (/^ + *)+y'^ 03+ «)-»"«m(/3-0}==0; which, 
when added to the other two equations of like form, vanishes identically. 
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101. We have seen that the tangent to any circle a' + y* = r* 
has an equation of the form 

a?co80 + ysinO = r ; 

and it would appear, in like manner, that the equation to the tan- 
gent to (a: - a)* + (y - by = r^ may be written 

{x - a) COS0 + (y - *) sinO = r : 

conversely, then, if the equation of any right line contain an in- 
determinate in the form 

(a - a) cosO + (y - b) sinfl = r, 
that right line will touch the circle 

(x - ay + (y - by = r\ 

Ex. 1. If a chord of a constant length be inscribed in a circle, it will always touch 
another circle. For, in the equation of the chord 

a: cos i (^ + ^'0 + y sill i (^' + e") = r cosi(^ " O 

by the last article, 9' — 0" is known, and 0' + 9" indeterminate ; the chord, therefore, 
always touches the circle 

ar2 + y2 - r8 cos«5. 

Ex. 2. Given any number of points, if a right line be such thatm' times the perpen- 
dicular on it from the first point, + m" times Hie perpendicular from the second, + &c, 
be constant, the line will always touch a circle. 

TMs only differs from the question, p. 48, in that the sum, in place of being := 0, is 
constant. Adopting then the notation of that Article, instead of the equation there found, 

{xJi(m) - X(mx)} cosa + {y^(ni) - ^(my')} sin a = 0, 
we have only to write 

{a?2m - S(»m;')} cosa + {yS(m) - :2(mi/')} sina = const 
Hence this line must always touch the circle 

whose centre is the centre of mean position of the given points. 

102. We shall conclude this Chapter with some examples of 
the use of polar co-ordinates. 

Ex. 1. If through a fixed point any chord of a circle be drawn, the rectangle under 
its segments will be constant (Euclid, III. 85, 86). 

Take the fixed point for the pole, and the polar equation is (Art. 98) 

p« - 2pd cos + «P - r2 = ; 
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the roots of -which are evidently OP, OF, the values of the radias vector answering to 
any given value of 9 or POC. 

Now, by the theory of equations, OP . OF, the product of these roots will = cP — r', 
a quantity independent of 9, and therefore constant, whatever be the direction in which 
the line OP is drawn. If the point be outside the circle, it is plain that <P — r> must 
be = the square of the tangent. 

Ex. 2. If through a fixed point O any chord of a circle be drawn, and OQ taken an 
arithmetic mean between the segments OP, OF ; to find the locus of Q^ 

We have OP + OP', or the sum of the roots of the quadratic in the last example 
= 2dcoB9 ; but OP + OF = 20Q, therefore, 

OQ = d cos 9. ^ -s^p' 

P/ 

Hence the polar equation of the locus is -^ 

p = dcoa9. 

Now it appears from the final equation in Art. 
93, that this is the equation of a circle described on 
the line 00 as diameter. 

The question in this example might have been otherwise stated : ^* To find the locus 
of the middle points of chords which all pass through a fixed point." 

Ex. 3. If the line OQ had been taken an Itarmonic mean between OP and OF, to 

find the locus of Q. 

20P OP' 
That is to say, OQ = ' , but OP. 0P'= d^- r», and OP + OF = 2d cos 0, 

therefore, the polar equation of the locus is 

ds-rs ^ d>-r> 

p = -, or p coa9 = — - — . 

This is the equation of a right line (Art. 44) perpendicular to 00, and at a distance . 

from O = d— -, and, therefore, at a distance from C = -r. Hence (Art. 86) the locus 
a a 

is the polar of the point O. 

We can, in like manner, solve this and similar questions when the equation is given 

in the form 

Aar2 + Ay8 + Da; + Ey + F = 0, 

for, transforming to polar co^ordmates, the equation becomes 
p» + [ X CO80 + 7 sine ) P + T = ^> 

and, proceeding precisely as in this example, we find, for the locus of harmonic means, 

-2F 
^" Dcose + Esine' 

and, returning to rectangular co-ordinates, the equation of the locus is 

Dx + Ey + 2F = 0, 

the same as the equation of the polar obtained already (Art. 87). 
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Ex. 4. Given a point and a right line ; if OQ be taken inversely as OP, the radius 
vector to the right line, find the locus of Q. 

Ex. 6. Given vertex and vertical angle of a triangle and rectangle under sides ; if 
one base angle describe a right line or a circle, find locus described by the other base 
angle. 

Take the vertex for pole ; let the lengths of the sides be p and p, and the angles they 
make with the axis 9 and 0', then we have pp = A' and 9 — 9' =C. 

The student must write down the polar equation of the locus which one base angle 
b said to describe; this will give him a relation between p and 9; then, writing for 

p, -7 , and for 0, C + 9", he wiU find a relation between p' and 9\ which will be the 

polar equation of the locus described by the other base angle. 

This example might be solved Iq like manner, if the ra^ of the sides, instead of their 
rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find the locus 
of the middle point of the portion intercepted between the circles. 
The equations of the curdes will be of the form, 

p = 2r cos(0 - a) ; p = 2r' cos(0 - a) ; 

and the equation of the locus will be 

p = r cos(0 — a) -I- r cos(9 — a') ; 

which also represents a circle. 

Ex. 7. If through any point 0, on the circumference of a circle, any three chords be 
drawn, and on each, as diameter, a circle be described, these three circles (which, of 
course, all pass through 0) will intersect in three other points, which lie in one right 
line. (See Cambr. Math, Jow.^ I. 169.) 

Take the fixed point for pole, then if e? be the diameter of the original circle; its 
polar equation will be (Art. 93) 

p = ef cosO. 

In like manner, if the diameter of one of the other circles make an angle a with the fixed 
axis, its length will be = ef cosa, and the equation of this circle will be 

p = e^cosa . cos(0 — a). 

The equation of another circle will, in like manner, be 

p = d cosj3 . cos(0 — j3). 

To find the polar co-ordinates of the point of intersection of these two, we should seek 
what value of 9 would render 

cosa . cos(0 - a) = cosj3 . co9(0 - ^), 

and it is easy to find that 9 must = a + jS, and the corresponding value of p = ef cos a cos /5. 
Similarly, the polar co-ordinates of the intersection of the first and third circles are 

= a + y, and p = rfcosa cosy. 
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Now, to find the polar equation of the line joining these two points, take the general 
equation of a right line, p cos (A — 0) = /> (Art. 44), and substitute in it sucoessively 
these values of 9 and py and we shall get two equations to determine/) and A. We shall 

get 

p = dcoaa cosjS cos (A — a -f /3) = rf cosa cosy cos(A — a -f y). 
Hence 

A = a + /3 + y, and p = dcoaa cos/3 cosy. 

The symmetry of these values shows that it is the same right line which joins the 
intersections of the first and second, and of the second and third circles, and, therefore, 
that the three points are in a right line. 



- * CHAPTER VIII. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION OF THE 

CIRCLE. 

103. If we have an equation of the second degree expressed 
in the abridged notation explained in Chap, iv., and if we degire 
to know whether it represents a circle, we have only to transform 
to X and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent (a; cosa + y sin a - />) ; and then to examine whether 
the coeflScient of xi/ in the transformed equation vanishes, and 
whether the coefficients of x^ and of y* are equal. This is suffi- 
ciently illustrated in the examples which follow. 

When will the locus of a point be a circle if the product qfper- 
pendiculars from it on two opposite sides of a quadrilateral be in a 
given ratio to the product of perpendiculars from it on the other 
two sides f 

Let a = 0, /3 = 0, 7 = 0, 8 = be the equations of the four 
sides of the quadrilateral, then the equation of the locus is at 
once written down ay = Arj38, which represents a curve of the 
second degree passing through the angles of the quadrilateral ; 
since it is satisfied by any of the four suppositions, 

a = 0, /3 = 0; a = 0,8 = 0; /3 = 0,^ = 0; /3 = 0, 8 = 0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at full length 
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(^cosa +yBino -/>)(« cosy + ysiny -/?,,) 
= A(ar C08/3 + y ein/3 - p^ (aj cos 8 + y sin 8 - p^J. 

Multiplying out, equating the coefficient of ^* to that of ^, and 
putting that of ^ =» 0, we obtain the conditions 

cos (a + 7) = i cos (/3 + 8) ; sin (a + 7) = A sin ()3 + 8). 

Squaring these equations, and adding them, we find A = ± 1 ; and 
if this condition be fulfilled, we must have 

a + 7 = /3 + 8, or else = 180° + /3 + 8 ; 

whence a - /3 = 8 - y, or 180 + 8 - y. • 

Recollecting that a - /3 is the angle between the perpendicu- 
lars from the origin on the lines a and )3, and is, therefore, the 
supplement of that angle between a^and /3, in which the origin 
lies, we see that this condition will be fulfilled if the quadrilateral 
formed by 0)878 be inscribable in a circle (Euclid, iii. 22). And 
it will be seen on examination that when the origin is within the 
quadrilateral we are to take ^ = - 1, and the angle (in which the 
origin lies) between a and /3 is supplemental to that between y 
and 8 ; but that we are to take &*= + !, when the origin is without 
the quadrilateral, and the opposite angles are equal. 

104. When will the locus of a point be a circle^ if the square of 
its distance from the base of a triangle be in a constant ratio to the 
product of its distances from the sides? 

Let the sides of the triangle be a, j3, y, and the equation of 
the locus is aj3 = ky^. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain Jhe per- 
fect square y^ = 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
ay. Similarly, j3 touches the locus at the point /3y. Hence a and 
/3 are both tangents, and y their chord of contact. Now, to ascer- 
tain whether the locus is a circle, writing at full length as in the 
last article, and applying the tests of Art. 78, we obtain the con- 
ditions 

cos (a + j3) = A cosSy ; sin (a + /3) = A sin 2y, 

whence (as in the last article) we get A=l,a-y=y-/3, or the 
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triangle is isosceles. Hence we may infer that if from any point 
of a circle perpendiculars be let fall on any two tangents and on their 
chord of contact^ the square of the last will be equal to the rectangle 
under the other two, 

Ex. When will the locos of a pomt be a circle if the sum of the squares of the per- 
pendiculars from it on the sides of any triangle be constant 

The locus is a« 4- p* + y" = c« : and the conditions that this should represent a circle 

are 

cos 2a 4- cos 2/3 + cos 2y = ; sin 2a 4- sin 2/3 + sin 2^ = 0. 

cos 2a = - 2 co8(/3 4- y) cos(/3 ~ y) ; sin 2a = - 2 sin (/3 4- y) C08(/3 - y). 

Squaring and adding, 1 = 4 co82(/3 — y) ; j8 - y = 60". 

And so, in like manner, each of the other two angles of the triangle are proved to be 
60*', or the triangle must be equilateral. 

105. To obtain the equation of the circle circumscribing the 
triangle formed by the lines a = 0, /3 = 0, ^ = 0. 

Any equation of the form 

//3y + mya 4- 7Za/3 = 0, 
denotes a curve of the second degree circumscribing the given 
triangle, since it is satisfied by any of the suppositions 

a = 0, /3 = 0; /3 = 0, y = 0; ^yrrO, o = 0. 

-The conditions that it should represent a circle are found, by the 
same process as in Art. 103, to be 

I cos (/3 + 7) + »w cos (y 4- a) + n cos (a 4- /3) = 0, 
/ sin (/3 + 7) + w sin (y 4- a) 4- n sin (o + /3) = 0. 

Eliminating successively m and n between the equations, we get 

mj _^ sin(y - a) ^ n _^ sin(o - /3) 
T " sin(j3~y) ' J " sin()3-y)' 

Now, if C be the angle contained by the sides a, /3, then 

sin C = sin(a - /3), &c. 

(since o - /3 is the angle between the perpendiculars on those 

sides), hence the equation of the circle circumscribing a triangle 

is, 

j3y sin A 4- ya sinB 4- a/3 sinC « 0. 

106. The geometrical interpretation of the equation just found 
deserves attention. If from any point O we let fall perpendicu- 
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lars OP, OQ, on the lines o, /3, then (Art. 53) a, /3 are the lengths 
of these perpendiculars ; and since the 
angle between them is the supplement 
of C, the quantity a/3 sinC is double the 
area of the triangle OPQ. In like man- 
ner, ya sinB and /3y sin A are double the 
triangles OPR, OQR. Hence the quan- 
tity 

jSy sin A + ya sinB + a/3 sin C 

is double the area of the triangle PQR, and the equation found 
in the last article asserts, that if the point O be taken on the cir- 
cumference of the circumscribing circle, the area PQR will va- 
nish, that is to say (Art. 31, Cor. 2), the three points P, Q, R 
will lie on one right line. 

If it were required to find the locus of a point from which, if 
we let fall perpendiculars on the sides of a triangle, and join their 
feet, the triangle PQR so formed should have a constant magni- 
tude, the equation of the locus would be 

jSy sin A + 7a sin B + a/3 sin C = const., 

and, since this only differs from the equation of the circumscrib- 
ing circle in the constant part, it is (Art. 78) the equation of a 
circle concentric with the circumscribing circle. 

107. From the equation 

/3y sin A + 7a sin B + a/3 sin C = 0, 

we can find the equations of the tangents to the circle at the ver- 
tices of the triangle. Put the equation into the form 

y (/3 sin A + a sin B) + a/3 sin C = 0, 

and we saw (in Art. 105) that 7 meets the circle in the two points 
where it meets the lines a and /3, since, if we make 7 = in the 
equation of the circle, that equation will be reduced to a/3 = 0. 
Now, for the very same reason, the two points in which the line 
/3 sin A + a sin B meets the circle, are the two points where it 
meets the lines a and j3. But these two points coincide, since 
J3 sin A + a sin B passes through the point a/3. Hence, since the 
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line j3 sin A + o sin B meets the circle in two coincident points, it 
is (Art. 83) a tangent at the point aj3. 

We saw (Art. 63) that a sin A + j3 sin B is the equation of a 
parallel to the base (7) drawn through the vertex a]3. Hence, 
by Art. 57, the tangent a sin B + /3 sin A makes the same angle 
with one side that the base makes with the other (Euclid, iii. 32). 

From the forms of the equations of the three tangents, 

-^ - ^ - -^ + -^^ - -^5^ + -^ c= 



sin A sinB ' sinB sinC sinC sin A 

it appears, that the three points in which they intersect each the 
opposite side are in one right line, whose equation is 

-A- + J^ + -X- = 0. 
sin A sinB sinC 

It will be found that the equations of the lines joining the ver- 
tices of the inscribed triangle to those of the circumscribed are 

_? ^_«o -^ 5l1«o -^ ^-0- 



sin A sinB sinB sinC sinC sin A 

and these meet in a point (Art. 36). 

108. We shall next show how to obtain the equation of the 
circle inscribed in the triangle a, /3, 7. The equation 

ZV + m^jS' + nY - ^mnjiy - 2nlya - 2lma(i = 0, 

represents a ciurv^e of the second degree, touching each of the lines 
«5 i3j 7 ; for if ^ve seek the point where any side (7) cuts the 
figure, making 7 = 0, we obtain the perfect square, 

/V + w»2/3^ - 2lmafi = ; 

the roots of this equation being equal, we infer that the two points 
coincide in which 7 cuts the figure, and therefore (Art. 83) that 7 
is a tangent. 

In the same manner it can be proved that the sides a and j3 
touch the curve represented by the preceding equation. 

This equation may also be written in a convenient form, 

fia^ + m*j3* + w*7* = ; 

for if we clear this equation of radicals, we shall find it to be iden- 
tical with that just written. 
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JFor the simplest method of obtaining the particular values of 
/, m, w, for which the preceding equation represents a circle^ lam 
indebted to Dr. Hart, who derives the equation of the inscribed 
circle from that of the circumscribed, as follows : Join the points 
of contact of the circle inscribed in a triangle ; let the equations 
of the sides of the triangle so formed be a =0, /3' « 0, 7' = 0, 
and its angles A', B', C; then (Art. 105) the equation of the 
circle must be 

/3Y sin. A' + yV sin B' + a'jS' sin Q! = 0. 

Now we have proved (Art. 104) that for any point on the circle 

a' -/By; 0'' = 7a; 7'^= a/3, 

and it is easy to see that 

A = 90^ - iA ; B' = W - iB ; C = 90° - ^C. 

Substituting these values, the equation of the circle becomes 

a* cos i A + /3* cos ^B + 7* cos ^C = 0. 

The general equation will, therefore, represent a circle if Z, m, n, 
be proportional to 

COS* i A, cos' ^B, cos* ^C. 

It can be proved, in like manner, that the equation of the circle 
touching the side a, and the sides h and c produced^ is 

a* cos ^ A + /3* sin ^B + 7* sin ^C = 0. 

109. Since the general equation given in the last article may 
be wiitten in the form 

»7 (727 - 2/a - 2iw)3) + {la - mj3)' = 0, 

it follows that the line {la - wijS), which obviously passes through 

the point ajS, passes also through the point where 7 meets the 

curve. The three lines, then, which join the points of contact of 

the sides with the opposite angles of the circumscribing triangle 

are 

la - tw/3 = 0, mj3 - 717 = 0, ny -la^ 0, 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny - 2/a - 2m/3 touches the curve, for when this 



Digitized by LjOOQ IC 



FROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 103 

quantity is put = 0, we have the perfect square (la - m|3)* = ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la - mji passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the points 
of contact of opposite sides, and at the points where the joining 
lines meet the circle again, tangents be drawn, their equations are 

2la + 2m/3 - wy = 0, 2mj3 + 2»y - /a = 0, 2ny + 2la - in/3 = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

la + m(i + ny = 0, 
for this line passes through the intersection of the first Une with 
7, of the second with a, and of the third with /3. 



CHAPTER IX. 

PROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 

110. To find the eqtmtion of the chord of intersection of two 
circles. 

If S = 0, S' = 0, be the equations of two circles, then any 
equation of the form S - AS' = will be the equation of a figure 
passing through their points of intersection (Art. 36). 

Let us write down the equations 

S = (a: - a)2 + (y - J)» - r* = 0, 
S'= (a? - (/y + (y - hj - r'» = 0, 

and it is evident that the equation S - AS' = will in general 
represent a circle, since the coefficient of xy = 0, and that of 
jc* = that of y'. There is one case, however, where it will repre- 
sent a right line, namely, when A = 1. The terms of the second 
degree then vanish, and the equation becomes 

S - S' = 2(a' - a)x + 2{V-b)y + r'^ ^ r^ + a^ ^ a'» + ft» - A'» = 0. 

This is, therefore, the equation of the righj; -line passing through 
the points of intersection of the two circles. 
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111. The points of intersection of the two circles are found 
by seeking, as in Art. 80, the points in which the line S - S' 
meets either of the given eircles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of the 
resulting equation ; but it is remarkable that, whether the circles 
meet in real or imaginary points, the equation of the chord of in- 
tersection, S - S' = 0, always represents a real line, having impor- 
tant geometrical properties in relation to the two circles. This 
is in conformity with our assertion (Art. 81), that the line join- 
ing two points may preserve its existence and its properties when 
those points have become imaginary. 

In order to avoid the harshness of calling the line S - S' = 
the chord of intersection in the case where the circles do not^^o- 
metrically appear to- intersect, it has been called* the radical axis 
of the two circles. 

112. One of the most remarkable properties of this line is 
found by examining the' geometric meaning of the equation 
S - S' = 0. We saw (Art. 88) that if the co-ordinates of any 
point xy be substituted in S, it represents the square of the tan- 
gent drawn to the circle S, from the point xy. So also S' is the 
square of the tangent drawn to the circle S', and the equation 
S - S' = asserts, that if from any point on the radical axis tan- 
gents be drawn to the two circles ^ these tangents will be equal. 

The line (S - S') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in real 
points, the position of the radical axis is determined geometri- 
cally by cutting the line joining their centres, so that the differ- 
ence of the squares of the parts may = the difference of the squares 
of the radii, and erecting a perpendicular at this point ; as is evi- 
dent, since the tangents from this point must be equal to each 
other. 

If it were required to find the locus of a point whence tangents 
to two circles have a given ratio, it appears, from Art. 88, that 
the equation of the locus will be 

S - k^& = 0, 

* By M. Gaultier of Tours (Journal de VEcole Polytechnique, CaMer xvi. ; 1813). 
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which (Art. 110) represents a circle passing through the real or 
imaginary points of intersection of S and S'. When the circles 
S and S' do not intersect in real points, we may express the rela- 
tion which they bear to the circle S - A*S' by saying that the 
three circles have a common radical axis. 

1 13. From the form of the equation of the radical axis of two 
circles, we at once derive the following theorem : 

J Given any three circles ^ if we take the radical axis of each pair 
of circles^ these three lines will meet in a pointy and this point is 
called the radical centre of the three circles. 

For the equations of the three radical axes are 

S-S'=0, S'-S''=0, S"-S = 0, 

which, by Art. 37, meet in a point. 

From this theorem -we immediately deriv| the following : 
If several circles pass through two fixed points ^ their chord of 
intersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed ; and its chord of intersection with any variable circle drawn 
through the given points will plainly be the fixed line joining the 
two given points. These two lines determine, by their intersec- 
tion, a fixed point through which the chord of intersection of the 
variable circle with the first given circle must pass. 

£z.l. Find the radical axis of 

«« + y«-4ar-5y+7=0; *« + y«-f 6* + 8y - 9 = 0. 

Ans, 10jr + 13y = 16. 
Ex. 2. Find the radical centre of 

(«-l)« + 0-2)«=7; («-3)«+y«=:6-; (x + 4)« + (y + l)t = 9. 

114. A system of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily investi- 
gated by taking the radical axis for the axis of ^, and the line 
joining the centres for the axis of x. Then the equation of any 
circlewiUbe ai' + y- -2hx ^ S'^ 0, 

where 8' is the same for all the circles of the system, and the 
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equations of the different circles are obtained by giving different 
values to A. 

For it is evident (Art. 78) that the centre is on the axis of ^, 
at the variable distance &, and if we take any two circles, 

x» + y» - 2k' X + S* = 0, 

«• + y* - 2Fa? + 8« = 0, 

and subtract one equation from the other, their chord of intersec- 
tion will be ae » 0, or the axis of y. 

When we give to S^ the sign +, the radical axis will meet the 
circles in imaginary points, and when we give iJie sign -, in real 
points. 

116. If several circles pass through two fixed points ^ the polar 
of a given point, vnth regard to any ofthem^ will always pa^s 
through a fixed point. 

The equation c5f the polar of x'y with regard to 
^ «« + y» - 2Aa; + 8* = 
is (Art. 87) «a?'+ yy' - A (x + o^ + 8* = 0; 

therefore, since this line involves the indeterminate k in the first 
degree, this line will always pass through the intersection of 
xx' + yy + S' = 0, and ^ + a/ = 0. 

116. Titer e can always he found two points j however y such that 
their polars^ with regard to any of the circles, will not only pass 
through a fixed point, but will be altogether fixed. 

This will happen when xx' + yy' + 8* = 0, and ^ + a?' = 0, re- 
present the same right line, for this right line would then be the 
polar whatever the value of A. But that this should be the case 
wemusthave y, ^ q Bniaf' = S', ov x = ±S. 

The two points whose co-ordinates have been just found have 
many remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a Ime drawn through the other perpendicular to the 
line of centres. 

The equation of the circle may t>e written in the form 

y* + (a - ky = A« - S«, 
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which evidently cannot represent a real circle if A* be less than 
S" ; and if k^ = S% then the equation will be of Class II. (Art. 79), 
and will represent a circle of infinitely small radius, the co-ordi- 
nates of whose centre are y = 0, x ==^ ±S. Hence the points just 
found may themselves be considered as circles of the system, and 
have, accordmgly, been termed by Poncelet* the limiting points 
of the system of circles. 

117. If from any point on the radical axis we draw tangents 
to all these circles, the locus of the points of contact must be a 
circle, since we proved (Art. 112) that all these tangents were 
equal. It is evident, also, that this circle cuts any of the given 
system at right angles, since its radii are tangents to the given 
systena. The equation of this circle can be readily found. 

The square of the tangent from any point (« = 0, y = A) to the 

^""^^^ a;« + y»- 2*0: + 8^=0, 

being found by substituting these co-ordinates in this equation, 
is A* + 8^; and the circle whose centre is the point (^ « 0, y « A), 
and whose radius squared « A^ + ^^ must have for its equation 

«»+(y-A)»=A» + 8S 
or a^^y%^ 2hy « 8». 

Hence, whatever be the point taken on the radical axis (i. e. 
whatever the value of A maybe), still this circle will always pass 
through the fixed points (y = 0, ar = ± S) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system. 

Ex. 1. If the polar of A -with respect to (he system pass through the fixed point B, 
prove that the semicircle described on AB passes through the limiting points. 

Ex. 2. The square of the tangent from any point of one drde to another is in a 
constant ratio to the perpendicular from that point upon their radical axis. 

Ex. 3. To find the angle (a) at which two circles intersect 

Let the radii of the circles be B, r, and let D be the distance between their centres, 
^^"^ D2 = E« + r«-2Rrcosa. 

Since the angle at whidi the dicles hitersect is equal to that between the tadii to the' 
point of Intersectiooi. 

* TVedti dn Propriith Pnjtetivn^ p. 41. 
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Ex. 4. If a moveable circle cut two fixed circles at constant angles, it will cut all cir- 
cles having the same radical axis at constant angles. 

Let the equations of the two fixed circles be S = 0, S' = 0, and their radii r^r'; then 
the co-ordinates of the centre of the moveable circle fulfil the relations, 

R»- 2Br cosa = S, R» - 2Br' cos/3 = S', 
since D* — r* = the sqnare of the tangent to the -first fixed circle = S (Art. 88). Then, 
we have _. ^^ *r cos a + Ir' coafi AS + IS' 

^-2« m '-TTT' 

which is precisely the condition that the moveable circle should cut the circle kS + ZS'at 
the constant angle y ; where (A-{-l)r'' cosy =kr cos a + 6*' cosjS, r" being the radius of 
the'drcle AS + IS' 

Ex. 5. A circle which cuts two fixed circles at constant angles will also touch two 
fixed circles. 

For we can determine the ratio A : Z, so that y shall s 0, or cosy = 1. It will easily 
be found that if D be the distance between the centres t>f S and S', 

(k + 0«r"«= (A + iy(kri + &•'«) - «Dt. 
Substituting this value for r" in the equation of the last example, we get a quadratic to 
determine k:l, 

118. To draw a common tangent to two circles. 
Let their equations be 

{x - ay ^{y^by^f^ (S), 

aBd (a: -«')» + (y - hy = r^ (S^). 

We saw (Art. 83) that the equation of a tangent to (S) was 

{x - a) {a/- a) + (y - ft) (j/- ft) - r^l 
or, as in Art. 100, writing 

a{ - a y -b 

« COS cu = sin a, 

r r 

{x - a) cos o + (y - ft) sin o = r. 
In like manner, any tangent to (S') is 

(or - a') oos/3 + (y - ftj fiin j3 = r . 

Now, if we seek the conditions necessary that these two equa- 
tions should represent the same right line ; first, from comparing 
the ratio of the coefficients of x and y, we get tana » tan/Sy 
whence /3 either = a, or = 180® + o. If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

{a - a') cos a + (6 - ft') sin a + r - r = 0, 
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and in the second case, 

(a - a') COB a + {b - V) siaa + r + r ^ 0. 
Either of these equations would give us a quadratic to deter- 
mine a. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa, AV; the roots 
of the second equation would correspond to the transverse or in- 
terior tangents, B6, B'6'. 

If we wished to find the co-ordinates of the point of contact 
of the common tangent with the circle (S), we must substitute, 

in the equation just found, for coso, its value, , and jfor 

r 

sin a, , and we find 

r 

(a - a') (»' - a) + (6 - ft') (y' - ft) + r (r - /) = 0; 

or else, 

(a - a') (aj' « a) + (ft - ft') (j/ - ft) + r (r + r') « 0. 

The first of these equations, combined with the equation (S) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and A', in which the direct common tan- 
gents touch the circle (S); and it will appear, as in Art. 86, that 
(a' ^a)(a-a) + (ft'- ft) (y^b)^r(r-- r) 

is the equation of AA', the chord of contact of direct commoa 
tangents. So, likewise, 

(a' ^a)(x^a) + (ft' - ft) (y - ft) = r (r + ^ 
is the equation of the chord of contact of transverse common tan- 
gents. If the origin be the centre of the circle(S),ihen a and ft » 0; 
and we find, for the equation of the chord of contact, 
a'x -k- by ^r(rT r'). 
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Ex. 1. Find the common tangents to the circles 

«« + y»-4a?-2y + 4=:0, x« + y« + 4a! + 2y-4=:0. 
The chords of contact of common tang«its with the first drde are 
2« + y = 6, 24P + y = 8. 

The first chord meets the drde in the pomts (2, ^)> ( 'p 5 ) ^ tangents at whidi are 

y a 2, 4« - 3y = 10, 
and the second chord meets the drck in the points (1, ^)> ( 7f ^ I ^ tangents atwhioh 
are » s 1, 8x + 4y k 5. 

1 19. The points O and O, in which the direct or transverse 
tangents intersect, are (for a reason explained in the next Ar- 
ticle) called the centres of similitude of the two circles. 

Their co-ordinates are easily found, for O is the pole, with 
regard to circle (S), of the chord A A', whose equation is 

Comparing this equation with the equation of the polar of the 

point jrVj 

(^'-a)(ar.a) + (y'-6)(y-ft) = r», 

we get , (a!- a)r , clr - a/ 

, r (y-&)r , ftV-ftr' 

So, likewifle, the co-ordinates of O' are found to be 
X = —, and y = 7-. 

These values of the co-ordinates indicate (see Art. 7) ^that 
the centres of similitude are the points where the line joining the 
centa^es is cut externally and internally in the ratio of the radii. 

Ex. ilnd the common tangents to the circles 

a^ + y«-6a?-8y = 0, «« + y«- 4a; - fiy = 8. 
The equation of the piur of tangents through x'y' to 

is fonnd (Art 90) to he 

{(x--a)H(y'-J)«-r«} {(*-a)«+0-»)«-r«} = {(»-«) (x'-a)+(|f- *)(y'-6)-r»}«. 
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Now, the co-ordinates of the exterior centre of amilitade are found to be (- 2, - 1), and 
hence the pair of tangents through it is 

26(xt+y*-6«-8y) = (6x + 6y-10)«; or «y + x + 2y + 2«0; or (« + 2)(jf+1)«0. 

As the given circles intersect m real points, the other pair of common tangents become 

imaginary ; but their equation ia found, by calculating the pair of tangents through the 

/ 22 31 \ 
other centre of similitude I ---, -~- J, to be 

AOsfl + xy + 4Qy«- 199ar- 278y + 722 = 0. 

120. Every right line drawn through the intersection of com- 
mon tangents is cut similarly by the two circles. 

It is evident that if on the radius vector to any point P there 
be taken a point Q, such that OP == m times OQ, then the x and 
y of the point P will be respectively m times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mx^ my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two circles 
are (Art. 82, Ex. 4) 

a;' + y' + 2xy cos u) - 2ax - 2ay + a* = 0, 
0^ + y' + 2xy cos en - 2a'x - 2a'y + a'* = 0. 

But the second equation is what we^should have found if we 

ax ail 
had substituted — r, -7, for ^, y, in the first equation ; and it 
a a' 

therefore represents the locus formed by producing each radius 

vector to the first circle in the ratio a : a\ 

CoR. — Since the rectangle Op • Op' is constant (see fig. next 

page), and since we have proved OK to be in a constant ratio to 

0/>, it follows that the rectangle OR • Op = OR'- Op is constant, 

however the line be drawn through O. 

121. If through a centre of similitude we draw any two lines 
meeting the first circle in the points R, R', S, S', and the second in 

* the points p, p\ a^ <t\ then the chords RS,/o(r; R'S',/oV; will be pa- 
rallelj and the chords RS, />V; R'S', per; wiU meet on the radical 
ems of the two circles. 
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Take OR, OS for axes, then ,P 

we 8aw(Art.l20)thatOR=iiiO|[>, 
OS « mOcr, and that if the equa- 
tion of the circle popV be 

Ax^ + Bay + Ay* + Da? + Ey 
+ F»0, 

that of the other will be 

Aa* + Bay + Ay« + m (Da + Ey) 
+ m^F « 0, 

and, therefore, the equation of the 
radical axis will be (Art. Ill) 

Da: + Ey + (m + 1) F = 0. 
Now let the equations of pa and of pV be 

then the equations of BS and of RS' must be 
ar y X 

+ --7 « 1, ; 

ma mo ma mu 

It is evident, from the form of the equations, that RS is pa- 
rallel to p9 ; and RS and pltr must intersect on the line 

or, as in Art. 97, on 

Da: + Ey + (l+m)F = 0, 
the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p meet on the radical 
axis. 

122. Given three circles ; the line joining a centre of similitude 
of the first and second to a centre of similitude of the first and 
third toill pass through a centre of similitude of the second and 
third. 

Form the equation of the line joining the points 

I rd-ar' rV -W \ / ra" -ar" rV'-hr" \ 
\r--r" r^r' y \ r - r" ' r ^ r" )' 



1. 
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(Art. 1 19), and we get (see Ex. T, p. 24), 

{r{b' - b") + r'(b" -b) + r" (b - b')] a; 

- {r(a' - a") + r' (a" - a) + /" (a - a')) y 

+ r {b'a" - faT) + r (Ka - ba") + r' (bd - b'a) = 0. 

Now the symmetry of this equation sufficiently shows, that the 

line it represents must pass through the third centre of similitude, 



r -r 



y = 



r'b" - r"y 
r'-r" ' 



^S' 




This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there 
will be in all six for the 
three circles, and these 
will be distributed along 
four axes of similitude, 
as represented in the 
figure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r , or /', in the equation 
just given. 

123. If a circle (S) touch two others (Sand S') the line join- 
ing the points of contact vnll pass through a centre of similitude of 
S and S'. 

For when two circles touch, one of their centres of similitude 
will coincide with the point of contact, and, by the theorem 
proved in the last article, the line joining a centre of similitude of 
S [aud 2, to la, centre of similitude of S' and 2 must pass through 
a centre of similitude of S and S'. 

If S touch S and S', either both externally or both internally, 
the line joining the points of contact will pass through the external 
centre of similitude qf S and S'. If S touch one externally and 
the other internally, the line joining the points of contact will 
pass through the internal centre of similitude. 

Q 
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*124. We shall conclude this chapter by investigating the 
problem : To describe a circle to touch three given circles. 
Let the equations of the three circles be 

(i» - a )« + (y r- hy - r* = 0, or S = 0, 
{x - ay + (y - Vy - /* = 0, or S' = 0, 
Ix - ay+ (y - by ~ r"» = 0, or S" = 0. 

We can determine the position of the centre of the touching 
circle from the condition, that the distance between the centres of 
any two touching circles must equal the sum of their radii. 

Now the square of the distance of any point from the centre 

""^^^^ =(ar-a)»+(y-fe)' = S + r». 

Hence we get the condition 

S+r2=(R + r)*; 
and, in like manner, 

S + r'2 = (R + r')', 

and S'-f r"«-(R + r'7. 

[These equations, evidently, apply to the case of external con- 
tact. If the contact with any of the circles be internal^ the dis- 
tance between the centres will then = the difference of the radii, 
and we must change the rign of r or r or /' in the preceding for- 
mulae. As this gives rise to the following different possible 
combinations of signs, 

r, + + + + , 

/,+ + -- + + --, 

r\ +- + - + - + -, 

there may be eight circles touching the three given circles.] 

K now we eliminate R from the preceding formulae, we shall 
get two equations which will enable us to determine the co-ordi- 
nates of the centre of the touching circle. 
Subtract the equations, and we get . 

S - S' = 2R(r - r% and S - S" = 2R(r ~ r"), 

or S-S^ ^ S-g^ 

r - r r - r"' 

This is the equation of the line joining the centre of the touching 
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circle to the radical centre (Art. 113). It may be written in the 
more symmetrical form 

(r - /') S + {r'-r) S'+ (r - /) S"= 0. 

If we now write for S, (fee, their values, the coefficient of x 
in this equation is found to be 

- 2 [a{r' - r) + a\r'' - r) + a"(r - /)), 
and of y to be v 

~ 2 [b{r' - /') + b'{r" - r) + b\r - /)). 

Now if we compare these coefficient* with the coefficients in 
the equation of the axis of similitude (Art. 122), we arrive at the 
conclusion (see Art. 40) that the centre of the circle touching three 
others lies on the perpendicular let fall from their radical centre on 
the cucis of similitude. 

We saw that eight circles can be drawn to touch three given 
circles, and as the three circles have four axes of similitude, the 
centres of the touching circles will lie, a pair on each of the per- 
pendiculars let fall from the radical centre on the four axes of 
similitude. 

Two circles answer to each axis of similitude ; for the equa- 
tion of an axis of similitude (Art. 122) remains unaltered, if we 
change in it the signs of all the radii. Hence the axis answering 
to the case of external contact (or + r + / + r") must also answer 
to the case of internal contact (or - r-r' - r") ; and similarly for 
the other axes of similitude. 

1 25. From the three equations found in the last article we can 
obtain another relation between the co-ordinates of the centre of 
the touching circle. This relation, however, will be of the second 
degree, and, though sufficient for the algebraical solution of the 
problem, does not enable us to represent the results in an elemen-^ 
tary geometrical manner. To remove this inconvenience M. Ger- 
gonne proposed to seek the co-ordinates not of the centre of the 
touching circle, but of its point of contact with one of the given 
circles. We have already one relation connecting these co-ordi- 
nates, since the point lies on a given circle ; therefore, if we can 
find another relation between them, it will suffice completely to 
determine the point.* 

* Ger^onne, Annalet det Mathemaiiques^ vol.^ vii. p. 289. 



Digitized by LjOOQ IC 



116 PROPERTIES OF A SYSTEM OF TWO OR MORE CIRCLES. 

Let US for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, let 
us take a = 0, 6 = 0, then if A and B be the co-ordinates of the 
centre of S, the sought circle, we have seen in the last article, 
that they fulfil the relations 

But if ^ and y be the co-ordinates of the point of contact of S with 
S, we have from similar triangles 

r r 

Now if in the equation of any right line we substitute ma;, my for 
X and y, the result will evidently be the same as if we multiplied 
the whole equation by m and subtract (m - 1) times the absolute 
term. Hence, remembering that the absolute term in S - S' is 
(Art. 1 10) /« - r' - d'^ - b\ the result of making the above substi- 
tutions for A and B in (S - S') = 2R(r - r') is 

?±r(S-S') + -(a« + &'* + r^-r'2) = 2R(r-r'), 
or (R + r)(S-S') = R{(r-r')«-a«-i'2}. 

Similarly (R + r) (S ~ S") - R { (r - r'J - a"^ - i"*} . 

Eliminating R, the point of contact is determined as one of 
the intersections of the circle S with the right line 

a'3 + fc'2 _ (^r^-rj " a"»+ b"^^(r^f^Y 

126. To complete the geometrical solution of the problem it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles ; and a second point on it is found as foUows. Write 
at full length for S - S' (Art. 110), and the equation is 

2a a + 2b'y + r'^-r" - a^ - V^ 2a"x + 2V'y ■¥r^ ^r^- d"" - h"" 

Add 1 to both sides of the equation, and we have 
dx + Vy + (/ - T)r _^ ax + V'y + (/' - ryr 
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showing that the above line passes through the intersection of 

ax + Vy ^{r -r)r = 0, a'x + b"y + (r" - r)r = 0. 

But the first of these lines (Art. 118) is the chord of common 
tangents of the circles Sand S'; or, in other words (Art. 119), is 
the polar with regard to S of the centre of similitude of these 
circles. And in like manner the second line is the polar of the 
centre of similitude of S and S" ; therefore (since the intersection 
of any two lines is the pole of the line joining tiieir poles) the in- 
tersection of the lines 

a'as + yy 4 (/ -r)r = 0, a"^4 by + (r" -r)r^ 

is the pole of the axis of similitude of the three circles, with re- 
. gard to the circle S. 

Hence we obtain the following construction : 

Drawing any of the four 
axes of similitude of the three S^ 
circles, take its pole with re- 
spect to each circle, and join 
the points so found (P, P, P") 
with the radical centre ; then, 
if the joining lines meet the 
circles in the points 

the drcle through a, a', a" will 

be one of the touching circles, 

and that through 6, &', h' will 

be another. Eepeating this process with the other three axes of 

similitude, we can determine the other six touching circles. 

127. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1.) By Art. 123 the lines aft, a'&', a'V meet in a point, viz., 
the centre of similitude of the circles aa'd\ htlV\ 

(2.) In like manner a'a\ bV intersect in S, the centre of simi- 
litude of C, C". 

(3.) Hence (Art. 121) the transverse lines a'b, d'b' intersect 
on the radical axis of C, C". So again d'V\ ah^ intersect on the 
radical axis of C", C Therefore the point R (the centre of simi- 
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litude of oa'a", 66' 6") must be the radical centre of the circles 

(4.) In like manner, since a'6', ciV pass through a centre of 
similitude of aa'a', 66'6"; therefore (Art. 121) a a", 6'6" meet on 
the radical axis of these two circles. So again the points S' and 
S" must lie on the same radical axis ; therefore SS'S", the axis of 
similitude of the circles C, C, C", is the radical axis of the circles 
add', Wh'. 

(5.) Since dV passes through the centre of similitude of 

\^.a' X add\ bVV\ therefore (Art. 121) the tangents to these circles where 

1^^^ 5 . it meets them intersect on the radical axis SS'S". But this point 

of intersection must plainly be the pole of d'b" with regard to the 

circle C". Now since the pole of a'V lies on SS'S", therefore 

, - . ^ (Art. 96) the pole of SS'S'' with regard to C" lies on dV. Hence 

.7' a"b' is constructed by joining the radical centre to the pole of 

SS'S" with regard to C". 

(6.) Sipce the centre of similitude of two circles is on the line 
joining their centres, and the radical axis is perpendicular to that 
line, we learn (as in Art. 124) that the line joining the centres of 
aa!d\ htlh" passes through E, and is perpendicular to SS'S ". 

Ex. To describe a circle cutting three given drcles at given angles. 

By the help of (Ex. 6, Art. 117) this is reduced to the problem of the present article ; 
or else the three equations 

R» - 2Rr cosa = S, R« - 2 Rr' co8/3 = S', R2 - 2Rr" cos y = S", 
may be discussed directly as in Art. 124. 



CHAPTER X. 

PROPERTIES COMMON TO ALL CURVES OF THE SECOND DEGREE, 
DEDUCED FROM THE GENERAL EQUATION, 

128. The most general form of the equation of the second 
degree is Ax'' + B^y + Cy' + D^ + Ey + F = 0, 
where A, B, C, D, E, F are all constants. 

The nature of the curve represented by this equation will vary 
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according to the particular values of these constants. Thus we 
saw (Chap, v.), that in some cases this equation might represent 
two right lines, and (Chap, vi.) that for other values of the con- 
stants it might represent a circle. It is our object in this chapter 
to classify the different curves which can be represented by equa- 
tions of the general form just written, and to obtain some of the 
properties which are common to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. It is true that the general 
equation contains six constants, but it is plain that ^e nature of 
the curve does not depend on the absolute magnittLde of these co- 
efficients, since, if we multiply or divide the equation by any 
constant, it will still represent the same curve. We may, there- 
fore, divide the equation by F, so as to make the absolute term 
= 1, and there will then remain but five constants to be deter- 
mined. 

Thus, for example, a conic section can be described throtigh 
Jive points. Substituting in the equation the co-ordinates of each 
point {xy) through which the curve must pass, we obtain five 
relations between the coefiicients, viz., 

^^n|^y+^y'+5x'+|y'+ 1 -0, &c., 

A 

which will enable us to determine the five quantities, r= , &c. 

129. We shall in this chapter often have occasion to use the 
method of transformation of co-ordinates ; and it will be useful to 
find what the general equation becomes when transformed to 
parallel axes through a new origin (xy). We form the new equa- 
tion by substituting x + x' for j?, and y + ^ for y (Art. 8), and 
we get 
A(a:+a;')H B(x + a?')(y + y ) + C(y + y')*+D(a;+a:')+ E(y+i/')+F = 0. 

* We shall prove hereafter, that the section made by any jdane in a cone standing on 
a circular base is a curve of the second degree, and, conversely, that there is no curve of 
the second degree which may not be considered as a conic section. It was in this point of 
view that these curves were first examined by geometers. We mention the property here, 
because we shall often find it convenient to use the terras "conic section" or "conic," 
instead of the longer appellation, " curve of the second degree." 
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Arranging this equation according to the powers of the va- 
riables, we find that the coefficients of a^^, xy^ and y^, will be, as 
before, A, B, C ; that 

the new D, D'= 2Aa?' + By' + D; 

the new E, E' = 2Cy' + B^ + E ; 

the new F, F= A^'» + B^y + Cy'« + Da?' + Ey' + F. 
Hence, if the equation of a curve of the second degree be trans- 
formed to parallel axes through a new origin^ the coeffixdents of the 
highest powers of the variables will remain unchangedy while the new 
absolute terra will be the result of substituting in the original equa- 
tion the co-ordinates of the new origin* 

130. Every right line must meet a curve of the second degree 
in two realy coincident^ or imaginary points. 

Let us first consider the case of lines which pass through the 
origin. The truth of the proposition will then easily appear by 
transformation to polar co-ordinates. If the angle between the 
axes be cc;, then for a line making angles a, j3, with the axes, we 
saw (Art. 1 2) that a; sin o> = /o sina, y sin w = p sin /3, or, as we shall 
write for shortness, x = mp, y = np. Making these substitutions in 
the general equation, we have, to determine the length of the ra- 
dius vector to either of the points where the line (whose equation 
obviously is my = nx) meets the curve, the quadratic, 

(Am« + Bmn + Cn^)p^ + (Dm + En)p + F = 0. 
Since this equation always gives two values for p, we see, as in 
Art. 81, that every line through the origin will meet the curve 
in two real, coincident, or imaginary points. 

The case of a line not passing through the origin is reduced 
to the former, by transferring the origin to any point on the line. 
The equation will then become 

Aa?2 + Bay + Cy^ + D'^ + E> + F = ; 
where D', E', F' have the values found in the last article, and the 
distances from the new origin of the points where any line through 
it meets the curve, are the two roots of a quadratic equation, pre- 
cisely similar in form to that already given. 

* This is equally true for equations of any degree, as can be proved in like manner. 
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131. The next articles will be occupied with a discussion of 
the different forms assumed hj the quadratic just found for p, 
according to the different values we may give the ratio m : n. 
The reader will better understand the method we pursue if he 
bear in mind the following elementary principles. Suppose that 
we have to discuss any quadratic, 

a/)' + ft/) + c = 0, 

its solution may be written in either of the following equivalent 
forms, 

^b±y/(IP-4ac) 2c ^ 

the latter being the form in which the solution would have pre- 
sented itself had we divided tihe given equation by pS and solved 
it for the reciprocal of p. 

I. If we have c = 0, the quadratic is divisible by p, and one of 

its roots is /o = 0, the other beingj = — . If we had not only c = 0, 

but also ft = 0, then the quadratic would be divisible by p\ and 
both its roots would = 0. 

II. If we have a = 0, then one of the roots of the equation is 
p = 00. For if we had written the equation 



©•-©-»• 



it appears &om the last case that when a ?= the two roots are 

_ = 0, - = - ", to which values correspond p = oo, p = - r. The 
p p c * ' o 

same thing may be seen by making a « o in the general form of 

the solution. If not only a = 0, but also ft = 0, both the roots 

= 00. 

III. If ft = 0, the roots of the quadratic are equal with oppo- 
site signs. 

IV. If we have ft' = 4ac, the two roots are equal, and we may 

ft 2c 

write either /t> = - «- or = - -r-. If ft' be greater than 4ac, the 

roots of the quadratic are real ; if ft* be less than 4ac, the roots are 
imaginary. 
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132. Let us now apply these principles to the equation which 
determines the points where the line {my = nx) meets the curve, 
viz- (Am« + Bmn + Crt«)p« + (Dm + E«)/t> + F = 0. 

I. Let F = 0. In this case one of the values of /o is = 0, or 
the origin is one of the points where the line meets the curve 
(see also Art. 79). The other value is 

Dm + En 

^ " " Am« -t; Bmw + Cn*' 

If, however, we have not only F = 0, but also the line be drawn 
in such a direction that Dm + Ew = 0, then the second value of p 
is also = : the line (my = nx) meets the curve in two coincident 
points at the origin, or, in other words, is a tangent at the origin. 
Multiplying by p the equation Dm + Ew = 0, and remembering 
that mp = a?, wp = y, we find the equation of the tangent at the 
origin, viz. D^ + Ey = 0. 

Ex. 1. Find the tangent at the origin to 

6x2 + 7ay + y2 ~ * + 2y = o. Ant, x = 2y. 

Ex. 2. The point (1, 1) is on the curve 

3x»- 4xy + 2y2 + 7x - 6y - 8 = ; 
transform the equation to parallel axes through this point, and find the tangent at it. 
Ant. 9ar - 6y = referred to the new axes, or 9 (« — 1) - 5 (y — 1) = 
referred to the old. 

133. To find the equation of the tangent at any point x'y on 
the curve. 

Transform to parallel axes through x'y\ and (Art. 129) F' 
will vanish, since x'j/ is on the curve. The equation of the tan- 
gent will then be T^x + l£ly = referred to the new axes, or 
D'(a? - ^') + E' (y - y') = referred to the old. *Write for D' and 
E' the values found in Art. 129, and the equation of the tangent 
is (2A^'+ By' + D) {x^x') + (Bar' + 20^/ + E) (y-yO - ^» 
which may be written in a simpler form by adding to both sides 
the identity 

2Aic'2 + 2Bxt/ + 2Cy' + 2Da;' + 2Ey + 2F - 0, 

when the equation of the tangent becomes 

(2Ay + By' + D)a? + (B« +2Ci/ + E)y + D«' + Ey'+ 2F - 0* 
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This equation might abo have been found by the method pur- 
sued in Art. 84. 

Ex. Fincl the tangent ftt (2, 1) to 

3*« + 4ay + 6y* - 7« - 8y - 3 = 0. 

An», 9« + IQsf = 28. 

134. II. Let us next consider the case in which one value of 
p may become infinite. We have seen (Art. 131) that this will 
be the case when the coefficient of p^ vanishes in the quadratic 
which determines p\ or, in other words, when 

Am' +Bm7i + Cti' = 0. 

If then m : n be taken so as to satisfy this relation, the line 
(my = nx) will meet the curve in one infinitely distant point : 
the other value of p will in general remain finite, and will 

F 
Dm + En' 

Since two values of m : n can in general be found, which will 
render Am* + Bmn + Cn' = 0, there can be drawn through the. 
origin two real, coincident^ or imaginary lines, which will meet the 
curve at an infinite distance, and each oj' these lines will only meet 
the curve in one other point. If we multiply by p' the equation 
Am' + Bmn + Cn' = 0, and substitute for mp and np their values 
X and y,-we obtain for the equation of these two lines, 

Aaj' + Bxy + C/ = 0. 

We may prove, by the transformation of co-ordinates, as in 
Art. 130, that there are two directions in which lines can be drawn 
through any point to meet the curve at infinity ; and, since it was 
proved, in Art. 129, that the coefficients A, B, C were unaltered 
by transformation, we obtain for every point the very same 
quadratic, Am« + Bmn + Cn' - 0, to determine those directions. 
Hence, if through any point two real lines can be drawn to meet 
the curve at infinityy parallel lines through any other point will 
meet the curve at infinity* 



* This, indeed, is evident geometrically, since parallel lines may be considered as 
passing through the same point at infinity. 
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136. The most important question we can ask, concerning the 
form of the curve represented by any equation, is, whether it be 
limited in every direction, or whether it extend in any direction 
to infinity. We have seen, in the case of the circle, that an equa- 
tion of the second degree may represent a limited curve, while 
the case where it represents right lines shows us that it may also 
represent loci extending to infinity. It is necessary, therefore, 
to find a test whereby we may distinguish which class of locus is 
represented by any particular equation of the second degree. 

With such a test we are at once furnished by the last article. 
For if the curve be limited in every direction, no radius vector 
drawn from the origin to the curve can have an infinite value ; 
but we found in the last Article, that, in order that the radius vec- 
tor should become infinite, we must have Am* + Bmw + C/i* = 0. 

(1.) If now we suppose B« - 4 AC 
to be negative, the roots of this equa- 
tion will be imaginary, and no real 
value oimxn can be found which will 
render A»i» + Bwiw + C«* = 0. In this 
case, therefore, no real line can be 
drawn to meet the curve at infinity, 
and the curve will he limited in every direction. We shall show, 
in the next chapter, that its form is that represented in the figure. 
A curve of this class is called an Ellipse. 

(2.) If B* - 4AC be positive, 
the roots of the equation 

Am' + Bmn + Cn' = 
will be real; consequently, there 
are two real values of m : n which 
will render infinite the radius vector 
to one of the points where the line 
(my = nx) meets the curve. Hence, 
two real lines {Ax^ + Bay + 0^^^= 0) 
can, in this case, be drawn through the origin to meet the 
curve at infinity. A curve of this class is called an Hyperbola, 
and we shall show, in the next chapter, that its form is that re- 
presented in the figure. 
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(3.) If B» - 4 AC = 0, the roots 
of the equation Am^+Bmn + C«*= 
will then be equal, and, therefore, 
the two directions in which a right 
line can be dravm to meet the curve 
at infinity will in this case coincide. 
A curve of this class is called a 
Parabola^ and we shall (Chap.xii.) 
show that its form is that here represented. 

136. In applying to Examples the principles just laid down, 
the following are some of the particular cases which most fi:e- 
quently present themselves : — 

(1.) The circle is a particular form of the ellipse^ for, since 
in the most general form of the equation of the circle C = A, 
B = 2 A cosw (Art. 78), we have 

B«-4AC«-4A2 8in2w, 

and, therefore, always negative. 

(2.) If B = 0, the curve will be an ellipse if A and C have 
the same sign ; but an hyperbola if they have different signs. 

(3.) If either A or C = 0, and B not = 0, the quantity B»- 4 AC 
will reduce to B', which being essentially positive, the curve is 
an hyperbola. • 

In the case where A = the axis of x is itself one of the lines 
which meet the curve at infinity; and where C = 0, the axis of y ; 
these lines being in general given by the equation 

A^* + Bxy + Cy* = 0. 

' (4.) If either A or C be = 0, and at the same time B = 0, 
then B' - 4 AC = 0, and the curve is a parabola. 

(5.) In general the curve will be a parabola, if the three first 
terms form a perfect square. 



Ex. Determine the species of each of the following curves : 
3a:» + 4.xy + 6y« - 2a: - 7y - 4 = 0. 
2*« + xy - y» + 8iP + y = 0. 
ar»~2:iy + y2-«-y-l = 0. 



2ay y« 
ah "^ 6J 



2ar 2y 



+ 1 = 0. 



An$. Ellipse. 

Ant. Hyperbola. 

An9. Parabola. 

Ana. Parabola. 
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137. III. Let us next examine the case where the value of 
m : n is such that the quadratic (Art. 130) which determines p 
has its roots equal with opposite signs. This will be the case 
(Art. 131) when Dm + E« = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the ori^n, and on opposite sides of it ; 
therefore, the chord represented by the equation D^ + Ey = is 
bisected at the origin. 

Hence, through any given point can in general be drawn one 
chords which will be bisected at that point. 

138. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had D = 0, E = 0, then the 
quantity Dm + En would be = 0, whatever were the value of m : n ; 
and we see, as in the last Article, that in this case every chord 
drawn through the origin would be bisected. The origin would 
then be called the centre of the curve. Now, although for any 
origin, taken arbitrarily, the quantities D and E are not « 0, yet 
we see, that if the curve have a centre, by taking this point for 
our origin, the quantities D and E will vanish ; or, conversely, 
that if the axfes be transformed to any new ori^n, so that the co- 
eflScients of x and y may vanish, then will the new origin be a 
centre of the curve. 

In order to determine whether it be possible, by transforma- 
tion of co-ordinates, to make the new D and E = 0, we have only 
to refer to the formulae given in Art. 129, whence we find, that 
the co-orcfinates of the new origin must fulfil the conditions 

2Ar'+ By + D = 0, 2C/ + Bar' + E = 0. ' 
These two equations are sufficient to determine x' and y\ and, 
being linear ^ can be satisfied by only one value of a: and^; hence. 

Conic sections have in general one, and only one centre. 

Its co-ordinates are found, by solving the above equations, to 
be ^ BE-2CD • BD-2AE 

"^^ B^-4AC' ^' B^-4AC' 

In the ellipse and hyperbola B' - 4 AC is always finite (Art. 
136); but in the parabola B' - 4 AC = 0, and the co-ordinates of 
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the centre become infinite. The ellipse and hjrperbola are hence 
often classed together as central curves^ while the parabola is 
called a non-central curve. The student must be careful, how- 
ever, to remember that, strictly speaking, evert/ curve of the se- 
cond degree has a centre, although in the case of the parabola 
this centre is situated at an infinite distance. 

139. To find the locus of the middle points of chords^ parallel 
to a given line^ of a curve of the second degree. 

We saw (Art. 137) that a chord through the origin rny = nx 
IB bisected if Dm + Ew = 0. Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be 
bisected at the new origin if m times the new D + « times the 
new E = 0, or (Art. 129) 

jn(2Aa?' + By' + D)+ «(Ba?' + 2Cy' + E)= 0. 

This, therefore, is a relation which must be satisfied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
parallel to mg = nx. Hence the middle point of any parallel chord 
must lie on the right line 

m (2 A^ + By + D) + w (Ba; + 2Cy + E) = 0, 

which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter f and the lines which it bisects are called its ordinates. 

The form of the equation shows (Art. 36) that every diameter 
must pass through the intersection of the two lines 

2 Aa? + By 4- D = 0, and 2Cy + Ba? + E = ; 

but, these being the equations by which we determined the co- 
ordinates of the centre (Art. 138), we 
infer, that every diameter passes through 
the centre of the curve. 

Since 
m(2Aar+By+D) + n(Ba? + 2Cy+E)=0 

is the equation of the diameter bisect- 
ing chords parallel to my ^ nx, it appears, by making m and n 
alternately = 0, that 2 Ar + By + D - 
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is the equation of the diameter bisecting chords parallel to[[the 
axis of X, and that 

2C3/ + Ba; + E = 

is the equation of the diameter 
bisecting chords parallel to the 
axis of y. 

In the parabola B^ = 4 AC, 

or -r^- = — r; , and hence the line 
Jl> 2\u 

2Ajc + B?/ + D = is parallel to the line 2Cy + Ba? + E = ; con- 
sequently, all diameters of a pa- 
rabola are parallel to each other. 
This, indeed, is evident, since we 
have proved that all diameters 
of any conic section must pass 
through the centre, which, in the 
case of the parabola, is at an in- 
finite distance ; and since parallel 
right lines may be considered as 
meeting in a point at infinity.* 

The familiar example of the circle will sufficiently illustrate 
to the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value, 

140. The direction of the diameters of a parabola is the same 
as that of the line throtigh the origin tohich meets the curve at an 
infinite distance, 

Fof the lines through the origin which meet the curve at in- 
finity are (Art. 134) Aaj« + Bxy + Cy^ = 0, 

* Hence, given any conic section, we can find its centre geometrically. For if we 
draw any two parallel chords, and join their middle points, we have one diameter. In 
like manner we can find another diameter. Then, if these two diameters be parallel, the 
curve is a parabola, but if not, the point of intersection is the centre. 
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or, writing for B its value, V (4 AC), 

(VA:c + VCy)» = 0. 
But the diameters are parallel to 2 Ao? + By «= (by the last Ar- 
ticle), which, if we write for B the same value, ^/ (4 AC), will also 
reduce to ^ j^ + ^Cy = 0. 

Hence every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in one finite point. 

141. If two diameters of a conic section be suchy that one of 
them bisects all chords parallel to the other^ then^ conversely^ the 
second will bisect all chords parallel to the first. 

The equation of the diameter which bisects chords parallel to 
my ^nx\B (Art. 139) 

(2Am + Bn)x + (Bm + 2Cn)y + Dm + E« - 0. 

If then this be parallel to m'y « nx^ we must have 

m^^^ Bm + 2C» 
«^ ^ 2Am + Bn' 
or 2Aw2m' + B(m« + mn) + 2C«n = 0. 

But the symmetry of the equation shows that it is also the con- 
dition that the line my ^nx should be parallel to the diameter 
bisecting the chord m'y = fix. 

Diameters so related, that each bisects every chord parallel to 
the other, are called conjugate diameters.* 

If in the general equation B = 0, the axes wiU be parallel to 
a pair of conjugate diameters. 

For the diameter bisecting chords parallel to the axis of a? will, 
in this case, become 2 Ax + D = 0, and will, therefore, be parallel 
to the axis of y. In like manner, the diameter bisecting chords 
parallel to the axis of y will, in this case, be 2Cy + E = 0, and 
wiU, therefore, be parallel to the axis of a?. 

142. IV. Lastly, let us discuss the case, when the equation 
which determines p has equal roots. When this is the case, the 



* It is evident that none but central curves can have conjugate dlametere, since in 
the parabola the directtoo of all dlameteis is the same. 
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line my ^nx will meet the curve in two coincident points, and 
will therefore touch it. Now (Art. 131) the equation 

(Am^ + Bmn + C««)p' + (Dm + En)/t> + F = 
will have equal roots if 

{Dm + Ew)» = 4F (Atw* + Bmn + Cw^). 

Since this gives us a quadratic to determine m : n, we see that 
through the origin can always be drawn two real, coincident, or 
imaginary tangents. Multiplying by p', the equation just found, 
and substituting x and y for m/>, wp, we obtain the equation of the 
pau- of tangents through the origin, viz., 

(D» - 4AF) ar» + 2 (DE - 2BF) ^y + (E» - 4CF)y« = 0. 

It is only necessary to notice particularly the case where these 
two tangents coincide. If we apply the condition that the equa- 
tion just obtained should have equal roots, we get 

(D» - 4 AF) (E» - 4CF) = (DE - 2BF)S 
or 4F(AE2 + CD^ + FB« - BDE - 4ACF) = 0. 

This will be satisfied, if F = 0, that is, if the origin be on the 
curve. Hence, any point on the curve may be considered a^ the 
intersection of two coincident tangents^ just as any tangent may be 
considered as the line joining two coincident points. 
The equation will also have equal roots if 

AE» + CD'^ 4 FB« - BDE - 4ACF = 0. 

Now we obtained this equation (p. 67) as the condition that the 
equation of the second degree should represent two right lines. 
To explain why we should here meet with this equation again, 
it must be remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points ; if then the curve 
reduce to two right lines, the only line which can meet the locus 
in two coincident points is the line drawn to the point of inter- 
section of these right lines, and since two tangents can always be 
drawn to a curve of the second degree, both tangents must in 
this case coincide with the line to the point of intersection. 

143. To find the equation of the line joining the points of con-- 
tact of tangents through the origin. 
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We have seen in the last article that if vfi : li be either of the 
roots of 

(D^ - 4 AF) m^ + 2 (DE - 2BF) mn + (E' - 4CF) w' = 0, 

the line my = nx will touch the curve, and the quadratic 
(Am'* + BwV + Cn'*) p'' + (Dm' + E«') p + F = 
will have equal roots. But (Art. 131) when a^^ + ftp + c = has 

2c 

equal roots, the common value of the equal roots is — v-. The 

value, therefore, of the radius vector to the point of contact is 
'' — D^TE^' orDm> + E«> + 2F = 0. 
The co-ordinates, then, of either point of contact satisfy the 
relation Dx + E5, + 2F = 0, 

which is the equation of the line required. This is the equation 
of a real line, whether the tangents through the origin be real or 
imaginary. We shall call it, as in the case of the circle, the po/ar 
of the origin, and, conversely, we shall call the origin the 'pole of 
this line. 

144. To find the equation of the polar of any point x'y. 

If we transform the equation to parallel axes through xy\ the 
polar of the new origin is D'a? + E'y + 2F' = 0, or, transforming 
back to the old origui by writing x - x' for a?, and y - y' for y, 
" D'(a? - a;') + E'(y - y) + 2F = 0. 

Writing for D', E', F their values (Art. 129), and reducing 
as in Art. 133, we find for the equation of the polar 

{2Ax + By + D)x + (&x + 2Cy + E)y + Do:' + Ey + 2F = 0. 

Comparing this with the equation found in Art. 133, we see that 
the polar of any point on the curve is the tangent at that point. 

145. The polar of the origin (Da; + Ey + 2F = 0) is parallel to 
the chord {Dx + Ey = 0) drawn through the origin so as to be 
bisected, which evidently is an ordinate to the diameter passing 
through the origin. Hence, the polar of any point is parallel to 
the ordmates of the diameter passing through that point. This in- 
cludes, as a particular case : The tangent at the extremity of any 
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diameter is parallel to the ordinates of that diameter. Or, again, 
in the case of central curves, since the ordinates of any diameter 
are parallel to the conjugate diameter, we infer that. The polar 
of any point on a diameter of a central curve is parallel to the con- 
jugate diameter, 

146. If any point (x"y') be taken on the polar of{x'y)^ its polar 
mmtpass through (xy). 

For, the condition that (jxf'y") should lie on the polar of (a't/) 
is (Art. 144), 

(2Aa?' + By + B)x" + (2Cy + B^' + E)/ + Bx' + 'Ey + 2F = 0. 
But this may be arranged 

(2A^" + B/ + D)a?' + (2C/ + Bx' + E)y + Bx' + E/ + 2F = 0, 
and is, therefore, also the condition that {x'y') should lie on the 
polar o{{xy"). 

The form of the equation of the polar indicates (see Art. 50) 
that, if any point move along a fixed right line^ its polar must always 
pass through a fixed pointy namely, as appears from this article, the 
pole of the fixed line. 

The theorem of this article may also be stated thus : The in- 
tersection of any two lines is the pole of the line joining their poles ; 
or, conversely : The line joining any two points is the polar of the 
intersection of the polar s of these points. For the polars of any 
two points on the polar of xy intersect in xy. 

147. If on any radius vector through the origin^ OR be taken 
an harmonic mean between OR' and OR" : to prove that R lies on 
the polar ofO. 

We found (Art. 130) thatOR',OR" 
were determined by the quadratic 

(Am^ + Bmn + Cn') p^ 

+ (Dm + En) p + F = 0. 

Hence, by the theory of equations, 
2 1 J^JDm+^ 

OR ° OR ^ OR' "■ F • 

In order to find the locus of R we 
must write x and y for m • OR and 
n • OR, and the equation of the locus is 
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Do: + Ey + 2F = 0, 

that is, the equation of the polar of the origin. 

Hence, any line drawn through a point is cut harmonically by 
the point, the curve^ and the polar of the point* 

148. If two lines be drawn through any pointy and the points 
joined where they meet a curve of the second degree^ the joining 

lines will intersect on the polar of that point. 

The proof given (p. 90) of this property in the case of the 
circle will apply, word for word, to conies in general, since no 
use was made of the equality of the coefficients of x^ and y*. 

If through a point O any line OR be drawn, the tangents at 
R' and R" will meet on the polar ofO, 

This is a particular case of the preceding theorem, namely, 
where the two lines are supposed to coincide ; or else it follows 
immediately from Art. 146, since the pole of any chord through 
O must lie on TT' ; and by the pole of the line we mean the in- 
tersection of tangents at the points where it meets the curve.f 

149. If any line (OR) be drawn through a point (O), and (P) 
the pole of that line, be joined to O, then the lines OP, OR mil 

fiyrm an harmonic pencil with the tangents from O. 

For, since OR is the polar of P, PTRT' is cut harmonically, 
therefore OP, OT, OR, OT, form an harmonic pencil. 

Ex. 1. If a qxiadrilateral, ABCD, be inscribed 
in a conic section, any of the points E, F, O, is the 
pole of the line joining the other two. 

Since EC, ED, are two lines drawn throngh 
the point E, and CD, AB, one pair of lines joining 
the points where they meet the conic, these lines 
most intersect on the polar of £ ; so most also AD 
and CB ; therefore, the line OF is the polar of £. 
In like manner it can be proved that EF is the 
polar of O, and EC the polar of F. 

Ex. 2. To draw a tangent to a given conic section from a point outside, with the 
help of the ruler only. 

♦ For an enumeration of some of the particular cases included in this theorem, the 
reader is referred to the section (Chap, xv.) on the anharmonic properties of conies. 

t From this property the polar of a point might have been defined as the locus of the 
intersection of tangents at the extremities of any chord passing through the point. This 
definition applies, whether the point be within or without the conic. 
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Draw any two lines through the given point E, and complete the quadrilateral as in 
the figure, then the line OF will meet the conie in two points, which, being joined to K, 
will give the two tangents required. . 

Ex. 3. If a quadrilateral be circumscribed about a conic section, any diagonal is the 
polar of the intersection of the other two. 

We shall prove this Example, as we might have proved Ex. 1, by means of the har- 
monic properties of a quadrilateral. It was proved (p. 67) that EA, £0, £6, EF, are 
an harmonic pencil. Hence, since EA, EB, are, by hypothesis, two tangents to a conic 
section, and EF a line through their point of intersection, by Art. 149, £0 must pass 
through the pole of EF ; for the same reason, FO must pass through the pole of £F: this 
pole must therefore be O. 

* 150. The theorem of Art. 147 may also be proved by a pro- 
cess precisely similar to that employed (Art. 89). We may seek 
the ratio in which the line joining two points is cut by the curve. 

Substituting — ^ , -— ^, for x and y, the ratio / : w is de- 

termined by the quadratic 

l^(Ax''^ + BxY + Cf' + D.t" + Ey" + F) 
+ /m {(2A^" + B/+ D)a?' 4 (B^"+ 2C/ + E)y + D^" + E/ + 2F} 

+ m^ {Ax'' + Ba?y + Cy'» + Dx' + Ey + F) = 0. 
Now if afY be on the polar of xy' the coefficient of Im vanishes, 
the roots of the equation are of the form Z = ± /tim, and the line 
joining the points is cut harmonically. 

The same equation enables us to form the equation of the 
pair of tangents drawn from any point to the curve. For if 
x'Y lie on either of the tangents through x'y\ the equation for 
/ : m must have equal roots, and x'Y must therefore satisfy the 
equation 

4{Ax^-\-Bxy+Cf-h Dx^ Ey + F) {Aje'^+Bxy'-^Cy^^ Da;'+Ey+ F) 
= ((2Aa/+By + D)ar + (Ba;' + 2Cy + E)y + Da:'+E|^'+2F}^ 

151. Ifthrotiffh any point O two cho?*ds be dravm^ meeting the 
curve in the points R', R", S', S", then the ratio of the rectangles 
OT?' . OR" 
r ^' r\Qi" ^^^ ^ constant^ whatever be the position of the point O, 

provided that the directions of the lines OR, OS 6c constant. 

For, from the equation given to determine p in Art. 130, it 
appears that 

OR. OR' = ^ 



Aw* + Bmn + Cn* 
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In like manner 

OS'- OS" = Am'» + BmV + C«'' ' 
nence 

OS' OS" Am^ + Bw« +Cn»' 

But this IS a constant ratio : for A, B, C remain unaltered 
when the axes are transformed to any new origin (Art. 129), 
and w, 71, m', n' depend only on the angles which the radius vec- 
tor makes with the axes, and are therefore constant while the 
direction of this radius vector is constant. 

The theorem of this Article may be otherwise stated thus : 

If through two fixed points O and O' any two parallel lines OR and 

OR'. OR" 
O'/o be drawn^ then the ratio of the rectangles ry , ry „ willbecon^ 

stanty wTftttever be the direction of these lines. 
For, these rectangles are 

F F 

Am* + Bmn + Cn«' Am* + Bm« + Cw*' 

(F' being the new absolute term when the equation is transferred 
to O' as origin) ; the ratio of these rectangles = -^ and is, there- 
fore, independent of m and n. 

This theorem is the generalization of Euclid, iii. 35, 36.' 

152. The theorem of the last Article includes under it seve- 
ral particular cases, which it is useful to notice separately. 

I. Let O' be the centre of the curve, then Op' = Op" and the 
quantity Op'- O'p" becomes the square of the semidiameter parallel 
to OR. Hence, The rectangles under the segments of two chords 
which intersect are to each dther as the squares of the diameters 
parallel to those chords. 

II. Let the line OR be a tangent, then OR' = OR", and the 
quantity OR'- OR" becomes the square of the tangent; and, since 
two tangents can be drawn through the point O, we may extract 
the square roots of the ratio found in the last paragraph, and in- 
fer that Two tangents draton through any point are to each other 
as the diameters to which they are parallel. 
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III. Let the line 00' be a diameter, and OR, O'/o, parallel to 
its ordinates, then OR' = OR" and O'p! = O'p. Let the diame- 
ter meet the curve in the points A, B, then . ,^ ^^ = rrrrT^Tr*- 

^ AOOB AOOB 

Hence, The squares of the ordinates of any diameter are' propor^ 
tional to the rectangles under the segments which they make on the 
diameter. 

153. There is one case in which the theorem of Article 151 
becomes no longer applicable, namely, when the line OS is pa^ 
rallel to one of the lines which meet the curve at infinity; the 
segment OS" is then infinite, and OS only meets the curve in 
one finite point. We propose, in the present Article, to inquire 

OS' 

whether, in this case, the ratio ^p, .^p,, will be constant. 

Let us, for simplicity, take the line OS for our axi»of 2r, and 

OR for the axis of y. Since the axis of a? is parallel to one of 

the lines which meet the curve at infinity, the term A will = 

(Art. 136(3)), and the equation of the curve will be of the form 

Bxy + Cy» + Da: + Ey + F = 0. 

Making y = 0, the intercept on the axis of a; is found to be 

F 

OS' = - yT^ ; and making a? = 0, the rectangle under the intercepts 

F 
on the axis of y is =p. 

Hence OS^ C 

OR'. OR ' D • 

Now, if we transform the axes to any parallel axes (Art. 129), 
C will remain unaltered, and the new D = By' + D. 
Hence the new ratio will be 

C 
By'+D' 

Now, if the curve be a parabola, B = 0, and this ratio is constant ; 
hence, if a line parallel to a given one meet any diameter (Art. 140) 
of a parabola^ the rectangle under its segments is in a constant 
ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
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while y is constant ; hence the intercepts made by two parallel 
chords of a hyperbola^ on a parallel to an asymptote^ are propor- 
tional to the rectangles under the segments of the chords. 

*154. To find the condition that the line ax + by -^ c '^ 
should touch the conic represented by the general equation. 

Solving for y from cw: + iy + c = 0, and substituting in the 
general equation, the abscissse of the points where this line meets 
the conic are determined by the quadratic 

(A&*-Ba6+CaO^'-(Bfc-2Cac-D6HEa6)a:+Cc'^-Efc+F6«=0. 
If the line touch the conic, this quadratic will have equal roots, or 
(Bbc - 2Cac - Dft»+ Eaby= 4 (Aft^ - Bab + Ca') (CC - Eftc + F*'). 
Multiplying out, this equation becomes divisible by 6^, and may 
be arranged 

(E* - 4CF) a^ + (D^ - 4 AF) b^ 4 (B^ - 4 AC) c^ + 2 (2AE - BD) be 
+ 2 (2CD -BE)ca + 2(2BF-DE) ab = 0. 

Miscellaneous Examples. 
Ex. 1. To find the equation of the conic which makes intercuts a, a', 6, 6', on 
the axes. 

The intercepts on the axes are given hy the qaadratics 

X* - (^a -{■ a') X -\- aa =0, y*- (6 + b') y + 56' = 0, 
but these must be what the general equation becomes when in it we make y = 0, a; » ; 
hence the equation is 

bb'a^ + Bxt/ + aa'y* - bb' {a-\- a)x- aa (b + 6') y + aa'bb' = 0, 
where B is still indeterminate. 

Ex. 2. To find tlie equation of the parabola which touches the axes at points 
a? = a, y = 6. 

In the preceding make a = at b =: b', and determine B by the condition B^ » 4AC, 

and we find 

6«3;2 - 2abxi/ + a^f/^ - ^b^ax - 2ani/ + a«6« = 0. 

We give the sign - to the coefficient of ary, since if we gave the sign + it would not re- 
present a parabola, but the square of the line bx -\- ay — ab = 0. 

Ex. 3. Given four points on a conic, the polar of any fixed point passes through a 
fixed point. 

Take for axes two opposite sides of the quadrilateral formed by the points ; then form 
by Art. 144 the polar of x'y' with regard to the conic found in Ex, 1, and it will contain 
the indeterminate B in the first degree, and therefore passes through a fixed point. 

Ex. 4. Find the locus of the centre of a conic passing through four ^ven points. 
The centre of the conic in Ex. 1 is given by the equations 

^bb'x + By - W (a + «') = 0, 2aa y + Ba; - aa (b + ft) = 0. 
T 
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Eliminate the indeterminate B, and the locus is 

2hb'x* - 2aa'y« - bb'(a + a')x - aa' (b-\-b')y = Oy 
a conic passing through the intersections of each of the three pair of lines which can be 
drawn through the four points, and through the middle points of those lines. 



CHAPTER XI. 

EQUATIONS OF THE SECOND DEGREE REFERRED TO THE CENTRE 

AS ORIGIN. 

155. In Investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing the 
centre for the origin of co-ordinates. If we transform the gene- 
ral equation of the second degree to the centre as origin, we saw 
(Art. 138) that the coefficients of x and y will = in the trans- 
formed equation, which will be of the form 

Aa?2 + Bxy + Cy"" + F' = 0. 

It is sometimes useful to know the value of F in terms of the co- 
efficients of the first given equation. We saw (Art. 129) that 

where x\ y\ are the co-ordinates of the centre. The calculation 
of this may be facilitated by putting F' into the form 
F = 1 {(2Aa;' + By' + D)a;' + (2Cy + B^' + E)^ + Daj' + Ey + 2F}- 
The first two terms must be rendered = by the co-ordinates 
of the centre, and the last (Art. 138) 

2CD-BE 2AE-BD 

= ^ B^^4AC ^^B^lAC'-'-^*^- 
Hence 

_ AE^ + CD' + FB^ - BDE - 4 ACF 

B^-4AC 

156. If the numerator of this fraction were = 0, the trans- 
formed equation would be reduced to the form 

Arc' + Ba:y + Qy^ = 0, 
and would, therefore (Art. 69), represent two real or imaginary 
right lines, according as B' - 4 AC is positive or negative. Hence, 
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as we have already seen, p. 67, the condition that the general 
equation of the second degree should represent two right lines, is 

AE* + CD» + FB* - BDE - 4ACF = 0. 
For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the abso- 
lute term may vanish. 

Ex. 1. Transform 3fl;« + 4iry + y» - 6a? - 6y - 8 = to the centre [ -, - 4 j. 

Ans, 12a:* + 16ary + 4y« ^ 1 = 0. 
Ex. 2. Transform r« + 2ay - y» + 8* + 4y - 8 = to the centre (- 3, - 1). 

Aiu, ar* -I- 2ay - y» = 22. 

157. We have seen (Art. 134) that the equation 

Ax» + Bxy + Cy» = 

represents the real or imaginary lines drawn through the origin 

to meet the curve at infinity ; and that each of these lines will 

meet the curve in one other point, at a distance from the origin, 

~F 
^ ^ Dtw -f En' 

But if the origin be the centre^ we have D = 0, E = 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet that the further they are pro- 
duced the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite dis- 
tance. Hence, from our definition of poles and polars (Art. 143) 
the centre may be considered as the pole of a line sittiated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, Da? + Ey + 2F = 0, which, 
if the centre be the origin, reduces to F = 0, an equation which 
(Art. 64) represents a line at infinity. 
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158, We have seen that by taking the centre for origin the 
coefficients D and £ in the general equation can be made to va* 
nish ; but the equation can be further simplified by taking a pair 
of conjugate diameters for axes, since then (Art. 141) B will 
vanish, and the equation be reduced to the form 
I Ax^ + Cy« = F. 

It is evident, now, that any line parallel to either axis is bisected 
by the other, for if we give to x any value, we obtain equal and 
opposite values for y. Now the angle between conjugate diame- 
ters is not in general right; but we shall show that there is 
always one pair of conjugate diameters which ciit each other at 
right angles. These diameters are called the axes of the curve, 
and the points where they meet it are called its vertices. 

The equation of the diameter conjugate to my = nx is 
m (2 Aa? + By + D) + n (2Cy + Ba: + E) = 0, 
(Art. 141) ; and this will be perpendicular to my = nx (Art. 40) 
tf {2 Am + Bn)n- (Bm + 2Cw) m = 0, 

or Bm2 - 2(A - C) mn - B«« = ; 

or, multiplying by /»', and writing ar, y for iw/o, npy 

Bic» - 2(A - C) aijf - By* = 0. 
This is the equation of two real lines at right angles to each other 
(Art. 70) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 

On referring to Art. 7 1 it will be found, that the equation 
which we have just obtained for the axes of the curve is the same 
as that of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 

Air* + Bxy + Cy* = 0. 
The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes ; and (note, p. 66) they will 
be real whether the asymptotes be real or imaginary : that is to 
say, whether the curve be an ellipse or an hyperbola. 

159. We might have obtained the results of the last Article 
by the method of transformation of co-ordinates, since we can 
thus prove directly that it is always possible to transform the 
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equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original 
axes be rectangular ; then, if we turn them round through any 
angle 6, we have (Art. 9) to substitute for x, ^cos6 - y sin 6, 
and for y, ^ sinO + 2/ cos6 ; the equation will therefore become 

A(a?cos6-y8in6)* + B(xcos6-ysin0) (a;sin0 + ycos0) 

+ C(a?sine + 2/cos0)2= F; 
or, arranging the terms, we shall have 

the new A = A cos*0 + B cosO sinfl + C sin'0 ; 

the new B = 2C sinO cos0 + B(cos20 - sin^O) - 2A sinfl cos ; 

the new C = A sin^fl - B cosO sinO + C cos^fl. 

Now, if we put the new B = 0, we get the very same equation to 
determine tand, which we had, in Art. 158, to determine m : n. 
This equation gives us a simple expression for the angle made 
vnth the given axes by the axes of the curve, namely, 

160. When it is required to transform a given equation to the 
form Aar* + Cy"^ = F, and to calculate numerically the value of 
the new coefficients, our work will be much facilitated by the 
following theorem : If toe transform an equation of the second de- 
greefrom one set of rectangular axes to another^ the quantities 
A + C, and B* - 4AC, vnll remain unaltered. 

The first part is proved immediately by adding the values of 
the new A and C (Art. 159), when we have 

A' + C = A + C. 

To prove the second part, write the values in the last article, 

2A = A + C + B sin 20 + (A - C) cos 20, 

2C' = A + C - B sin2e -(A - C) cos 26. 
Hence 

4A'C' = (A + Cy - {B sin 26 + (A - C) cos 20)». 

But B'« = {B cos 20 - (A - C) sin 20)^ 

therefore, 

B' - 4A'C' = B^- + (A - cy - (A + C)^ = B^ - 4 AC. 
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When, therefore, we want to form the equation transformed to 
the axes^ we have the new B = 0, 

A' + C = A + C, 4A'C'= 4AC - B^ 

Haying, therefore, the sum and the product of A' and C, we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14«* - 4ay + 11$^ = 60, and transfonn the 
equation to them. 

The axes are (Art. 168) 4ta^ + 6xy - 4y* => 0, or (2x - y) (x i- 2y) = 0. 

We have A' + C'= 26 ; 4A'C' = 600; A' = 10; C'= 16; and the transfonned equa- 
tion is 2a^ + Sy* = 12. 

Ex. 2. Transform the hTperbola llz' + Sixy - 24y« = 166 to the axes. 
A'+ C' = - 13, AC = - 2028; A'= 89, C'= - 62. 

Transfonned equation is Ba;^ - 4yS = 12. 
Ex. 3. Transform Ax'^ + Bj^ + Cy^ = F to the axes. 

Atu. (A + C - R)«»+ (A + C + R)y2= 2F: where R«= B2 + (A-C)«. 

* 161. Having proved that the quantities A + C, and B»- 4AC 
remain unaltered when we transform from one rectangular sys- 
tem to another, let us now inquire what these quantities become 
if we transform to an oblique system. We may retain the old 
axis of 07, and if we take an axis of ^ inclined to it at an angle oi, 
then (Art. 9) wc are to substitute x + y cos (i> for a^ and y sin ca 
for y. We shall then have 

A' = A, B' = 2 A cos a> + B sin &;, 

C = A cos'w + B cos iti sin a> + C sin*<u. 

Hence, it easily follows 

A' + C'-Bcosw . ^ B'»-4AC ^, ,.^ 

r-- = A + G, r-T = B» - 4AC, 

sm^co sm^co 

If, then, we transform the equation from (me pair of axes to any 

,^ ,, ,.,. A+C-Bcosa> ^B«-4AC 

other, the guajitittes . , — and — r-r remain un- 

^ sm^o; sm^'oi 

altered. 

We may, by the help of this theorem, transform to the axes 
an equation given in oblique co-ordinates, for we can still express 
the sum and product of the new A and C in terms of the old co- 
efficients. 
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3 

Ex. 1. If cos w = - transform to the axes, 10«2 + Say + &y^ = 10. 

Ans. 16a;« + 41y« = 32. 
Ex. 2. Transform to the axes, afl - Zxy + y* + 1 = 0, where ia = 60°. 

Ant. X* - 16y« = 8. 
Ex. 3. Transform A^ + Bxy -f Cy2 = F to the axes. 

Ans. (A + C - B cositf - R)a« +(A + C - Bcosw + R)y«= 2F8fai2w, 
where R2 = {B - (A + C) cos«}» + (A - 0)» sin^w. 

*162. We add the demonstration of the theorems of the last 
two articles given by Professor Boole (Cambridge Math. Jour., 
iii. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axesiinclined at an angle w, to any other axes inclined at an an- 
gle Q ; and that, on making the substitutions of Art. 9, the 
quantity Ax^ + Bxy + Cy' becomes A'X* + B'XY + CT«. Now 
we know that the effect of the same substitution will be to make 
the quantity ar* + 2xy cos m + y^ become X* + 2XY cosQ + Y% 
since either is the expression for the square of the distance of any 
point from the origin. It follows, then, that 

Ax^ + Ba?y + Cy* + A (aj« + 2ay cos <o + y* ) 

= A'X' + B'XY + C'Y» + A (X« + 2XY cosQ + Y^). 

And if we determine h so that the first side of the equation may 

be a perfect square, the second must be a perfect square also. 

But the condition that the first side may be a perfect square is 

(B + 2h cosw)« « 4 (A + A) (C + A), 
or A must be one of the roots of the equation 

4A=^sin2ai + 4 (A + C - B cosoi) A + 4AC - B» = 0. 
We get a quadratic of like form to determine the value yf A, 
which will make the second side of the equation a perfect square; 
but since both sides become perfect squares for the same values 
of A, these two quadratics must be identical. Equating, then, 
the coeflScients of the corresponding terms, we have, as before, 

A + C-Bcoso) ^ A' + C-B'cosQ , B^^4AC ^ B'^^4A;C^ 

6in*a> ~ sin'Q ' sin^oi sin^Ct 

Ex. 1. The sum of the squares of the reciprocals of two semtdiametcrs at right angles 
to each other is constant. 
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Let their lengths be a and b ; then making alternately or = 0, y = 0, in the equation 
of the cnrve, we have Aa' = F, 06' = F, and the theorem just stated is only the geome- 
trical interpretation of the fact that A 4- C is constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 
semidiameters is constant. 

a* y« 4 AC- B« 

The equation referred to two conjugate diameters is -rr + 77- = 1, and since — ;: 

a* 5* sin*a» 

is constant, we have ab' sin (o constant. 

Ex. 3. The sum of the squares of two conjugate semidiameters is constant 

A + C-Bcosw. 1/1 1\. 

Smce : is constant, . , I -z* + tt; w constant ; and smce ab sin cu 

sin«w 8in«w \ a « b^ J * 

is constant, so must a'> + b*^. 

THE EQUATION REFERRED TO THE AXES. 

163. We saw that the equation referred to the axes was of 
the form Ax" + Cf = F, 

C being positive in the case of the ellipse, and negative in that 
of the hyperbola (Art. 136, 11.) 

The equation of the ellipse may be written in the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be a: = a, 
y = b, then a is found by making y = and rr = a in the equation 

F . F 

of the curve, or Aa' = F, and A = — . In like manner, C = ^. 

Substituting these values, the equation of the ellipse may be 
written ^2 y2 

Since we may choose whichever axis we please for the axis of 
or, we shall suppose that we have chosen the axes so that a may 
be greater than 6. 

The equation of the hyperbola, which, we saw, only differs 
from that of the ellipse in the sign of the coefficient of y% maybe 
written in the corresponding form, 

x^ y^ I 

The intercept on the axis of x is evidently = ± «, but that 
on the axis of y, being found from the equation 'tf'^-.V is ima- 
ginary; the axis of y, therefore, does not meet the curve in real 
points. 
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Since we have chosen for our axis of x the axis which meets 
the curve in real points, we are not in this case entitled to as- 
sume that a is greater than ft. 

164. To find the polar equation of the ellipse, the centre being 
the pole. 

Write p cosd for >, and p sin Q for y, in the preceding equa- 
tion, and we get 1 co8»d sin^ 

an equation which we may write in any of the equivalent forms, 

, ^ a^¥ a^h^ g^ft' 

^ " fl^sin^e + ft^cos^e " V^ (a' - *") sin^^ ^ a^^ (a*- 6^)cos'*e" 

It is customary to use the following abbreviations, 

a* - 6« 
a* 

and the quantity e is called the eccentricity of the curve. 

Dividing by a'^ the numerator and denominator of the frac- 
tion last found, we obtain the form most commonly used, viz., 

^ l-e^cos^d* 

165. To investigate the figure of the ellipse. 

The least value that 6^+ (a^ -6^)sin^d can have, is when 

6=0; therefore, since 

2 g^y 

^ ~6« + (a«-y)sin«e' 
the greatest value of p is the intercept on the axis of x^ and is = a. 

Again, the greatest value of h^ + (a^ - 1?) fein^ff, is, when 
sin = 1 , or 6 = 90° ; hence the least value of p is the intercept 
on the axis of y, and is = h. The greatest line, therefore, that can 
be drawn througJi the centre is the axis 
of 07, and theJplPI line, the axis of y. 
From this proj^Hy these lines are 
called the axis ma^&r and the axis iwi- 
wor of the curve. 

It is plain that the smaller 6 is, the 
greater p will be ; hence, the nearer 
any diameter is to the axis major , the greater it will he. The form 
of the curve will, therefore, be that here represented. 

u 
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We obtain the same value of p whether we suppose = a, or 
= - a. Hence, Two diameters which make egual angles with 
the axis vnll he equal. And it is easy to show that the converse of 
this theorem is also true. 

This property enables us, being given the centre of a conic, 
to determine its axes geometrically. For, describe any concentric 
circle intersecting the conic, then the semidiameters drawn to the 
points of intersection will be equal ; and by the theorem just 
proved, the axes of the conic will be the lines internally and ex- 
ternally bisecting the angle between them. 

166. The equation of the ellipse can be put into another form, 
which will make the figure of the curve still more apparent. If 
we solve for y we get 

Now, if we describe a concentric circle with the radius a, its 
elquation will be y=y/(a^^ x^). 

Hence we derive the following construction : 

" Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP may be to LQ in the constant ratio 
b : a, then the locus of P will be the required ellipse J* 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct 
the ellipse, by describing a circle on the 
axis minor, and increasing each ordinate 
in the constant ratio a : b. 

Hence the circle described on the 
axis minor lies wholly within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose b= a. 

167. To find the polar equation of the hyperbola. 
Transforming to polar co-ordinates, as in Art. 164, we get 

^ a^ a'^h^ a'^h^ 

^ "h" cos'^e - a" sin^fl " b^- (a* + 6^) sin^fl ~ {a" + 6*) cos^fl - a'*' 

Since formulae concerning the ellipse are altered to the corres- 
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ponding formulae for the hyperbola by changing the sign of h\ 
we must, in this case, use the abbreviation c' for a» + b\ and 
^2 for , the quantity e being called the eccentricity of the 

hyperbola. Dividing then by a} the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only differs from that of the ellipse in the sign 
of 6*, viz., 52 

^ "c»cos»e- r 

168. To investigate the figure of the hyperbola. • 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 163), we shall call the axis of x the transverse 
axis, and the axis of y the conjugate axis. 

Now 6^ - (a^ + h^) sin^0, the denominator in the value of p*, 
will plainly be greatest when d = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can be drawn from the centre to the curve. 

As increases, p continually increases, until 

8in0 = ---^ — rrt, (ortand = -), 
^{a^ + ¥) \ a) 

when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After tbis value of d, p* becomes negative, and 
the diameters cease to meet the curve in real points until 



sm 



^ " - "T7"l— mv (ortan0 = — ), 
y/{a^ + lFy \ a) 



when p again becomes infinite. It then decreases regularly as 
increases, until B becomes = 180*^, when it again receives its mini- 
mum value = a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure. 

169. We found 
that the axis of y 
does not meet the 
hyperbola in real 
points, since we ob- 
tained the equation |&^^^" 
y8 = - A2 to determine its point of intersection with the curve* 
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We shall, however, still mark off on the axis of y portions, CB, 
CB' = ±by and we shall find that the length CB has an important 
connexion with the curve, and may be conveniently called an 
axis of the curve. In like manner, if we obtained an equation to 
determine the length of any other diameter, of the form p^ = - R% 
although this diameter cannot meet the curve, yet if we measure 
on it from the centre lengths = +' Bp, these lines may be conve- 
niently spoken of as diameters of the hyperbola. 

The locus of the extremities of these diameters which do not 
meet the curve is, by changing the sign of p^ in the equation of 
the curve, at once found to be 

1 8in»e cos'fl 

or y« a^ , 

This is the equation of a hyperbola having the axis of y for its 
axis meeting it in real points, and the axis of x for the axis meet- 
ing it in imaginary points. It is represeMed by the dotted curve 
on the figure, and is called the hyperbola conjugate to the given 
hyperbola. 

170. We proved (Art. 168) that the diameters answering to 

tan d = ± - meet the curve at infinity ; they are, therefore, the 

same as the lines called, in Art. 157, the asymptotes of the curve. 
They are the lines CK, CL on the figure, and evidently separate 
those diameters which meet the curve in real points firom those 
which meet it in imaginary points. It is evident also, that two 
conjugate hyperbolae have the same asymptotes. 

The expression tan = ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for, if we form 
a rectangle by drawing parallels to the axes through B and A, 

then the asymptote CK must be the diagonal of this rectangle* 

ft 

A£^n, ^ a \ 

cos d = ,. , , . = - 

But, since the asymptotes make equal angles with the axis of 4?5 
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the angle which they make with each other must be = 26. Hence, 
beinff given the eccentricity of a hyperbola^ toe are given the angle 
between the asymptotes, which is double the angle whose secant is 
the eccentricity. 

Ex. To find the eccentridty of a conic given by the general equation. 

We can (Art. 70) write down the tangent of the angle between the lines denoted by 
A^r^ + Bxy + CyS = 0, and thence form the expression for the secant of its half; or we 
may proceed by the help of Art. 160, Ex. 3. 

We h*Te 1_ _ A + C~R 1^ _ A + C + R 

• as"" 2F ' 5i~ 2F ' 

where Rs = B> + (A - €)», = Ba - 4AC K-A- + C)s. 

Hence i_l-?. ^izif - _J5_ 

fcs os"F' o» ""A + C + R* 

THE TANGENT. 

171. We now proceed to investigate some of the properties 
of the ellipse and hyperbola. We shall find it convenient to con- 
sider both curves together, for, since their equations only differ 
in the sign of ft^, they have many properties in common which 
can be proved at the same time, by considering the sign of J* as 
indeterminate. We shall, in the following Articles, use the signs 
which apply to the ellipse. The reader may then obtain the cor- 
responding formulae fo^the hyperbola by changing the sign of i^. 

We might deduce several of the results which follow, as par- 
ticular cases of those obtained in the last chapter &om the general 
equation, but we have thought it worth while to establish the 
more important equations independently. 

To find the equation of the tangent to the curve — + ^ = 1. 

The method we pursue is identical with that used Art. 83. 
The co-ordinates of two points on the curve satisfy the relations 

a2 b^ a^ V 

hence a!'^ - x"^ ^ a» y -t/' _ ^^ »' + ^" 

y'2^y"2-"p a! --x^"a^]i ^y' 

The equation of the line joining the two points is, therefore, 
X - x' X - x" a^ t/ + y 



Digitized by LjOOQ IC 



160 CENTRAL CONIC SECTIONS — THE TANGENT. 

That of the tangent is found by making x* «= a/', y = y"\ 
y-if V'a!^ 

— s 5 — J 

X - X cry 
or, reducing, and remembering that o^y satisfies the equation of' 
Recurve, x^ W . 

172. To find the equation of the line joining the points of con- 
tact of tangents through any point (x't/). 

Let the co-ordinates of the point of contact of one of the tanr 
gents through (aj'yO be X, Y; then forming (Art. 171) the 
equation of the tangent at XY, and substituting in it the co-ordi- 
nates xy which must satisfy it, we have 

a^ V^ ^ 

We see, therefore, that the co-ordinates of either point of con- 
tact must satisfy the equation 

and, since this is the equation of a right line, it must represent 
the line joining them. 

Ex. 1. To find the condition that anylme — + - = 1 should touch the conic section 

M It 

Comparing the equations 

\*, we find «' 1 , y' 1 ♦ 

^^ and, substituting for x'if in the equation of the curve, we have, for the required condition, 

Ex. 2. To find the equation of the pair of tangents through x'y to the conic. 
Proceedmg, as in Art. 150, we find 

(S*'^-')(^S-')-(S*«-)' 
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Ex. 3. To find the angle between the pair of tangents from x'y to the curve. 

When an equation of the second degree represents two right lines, the three highest 
terms bdng put = 0, denote two parallel lines through the origin ; hence, the angle included 
by the first pair of right lines depends solely on the three highest terms of the general equa- 
tion. Arranging, then,- the equation found in the last Example, we find, by Art 70, 

tan0 =— ^— 

Ex. 4. Find the locus of a point the tangents through which intersect at right angles. 

Equating to 0, the denominator in the value of tan^, we find x' + ys = qI ^ (s^ 
the equation of a drele concentric with the ellipse. The locus of the intersection of tan- 
gents which cut at a given angle is» in general, a curve of the fourth degree. 

CONJUGATE DIAMETERS.' 

173. When the equation of the curve is referred to any pair 
of conjugate diameters, the coefficient of ^y vanishes (Art. 158) ; 
and if a , 6', be the lengths of these diameters, the equation may 
be written (as in Art. 163) 

Now it can be proved, precisely as in Art. 171, that the equation 
of any tangent, referred to these axes, is 

and, as in Art. 172, that the equation of the polar of any point 
(a/y) is of the same form. The polar of any point on the axis 
of a is, therefore, , 

XX 

Henoe, the polar of any point P is found by drawing a diameter 
through th% point, taking CP • CP = to the square of the semi- 
diameter, and then drawing through P a parallel to the conjugate 
diameter. This includes, as a particular case, the theorem proved 
already (Art. 145), viz. : 

The tangent at the extremity of any diameter is parallel to the 
conjugate diameter. 

174. The theorem just stated enables us easily to find the 
equation, referred to the rectangular axes, of the diameter conju- 
gate to that passing through any point (xy") on the curve. 
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For we have only to form the equation of a line drawn through 

the origin parallel to the tangent, whose equation we found 

(Art. 171); and we have for the equation of the conjugate 

diameter xa! W 

— + ^ = 0. 

Let Q be the angle made with the axis of a? by the ori^al 
diameter, then tan B plainly = -„ and if & be the angle made by 
the conjugate diameter, this equation shows (Art. 22) that 

tan d = - V;- 

ay 

H"'*^ tandtand' = -^. 

This relation, connecting the angles made with the axis major 
by a pair of conjugate diameters, enables us at once to determine 
whether any given pair of diameters be conjugate or not. 

The corresponding relation for the hyperbola is (see Art. 171) 

tan0 tans' = — 

175. Since, in the ellipse, tan tan 0" is negative, if one of 
the angles ©, 0', be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie on different sides of 
the axis minor (which answers to = 90°). 

In the hyperbola, on the contrary, tan B tan ff is positive, 
therefore, B and ff must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. ^ 

In the hyperbola, if tan B be less, tanO' must be greater than 

-, but (Art. 170) the diameter answering to the angle whose 

tangent is — , is the asymptote which (by the same Article) sepa- 
rates those diameters which meet the curve from those which do 
not intersect it. Hence, if one of two conjugate diameters meet 
a hyperbola in real points, the other will not. Hence also it may 
be seen that each asymptote is its own conjugate. 
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1 76. To find the co-ordinates oi'y" of the extremity of the dia- 
meter conjugate to that passing through oixf. 

These co-ordinates are obviously found by solving for x and 
y between the equation of the conjugate diameter^ and that of 
the curve, viz., 

a^ b^ a^ b^ 

Substituting in the second the values of a; and y, found firom the 
first equation, and remembering that x\y' satisfy the equation of 
the curve, we find without difficulty 

abba 

177. To express the lengths of a diameter (a'), and its conju- 
gate (6'), in terms of the abscissa of the extremity of the diameter. 

(1.) We have ci% = a?'» + y«. 

But ., ^ / 2 't\ 

H"^^^ a'^^f^^^'^x'^^b^^e^xK 

(2.) Again, we have 






or 

^ ^ a* 

hence • i'* = a^ - e'^x'^. 

From these values we have 

or, The sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (&ee Ex. 3, Art. 162). 

178. In the hyperbola we must change the signs of J* and 6'S 
and we get ^'^ - b'^ == a« - b\ 

or. The difference of the squares of any pair of conjugate diame- 
ters of a hyperbola is constant. 
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If in the hyperbola we have a « &, its equation becomes 
ir» - y« = a\ 
and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperbola being given by the 
equation j?* - y« = 0, 

are at right angles to each other. Hence this hyperbola is often 
called a rectangular hyperbola. 

The condition that the general equatJoatrfthe second degree 
should represent an equilateral hyperbola is A = - C ; for (Art. 70) 
this is the condition that the asymptotes (A^' + Hxy + Cy* = 0) 
should be at right angles to each other; but if the hyperbola be 
rectangular it must be equilateral since (Art. 170) the tangent 

of half the angle between the asymptotes = - ; therefore, if this 

angle = 45°, we have 6 = a. 

179. To find the length of the perpendicular from the centre 
on the tangent. 

The length of the perpendicular from the origin on the line 











is (Art. 27) 


1 


ab 






^/i$- 


>'i) A"?^ 


b^ ) 


but we proved (Art. 177) that 












hence 


- 


ab 





1 80. To find the angle between any pair of conjugate diameters. 

The angle between the diameters is 
equal to the angle between either, and the 
tangent parallel to the other. Now 

*CPT.g.£. 
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Hence . ^ -oi-.-r»x ^b 

8in^(orPCP) = ^,. 

|The equation ab' sin^ = ab proves, that the triangle formed 
byjoimng the extremities of conjugate diameters of an ellipse or 
hyperbola has a constant area (see Art. 162, Ex. 2). 

181. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal, and, therefore, in this case, sin ^ is a minimum ; 
hence the acute angle between the two e^tiaZ conjugate diameters 
is less (and, consequently, the obtuse angle greater) than the 
angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making o! = V in the equation a'* + fe'* =^ a^ -\-i^^ whence a'* is half 
the 8um"of a\and ft^, and in this case 

2ab 
sm ^ = -= — 55- 
^ a^ -\^b^ 

The angle which either of the equiconjugate diameters makes 

with the axis of a: is found frofti the equation 

6* 



tandtan0' = - 



a» 



by making tan © = - tan 6', for any two equal diameters make 

equal angles with the axis of a? on opposite sides of it (Art. 165). 

Hence ^ n b 

tan = — 
a 

It follows,^therefore, from Art. 170, that if an ellipse and hyper- 
bola have the same axes in magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 173), becomes x^ + y' = «'^, when a' = b\ We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation of any ellipse may be put into the same form 
as the equation of the circle, x^ ■\- ^ ^ r^, but that in the case of 
the ellipse the angle between these axes will be oblique. 

182. To express the perpendicular from the centre on the tan- 
gent in terms of the angles which it makes loith the axes. 
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If we proceed to throw the equation of the tangent 

f -y + ^ = 1 j into the form acoaa + y siua - p (Art. 26), we 

find immediately, by comparing these equations, 
X cosa ^ sina 

Substituting in the equation of the curve the values of a?', y\ 
hence obtained, we find 

p^ = a'cos^o + i'sin^a.* 
The equation of the tangent may, therefore, be written 

X cosa + y sina - ^/ {d^ cos^a + h^ sin^a) = 0. 
Hence, by Art. 27, the perpendicular from any point {x't/) on 
the tangent is 

a;' cos a + ^sina - ^ {a^QOB^a + ft^sin^a). 

Ex. To find the locus of the intersection of tangents which cat at right angles. 
. Let j9, p be the perpendiculars on those tangents, then 

j»« = fl«cos»a + 62sm»a, j*'^ = a« 8in«a + 6* cos'a, ;>« -j- p'« = «» + 6«. 
But the square of the distance from the centre of the intersection of j:wo lines, which cut 
at right angles, is equal to the sum of the squares of its distances from the lines them- 
selves. This distance; therefore, is constant, and the required locus is a circle (see p. 151). 

1 83- The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters 'parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of two 
sides must be parallel to the third, the diameter bisecting AD 
will be parallel to BD, and the diameter bisecting BD will be 
parallel to AD. The same thing may be proved analytically, 
by forming the equations of AD and BD, and showing that the 
product of the tangents of the angles made by these lines with the 

axis IS « 5- 



* In like manner, p'^ = a'* cos'a + 6'2 co8*/3, a and j3 being the angles the perpendi- 
cular makes with any pair of conjugate diameters. 
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This property enables us to draw geometrically a pair of con- 
jugate diameters making any angle with each other. For if we 
describe on any diameter a segment of a circle containing the 
given angle, and join the points where it meets the curve to the 
extremities of the assumed diameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tangents at the extremities of any diameter are parallel. 
Their equations are xx yy' _ ^ 

«» "^ U - - 
This also follows from the theorem of Art. 148, and fr'om considering that the centre is 
the pole of the line at infinity (Art. 167). 

Ex. 2. If any variable tangent to a central conic section meet two fixed parallel tan- 
gents, it will intercept portions on them, whose rectangle is constant, and equal to the 
square of the semidiameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and its conjugate, then the 
equations of the curve and of the variable tangent will be 

The intercepts on the fixed tangents are found by making « alternately = + a' in the 
latter equation, and we get 



and, therefore, thdr product is 






which, substituting for y'2 from the equation of the curve, reduces to hX 

Ex. 3. The same construction remaining, the rectangle under the segments of the 
variable tangent is equal to the square of the semidiameter parallel to it 

For, the intercept on ^ther of the parallel tangents is to the adjacent segment of the 
variable tangent as the parallel semidiameters (Art 152) ; therefore, the rectangle under 
the intercepts of the fixed tangents is to the rectangle under the segments of the variable 
tangent as the tqiiartB of these semidiameters ; and, since the first rectangle is equal to 
the square of the semidiameter parallel to it, the second rectangle must be equal to the 
square of the semidiameteSr parallel to it, 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 
segments is equal to the square of the parallel semidiameter. 

Take for axes the semidiameter parallel to the tangent and its conjugate ; then the 
equations of anfy two conjugate diameters being (Art. 174) 

the intercepts made by them on the tangent are found by making « = a' to be 

y , J *'*' 

y=-a^ and y = > -„ 

X ay 

whose rectangle is evidently = hX 
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We might, in like manner, have given a purel j algebraical proof of Ex. 3, 
Hence, also, if the points be joined to the centre where two parallel tangents meet 
any tangent, the joining lines will be conjugate diameters. , 

Ex. 6. Given, in magnitude and position, two conjugate semidiametera, Oa, 06, 
of a central conic, to determine the axes. 

The following construction is founded on the theorem 
proved in the last Example : — Through a, the extremity of 
dther diameter, draw a parallel to the other ; it must of 
course be a tangent to the curve. Now, on Oa take a point 
P, such that the rectangle Oa.aV — Oh^ (on the side remote 
from for the ellipse, on the same side for the hyperbola), 
and describe a circle through 0, B, having its centre on aC, 
then the lines OA, OB, are the axes of the curve ; for, since 
the rectangle Aa . aB = Oa . aP = 05', the lines OA, OB are conjugate diameters, and 
since AB is a diameter of the circle, the angle AOB is right. 

Ex. 6. Given any two semidiameters, if from the extremity of each an ordinate be 
drawn to the other, the triangles so formed wiU be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed will 
be equal in area. 

THE NORMAL. 

184. A line drawn through any point of a curve perpendi- 
cular to the tangent at that point is called the NormaL 

Forming, by Art. 40, the equation of a line drawn through 

(xx* lit/ \ 
— + ^ = 1 j, we find for the equati 

of the normal to a conic 



ion 



or 



^ / >^ y / 

^ y ' 



x). 



c' being used, as in Art. 164, to denote a* - 6«. 

Hence we can find the portion 
CN intercepted by the normal on 
either axis ; for, making y = in the 
equation just given, we find 

X = --x\ ox X ^ e^x\ 

We can thus draw a normal to an ellipse from any point on 
the axis, for given CN we can find .r, the abscissa of tlie point 
through which the normal is drawn. 
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The circle may be considered as an ellipse whose eccentricity 
= 0, since c» = a* - 6' = 0. The intercept CN, therefore, is con- 
stantly = in the case of the circle, or every noitnal to a circle 
passes through its centre, 

185. The portion MN intercepted on the axis between the 
normal and ordinate is called the Stdmormal. Its length is, by 

the last Article, c* , 6* 

y — ^ a;' = —• x\ 
a» a' 

The normal, therefoje, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point F cut the axis in T, the in- 
tercept MT is, in like manner, called the Subtangent. 

Since the whole length CT = — (Art. 173), the subtangent 

^H'"" IT' 

The length of the normal can also be easily found. For 

a* a* \tr a' / 

But if b be the semidiameter conjugate to CP, the quantity 
within the parentheses « i'* (Art. 177). Hence the length of the 

normal PN = — . 

If the normal be produced to meet the axis minor it can be 

proved, in like manner, that its length = — . Hence, the rectangle 

under the segments of the normal is equal to the square of the semi- 
conjugate diameter. ^ yg 

Again, we found (Art. tftt) that the perpendicular from the 

centre on the tangent = ■^. Hence, the rectangle under the normal 

and the perpendicular from the centre on the tangent^ is constant 
and equal to the square of the semiaans. 

Thus, too, we can express the normal in terms of the angles 
it makes with the axis, for 



^^" " t/(«^cos^a + ft»sin«a)^^''**^®^^' ' V^(l - e'sin'a)' 
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Ex. 1. To draw a nonnal to an ellipae or hyperbola passiog through a given point 
Let the point on the curve at which the normal is drawn be XT, then its equation 

is (Art 184) f!!f_^= i. 

X Y *" • 

and if this normal passes through a fixed point 9^y\ we have the relation 

XT 

Hence the points on the curve, whose normals will pass through («y) are the points of 
intersection of the given curve with the hyperbola 

c'*'xy^ a^x'y - b*f/x. 
Ex. 2. If through a given point on a conic any two lines at right angles to each 
other be drawn to meet the curve, the line joining thdr extremities will pass through 
a fixed point on the normaL 

Let us take for axes the tangent and nonnal at the given point, then the equation of 
the curve must be of the form 

A4;* + Bj:y + (V + Ey = 

(for F = 0, because the origin is on the curve, and D = (Art 132), because the tan- 
gent is supposed to be the a;ds of a;, whose equation is ^ = 0). 
Now, let the equation of emy two lines through the origin be 

Multiply this equation by A, and subtract it from that of the curve, and we get 

(B - Ap)a:y + (C - Aq)i/i + Ey = 0. 
This (Art. 86) is the equation of a figure passmg through the points of intersection of 
the lines and conic ; but it may evidently be resolved into y = (the equation of the 
tangent at the given point), and 

(B - Ap)* + (C - A9)y + E = 0, 
which must be the equation of the chord joining the extremities of the given lines. 

E 

The point where this chord meets the normal (the axis of y) is y = ; but if the 

Aq — C 

lines are at right angles 9 = — 1 (Art. 70), and the intercept on the normal has the con- 
stant length 

""A + C 
This theorem will be equally true if the lines be drawn so as to make with the nor- 
mal angles, the product of whose tangents is constant, for, in this case, q is constant : 

E 
and, therefore, the intercept is constant 

Aq — O 

Ex. 8. To find the co-ordinates of the intersection of the tangents at the points 
x'y\ x'Y, 

The co-ordinates of the intersection of the lines 

XX ,yy _. x"x y"y _ 

are «*(y'-y") 6«(ar'-"*'; ^ 

yx -y X xy -yx 
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These results may be written in another form, since 

2(yV'-y"^') = (*' + *") (y'-y")-(y' + y")(*'-n 

and (Art 171) y-y" ^ h^ x-^x" 

on making which substitutions, the preceding values become 
(£+£) (£+£) 

'=, W' Vy- ^- .yx\W ' 

a' M a" o» 

Ex.* 4. To find the co-ordinates of the intersection of the normals at the points 
xy\ xy\ 

Proceeding as in the last Example, we find 

_ (a«-y)xVX (&«-fl>)y'y-Y 

'" «* ' ^"" &* ' 

where X, Y are the co-ordinates of the intersection of tangents, found in the last Example. 




THE FOCI. 

186. If on the axis major of an ellipse 
we take two points equidistant from the 
centre, whose common distance 

= ± t/(a* - &*)j or = + c, 
these points are called the/oci of the curve. 

The foci of an hyperbola are two points on the transverse axis, 
at a distance from the centre still = ± c, c being in the hyperbola 

To express the distance of any point on an ellipse from the focus. 
Since the co-ordinates of one focus are (a? = 4 c, y = 0), the 
square of the distance of any point from it 

= {x' - cy + y'2 = x^ + y 2 - 2cx' + c*. 
But (Art. 177) 

a;'» + y'2 = 6* + e'x^ and 6* + c« = a^ 
Hence FP^* = a^ - 2cx + t^x ; 

and recollecting that c = ae^ we have 

FP = a - ex. 
[We reject the value {ex - a) obtained by giving the other 
sign to the square root. For, since x is less than a, and e less 
than 1, the quantity eo? - a is constantly negative, and, therefore, 
does not concern us, as we are now considering, not the direction, 
but the absolute magnitude of the radius vector FP.] 
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We have, similarly, the distance from the other focus 
FT = a + exy ' 
since we have only to write - c for + c in the preceding formulse. 

Hence FP + FT = 2a, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant and equal to the axis major. 

187. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP* ; but in extracting the square 
root we must change the sign in the value of FP, for in the hy- 
perbola X is greater than a, and e is greater than 1 . 

Hence, a - ea? is constantly negative ; the absolute magni- 
tude, therefore, of the radius vector is 

FP = ca? - a. 
In like manner, FT = ^ar + a. 

Hence FT - FP = 2a. 

Therefore, in the hyperbola^ the difference of the focal radii is con- 
stanty and equal to the transverse axis. 

For both curves the rectangle under the focal radii = a* - e^x'^y 
that is (Art. 177), is equal to the square of the semiconjugate dia- 
meter. 

188. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (= 2c) for origin, the 
equation is 

V ly' + (c + xY) ±V{y' + (c- xy] = 2a, 

which, when cleared of radicals, becomes 
x* v^ 
a* a* - c* 

Now, if the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore the 
coefficient oi'y^ is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coeflScient of y' 
is negative, and the locus an hyperbola. 
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189. By the help of the preceding theorems, we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed points 
F and F', it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and F', and whose axis major is equal to the length of the thread. 

In order to describe an hyperbola, let a 
ruler be fastened at one extremity (F), and 
capable of moving round it, then if a thread, 
fastened to a fixed point F', and also to 
a fixed point on the ruler (R), be kept 
stretched by a ring at P, as the ruler is moved round, the point 
P will describe an hyperbola ; for, since the sum of FT and PR 
is constant, the difierence of FP and FP will be constant. 

190. The polar of either focus is called the directrix of the 

conic section. The directrix must, therefore 

(Art. 173), be a line perpendicular to the axis 

a* 
major at a distance from the centre = ± — . 

Ejnowing the distance of the directrix from 
the centre, we can find its distance from any point 
on the curve. It must be equal to 

^, or = - (a - eaj = - (a - ex). 

c c ^ ^ e ^ ^ 

But the distance of any point on the curve fi-om the focus = a - ex'. 

Hence we obtain the important property, that the distance of 
any point on the curve from the focus is in a constant ratio to its 
distance from the directrix^ viz., as 6 to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a constant 
ratio to its distance from a fixed line (the directrix). On this de- 
finition several writers have based the theory of conic sections. 
Taking the fixed line for the axis of a?, the equation of the locus 
is at once written down 

(a?-a/)^ + (y-y7 = ^y, 

which it is easy to see will represent an ellipse, hyperbola, or pa- 
rabola, according as e is less, greater than, or equal to 1. 
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Ex. If a carve be such that the distance of any point of it from a fixed point can be 
expreisaed as a rational fonction of the first degree of its co-ordinates, then the cnrve must 
be a conic section, and the fixed point its focus (see O'Biien's " Co-ordinate Geometiy," 
p. 86). 

For, if the distance can be exinressed 

p = Aa; + By + C, 
once Aj; + By -h C is proportional to the perpendicular let hil on the right line whose 
equation is (Ax + By + C = 0), the equation signifies that the distance of any point of 
the curve firom the fixed point is in a constant ratio to its distance from thjs line. 

191. Tofind the length of the perpendicular from the focus on 
the tangent* 

The length of the perpendicular from the focus (+ c, 0) on 

the line ^g^ + ^= l^ is, by Art.27, 







'-? 




t/(S4)' 


but, Art. 


179, 




Hence 




FT4(a-e.) = *FP. 


Tiikewise, 




FT'-^(a + cz) = |FP 



Hence FT • FT = b' (since a^ - t^x" = IF), 

or, The rectangle under the focal perpendiculars on the tangent is 

constant, and equal to the square of the semiaxts minor ^ 

This property applies equally to the ellipse and the hyperbola. 

192. Some important consequences may be drawn from the 

value of the perpendicular just found. 

For we had j. pt a 

FT.?FP,or|i.»,, 

|J..nFPT. 

Hence the sine of the angle which the focal radius vector 
makes with the tangent = j^- 
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We find, in like manner, the same value for sinFPT', the 
sine of the angle which the other focal radius vector makes with 
the tangent. Hence the focal radii make equal angles with the 
tangent. 

This property is true both for the ellipse and hyperbola, and, 
on looking at the figures, it is evident 
that the tangent to the ellipse is the 
external bisector of the angle between 
the focal radii, and the tangent to the 
hyperbola the internal bisector. 

Hence, if an ellipse and hyperbola^ 
having the same fod, pass through the 
same point, they will cut each other at right angles, that is to say, 
the tangent to the ellipse at that point will be at right angles to 
the tangent to the hyperbola. 

Ex. 1. Prove analytically that confocal conies cut at right angles. 
The co-ordinates of the intersection of the conies 

satisfy the relation obtuned by subtracting the two equations 
(^-a'i)a;'« (6»-6'2)y'« 

But if the conies be confocal a^ - a'8 = 63 - 6'*, and this relation becomes 

5«a^ "*" 6«6^ "^ ^* 
But this is the condition (Art. 40) that the two tangents • 

t^ ^V ' a'« "^ 6« "■ ^' 
should be perpendicular to each other. 

Ex. 2. Find the length of a line drawn through the centre parallel to either focal ra- 
dius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

I -Vr J by the sine of the angle between the radius vector and tangent I 7; )t and is 
therefore = a, 

193. The normal, being perpendicular to the tangent, is the 
internal bisector of the angle between the focal radii in the case of 
the ellipse, and the external bisector in the case of the hyperbola. 

We can give an independent proof of this, by showing that 
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It cuts the distance between the foci into parts which are in the 
ratio of the focal radii (Euc, vi. 3), for the distance of the foot 
of the normal fix)m the centre is (Art. 184) = «V, Hence its dis- 
tances from the foci are c + e'V and c - e^a', quantities which are 
evidently e times a + ex and a - ex\ 

Ex. To draw a normal to the ellipse from any point on the axis minor. 

Ant. The circle through the given point, and the two foci, will meet the 
carve at the point whence the normal is to be drawn. 

194. Another important consequence may be deduced from 
the theorem (of Art. 191), that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have 

FTF'T'-F<.F<', or^ = |^; 

FT 
but -tp- is the ratio of the sines of the parts into which the line 

FP divides the angle at P, and =^77=7 is the ratio of the sines of 

r JL 

the parts into which F'P divides the same angle ; we have, there- 
fore, the angle TPF - ^TF. 

If we conceive a conic section to pass 
through P, having F and F for foci, it 
was proved in Art. 191, that the tangent 
to it must be equally inclined to the lines 
FP, FP; it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, P^; hence we derive a useful theorem, 
that ifthrotiffh any 'point (P) of a conic section we draw tangents 
(PT, P^) to a confocal conic section^ these tangents will be equally 
inclined to the tangent at P. 

195. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
the angles it makes with the axis by putting ^' = c, y' = in the 
formula of Art. 182, viz., 

p = ar'cosa + y sina - t/(a^cos^a + i'*sin^a). 
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Hence the polar equation of the locns is 

|0 = ccosa - t/(o^cos'a + i^sinM> 
or p^ - 2cp cos a + (? cos^a = a^ cos^a + V^ sin^a, 

or p* - 2c^C08a = 6^ 

This (Art. 93) is the polar equation of a circle whose centre 
is on the axis of re, at a distance from the focus = c; the circle is, 
therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, if we describe a circle having for diameter the transverse 
axis of an ellipse or hyperbola^ the perpendicular from the focus 
toillmeet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 166) we 
draw a radius vector FT to a given circle, and draw TP perpen- 
dicular to FT, the line TP will always touch a conic section having 
F for itsfrcus, which will be an ellipse or hyperbola, according as 
F is within or without the circle. 

It may be inferred from Art. 192, Ex. 2, that the line CT, 
whose length = «, is parallel to the focal radius vector F'P. 

196. To find the angle subtended at the focus by the tangent 
drawn to a central conic from any point (ary). 

Let the point of contact be (a^'t/'), the centre being the origin, 
then, if the focal radii to the points (ory), (^y'), be p, /o', and make 
angles 0, 0', with the axis, it is evident that 

'cos0 = , sm0 = '^; cosO^ = — t-j sm©'*^- J^" 

P P P P 

Hence * ^,//i /yx (^+_£Hfltf)_l^' . 

but from the equation of the tangent we must have * " '\ 

a^ "^ b' 
Substituting this value of yy\ we get 

ppcoQ(0 - 0') = XX -{■ ex + cx-i- c^ — 2^^ + ^^ 
or = e^xx + cjp + ex + a^ = (« + ex) {a + ex) ; 
or since p^ ^ a + ex we have (see O'Brien's " Co-ordinate Geo- 
metry," p. 156) a + ex 
cos(0 - 0) = 
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as m 



Since this value depends solely on tbe co-ordinates xy^ and does 
not involve the co-ordinates of the point of contact, either tan- 
gent drawn from xy subtends the same angle at the focus. 
Hence, The angle subtended at the focus by any chord is bisected 
by the line joining the focus to its pole. 

197. The line joining the focus to the pole of any chord pass- 
ing through it is perpendicular to that chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180° ; or di- 
rectly as follows : — The equation of the perpendicular through 

any point xy to the polar of that point f -^ + ^ = 1 j is, 
Art. 184, ^2^ y^y ^ ^ 

J- T — C • » 

X y 

c? 
But if ^y be anywhere on the directrix, we have ^' = — , and it 

will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the co-ordinates of the focus 
(d? = c, y = 0). 

When in any curve we use polar co-ordinates, the portion in- 
tercepted by the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar subtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
the pole^ the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap, xii.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle is constant which is subtended at the focus, hj the portion inter- 
cepted on a variable tangent between two fixed tangents. 

By Art. 196, it is half the angle subtended by the chord of contact of the fixed 
tangents. 

Ex. 2. If any chord PP' cut the direc- 
trix in D, then FD is the external bisector 
of the angle PFP'. -For FT is the internal 
bisector (Art. 196); but D is the polar of 
FT (since it is the mtersection of PP', the 
polar of T, with the directrix, the polar of 
F) ; therefore, DF is perpendicular to FT, 
and is therefore the external bisector. 
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[The following theorems (communicated to me by the Rev. W. D. Sadleir) are 
founded on the analogy between the equations of the polar and the tangent.] 
< Ex. 8. If a point be taken anywhere on a fixed perpendicular to the axis, the per- 
pendicular firom it on its polar will pass through a fixed point on the axis. For the 
intercept made by the perpendicular will (as in Art 184) be e* x\ and will therefore be 
constant when x' is constant. 

Ex. 4. Find the lengths of the perpendicular firom the centre and from the fod on 
the polar of x'y, 

Ex. 5. Prove CM . PN' = 63. This is analogous to 
the theorem that the rectangle under the normal and 
the centra] perpendicular on tangent is constant. 

Ex. 6. Prove PN'. NN' = - (a« - e'arn When P 
a* 

is on the curve this equation gives us the known ex- 
pression for the normal == — (Art. 185). 

Ex. 7. Prove FG . F'G' = CM . NN'. When P is on the curve this theorem becomes 
FG . FG' = 58. 

198. To find the polar equation of the ellipse or hyperbola^ the 
fi)cus being the pole. 

The length of the focal radius vector (Art. 186) = a - e^'; 
but x' (being measured from the centre) = p cos + c. 

Hence p = a - ep cos - ec^ 

or fl(l - e^) b'' 1 

^ " 1 + 6 cosfl ~ a 1 + e cos 6* 

The double ordinate at the focus is called the parameter ; its 
half is found by making = 90*^ in the equation just given, to be 
= — = a(l _ ^2^^ 'pjjg parameter is commonly denoted by the 
letter p. Hence the equation is often written 

^ 2 1 + « cos 
The parameter is also called the Latus Rectum. 

Ex. 1. The harmonic mean between the segments of a focal chord is constant, and 
equal to the semiparameter. 

For, if the radius vector FP, when jwoduced backwards through the focus, meet the 

curve agam in P', then FP bdng^ . -, FP', which answers to (9 + ISO"), will 

A JL T tf cos \f 



2 ' 1-CCOS0' 
Hence 



FP"'"FP'~/)* 
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Ex. 2. The rectaxigle under the segments of a focal chord is to the whole chord in a 
constant ratio. 

This is merely another way of stating the result of the last Example; but it may be 
proved directly by calculating the quantities FP . FP\ FP + FP', which are easily seen 
to be, respectively, 

a« 1 - e» cos?^' *" a 1 - e'cos^B' 

Ex. 8. Any focal chord is a third proportional to the transverse axis and the parallel 
diameter. 

For it will be remembered that the length of a semidiameter making an angle 9 with 
the transverse axis is (Art. 164) 



R« = 



l-eicos'^9' 



2RS 

Hence the length of the chord FP + FP' found in the last Example = . 

a 

Ex. 4. The sum of two focal chords drawn parallel to two conjugate diameters is 

constant. 

For the sum of the squares of two conjugate diameters is constant (Art 177). 

Ex. 5. The sum of the reciprocals of two focal chords at right angles to each other 
is constant. 

199. The equation of the ellipse, referred to the vertex, is 

or 26^ b" , b^ ^ 

Hence, in the ellipse, the square of the ordinate is less than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 

ft' 

y^px^-x\ 

Hence, in the hyperbola, the square of the ordinate exceeds the 
rectangle under the parameter and abscissa. 

We shall show, in the next chapter, that in the parabola these 
quantities are eqtuiL 

It was from this property that the names parabola^ hyperbola^ 
and ellipse^ were first given (see Pappus, Math. ColL^ Book vii.). 

THE ASYMPTOTES. 

200. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however, one class of pro- 
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perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, which 
in the ellipse are imaginary. 

We saw that the equations of the asymptotes were always 
obtained by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, referred 
to any pair of conjugate diameters, being 

that of the asymptotes is 

^_;_g = 0, or^,-| = 0, and^, + | = 0. 
a^ h^ a' h a! V 

Hence the asymptotes are parallel to the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. For, the equation of CT ; 

is ~ = -„ and must, therefore, coin- 
X a 

cide with one asymptote, while the 
equation of ABf — , + ^, = 1 J is pa- 
rallel to the other (see Art. 170). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one ; for if we draw AO parallel to one 
asymptote, to meet the other, and produce it equal to itself, we 
find B, the extremity of the conjugate diameter. 

201 . The portion of any tangent intercepted by the asymptotes 
is bisected at the curve ^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved AT= 6'= AT; or, directly, taking for axes the diameter 
through the point and its conjugate, the equation of the asymp- 
totes is v2 ifi 

a'^ b^ "• 

Hence, if we take x = a\ we have y = ± ft' ; but the tangent at A 
being parallel to the conjugate diameter, this value of the ordi- 
nate is the intercept on the tangent. 
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■y^ 202, ffany line cut an hyperbola^ the portions DE, FG, in- 
tercepted between the curve and its asymptotes^ are equal. 

For, if we take for axes a ^^^ J^ 

diameter parallel to DG and its ^^^s;s^ ^^ yj^^ 

conjugate, it appears from the 
last Article, that the portion 
DG is bisected by the diame- 
ter; so is also the portion EF ; 
hence DE = FG. 

The lengths of these lines can immediately be found, for, from 

the equation of the asymptotes (-^5 - |a = ^ )» we have 
y (= DM = MG) = ± ~ ar. 




Again, from the equation of the curve ( "^S "" Fa - M» 

- DE(=FG) = .{|V(|-0}' 
' DF(=EG) = *'{J.V^(5-l)}. 



203. From these equations it at once follows, that the rectangle 
DE • DF is constant^ and = i'». Hence, the greater DF is, the 
smaller will DE be. Now it is evident, that the further from 
the centre we draw DF the greater will it be, and that by taking 

a; suflSciently large, we can make DF L=*'{-/ + v (~8" } J 
greater than any assigned quantity. Hence, the further from the 
centre we draw any line^ the less will be the intercept between the 
curve and its asymptote, and by increasing the distance from the 
centre, we can make this intercept less than any assigned quantity. 

204. If the asymptotes be taken for axes, the coefficients D 
and E of the general equation vanish, since the origin is the 
centre ; and the coefficients A and C vanish since the axes meet 
the curve at infinity (Art. 136, in.): hence the equation reduces 
to the form xy = k^. 
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The geometrical meaning of this equation evidently is, that 
the area of the parallelogram formed by the co-ordinates is constant. 

205. The eqtiation being given in the form xy = A*, to form the 
equation of any chord or of any tangent. 
We have *» ^^ k" 

therefore, , „ k^hs-x") 

y-y — T^r-' 

the equation of a chord is, therefore, 

y-y' k' 

X ^' X XX 

which may be written (since A' = xy' = xy") 

y'x + x'y = A* + yx'\ 
Making x'^x" Bikdy' = y\ we find the equation of the tangent, 

xy + y'x = 2A% 
or (writing 7!%/ for A^) 

X y 

From this form it appears that the intercepts made on the 
asymptotes by any tangent - 2a/ and %j\ their rectangle is, 
therefore, 4A^. Hence, the triangle which any tangent forms with 
the asymptotes has a constant area^ and is equal to double the area 
of the parallelogram formed by the co-ordinates. 

Ex. 1. If two fixed points {xy\ x'y") on a hyperbola be joined to any variable point 
(«"y'"), the portion which the joining lines intercept on either asymptote is constant. 

The equation of one of the joining lines being 

x"y + y'x = y'a?"' + *», 
the intercept made by it from the origin on the axis of x is found by making y = to 
be x'" + X. Similarly the intercept from the origin made by the other joining line is 
x" + a?", and the difference between these two (x' — r") is independent of the position of 
the point x"'y"'' 

Ex. 2. Find the co-ordinates of the intersection of the tangents at x'y\ x"y\ 

Solve for x and y from 

xy + y'x = 2A«, x"y + y'x = 1k\ 

and we find _ 2*» {x - x") _ 2xx" _ 2y'y" 

x'y'-yx" "x'+i" ~y'4.y"* 
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206. To express the quantity k^ in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
co-ordinates of its vertex are found, by putting x-ym the equa- 
tion ary = A^, to be a? = y = A. 

Hence, if © be the angle between the axis and the asymptote, 

a = 2^cos0 

(since a is the base of an isosceles triangle whose sides = k and 
base angle =0), but (Art. 170) 

cos 9 = -77-- — r-x ; 

V(a*+62) 

hence , _ V (<** + ^0 

k ^ . 

And the equation of the curve, referred to its asymptotes, is 

a^ + ja 

207. The perpendicular from the focus on the asymptote is 
equal to the conjugate axis b.- 

For it is CF sin », but CF = V (a' + ft'), and sin = ^ . 

This might also have been deduced as a particular case of the 
property, that the product of the perpendiculars from the focus 
on any tangent is constant, and = b^. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 157), and the perpendiculars from the foci on it 
are evidently equal to each other. 

208. The distance of the focus from any point on the curve is 
equal to the length of a line drawn through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 190), and the distance from the directrix is to 

the^length of the parallel line as cosOf =-, Art. 170 1 is to 1. 

Hence has been derived a method of describing the hyperbola 
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by continued motion. A ruler ABR, bent 
at B, slides along the fixed line DD'; a 
thread of a length = RB is fastened at the 
two points R and F, while a ring at P keeps 
the thread always stretched; then as the 
ruler is/ moved along, the point P will de- 
scribe an hyperbola, of which F is a focus, 
DD' a directrix, and BR parallel to an 
asymptote, since PF must always = PB. 




CHAPTER XII. 



THE PARABOLA. 



209. The equation of the second degree, we saw (Art. 136), 
will represent a parabola, when the first three terms form a per- 
fect square, or when the equation is of the form 
{ax + fo5/)« + Da; + Ey + F = 0. 

We saw that we could not transform this equation to any 
finite point so as to make the coefficients of x and y both vanish. 
The form of the equation, hoWiever, points at once to another 
method of simplifying it. 

We know (Art. 27) that the quantity D^ + Ey + F is propor- 
tional to the length of the perpendicular from the point {xy) on 
the right line whose equation is Do; + Ey + F = ; and, in like 
manner, the quantity aar + i^ is proportional to the perpendicular 
on the line ax + by-0. 

Hence if we construct the two lines whose equations are 
arc + fey « 0, Da? + Ey + F = 0, 

the equation of the curve asserts that the square of the perpen- 
dicular from any point of the curve on the first line is in a con- 
stant ratio to the perpendicular on the second line. 

Now if we transform our axes, and make the line ax^hy our 
new axis of or, and Da;+ Ey + F = om* new stxis of y, then our new 
y will, of course, be proportional to the perpendicular on the line 
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176 THE PARABOLA. 

ax + Jy, and our new x to the perpendicular on Da; + Ey + F = 0, 
and the transformed equation must be of the form 

y^ = px. 

It is evident that our new origin is a point on the curve, and 
since for every value of x we have two equal and opposite values 
of y, our new axis of a; will be a diameter, and our new axis ofy 
parallel to its ordinates. But the ordinate drawn at the extremity 
of any diameter is (Art. 145) a tangent to the curve, therefore, 
the new axis of y is the tangent at the origin. Hence, if we are 
given the equation of the parabola in the form 

(ax + byy + D^ + Ey + F = 0, 
the equation ax-vby^O represents the diameter passing through 
the origin, and the equation Da; + Ey + F = represents the tan- 
gent at the point where this diameter meets the curve. And the 
equation of the curve, referred to a diameter and tangent at its 
extremity as axes, is of the form 

y^ = px, 

210. Though we have transformed the equation of the para- 
bola into a very simple form, yet our new axes have the incon- 
venience of not being in general rectangular. We shall prove, 
however, that it is possible to transform the equation into this 
form, still retsdning the axes rectangular. 

If we introduce an arbitrary constant A, the equation 
(ax 4 fty)2 + Da? + Ey + F = 
will be found to be equivalent to the equation 

(ax + by + A)2+ (D - 2aA)a? + (E - 26*)y + F - A^ = 0. 
Hence, as in the last Article, 

fla? + iy + A = 
is the equation of a diameter, and 

(D - 2a*)a? + (E-2iA)y + F - i^ « 
of the tangent at its extremity. (This confirms our proof (Art. 
139) that all the diameters of the parabola are parallel.) 

Now, the condition that these two lines should be perpen- 
dicular is (Art. 40) 

a (D - 2ak) + ^ (E - 2bk) = 0. 



Digitized by LjOOQ IC 



THE PARABOLA. 177 

Hence , _ aD + iE 

2(a8 + 68)' 

Since we get a simple equation to determine the particular 
value of A, which would make the new axes rectangular, there is 
one diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the curve. And we see, as in the last 
Article, that if we take for axes, this diameter ax-^-by + k^ and 
the perpendicular tangent (D - 2aA) a; + (E - 2fefe) y + F - ** ■= 0, 
the transformed equation must be of the form 

211. From the equation y^ = px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a?, since every value for x gives two 
equal and opposite for y . None of it can 
lie on the negative side of the origin, since 
if we make x negative y will be imagi- 
nary , and as we give increasing positive 
values to ^, we obtain increasing values for 
y. Hence the figure of the curve is that here represented. 

Although the parabola resembles the hyperbola in having in- 
finite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverging 
right lines ; but this is not true for the parabola, since, if we seek 
the jpoints where any right line (ar = % + I) meets the parabola 
(y2 = px)^ we obtain the quadratic 

whose roots can never be infinite as long as k and / are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity ; for any diameter (y = m) which 
meets the curve once at infinity (Art. 140) meets it once also in 

the point x ^ — ; and although this value increases as m increases, 

yet it will never become infinite as long as m is finite. 

212. The figure of the parabola may be more clearly con- 
ceived from the following theorem : 

2 a 
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If we suppose one vertex and focus of an ellipse given, while 
its axis major increases without limit, the curve will ultimately 
become a parabola. 

The equation of the el- P^ 

lipse, referred to its vertex, jr^ 
is (Art. 199) 




We wish to express b in terms of the distance VF (= »n), 
which we suppose fixed. We have m = a - V («' - ft') (Art. 186), 
whence 6* = 2am - m% and the equation becomes 

Now, if we suppose a to become infinite, all but the first term of 
the light-hand side of the equation will vanish, and the equation 
becomes ^2 ^ 4,^^ 

the equation of a parabola. 

Hence we see that the focus and vertex of an ellipse being 
given, while the axis major is indefinitely increased, the parame- 

ter (= — , Art. 198) will remain finite, and = 4m. 

Hence if the equation of the parabola be given in the form 

y^ =)?a?, the quantity p is called the principal parameter. 

A parabola may also be considered as an ellipse whose eccen- 

b^ b^ 

tricity is equal to 1 . For e^ = 1 - -g. Now we saw that -5, which 

is the coeflScient of x^ in the preceding equation, vanished as we 
supposed a increased according to the prescribed conditions; 
hence e^ becomes finally « 1. 

* 2 1 3. To find the parameter of the parabola 

{ax + hyf-\- Do: + Ey + F = 0. 
We have seen (Art. 210) that the equation may be written 
in the form 

(aaj + 65^ + Kf + (D - 2a*)^ + (E - 1bK)y + F - A»= 0; 

which, when A has the value found in that article, is 
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where we have written for shortness, 

^ ^ iD - aE • 

Now, let Y and X denote the perpendiculars from any point on 
the lines ao? + fty + A = 0, and &r - ay + F = 0, and this equation 
becomes aE - ftD • 

and aE - £D 

^ " (a* + ft^)*' 
E2:. 1. Change to the fonn ys = pa; the equation 

9ic» + 24ary + 16y« + 22a? + 46y + 9 = 0. 
Here h — h and the equation may be written 

(3a? + 4y + 6)» = 2(4a? - 3y + 8) ; 
or if the distances of any point from 3a? + 4y + 6 and 4ar — 8y + 8 be Y and X, 

Ex. 2. Find the parameter of the parabola 

ar2 2a?!^ y« 2a? 2y 

^n». 1. 

(a2 + 62)f 

This value may also be deduced directly by the help of the following theorems, which 
will be proved afterwards : — " The focus of a parabola is the foot of a perpendicular let 
fall from the intersection of two tangents which cut at right angles on their chord of con- 
tact ;" and " The parameter of a conic is found by dividing four times the rectangle under 
the segments of a focal chord, by the length of that chord" (Art 198). 

Ex. 3. If a and h be the lengths of two tangents to a parabola which intersect at 
right angles, and m one quarter of the parameter, prove 

* 214r To find the parameter of {ax + byf + Da; + Ey + F = 0, 
the axes being oblique. 

We proceed as in Art. 210, but the axes being oblique, we 
must use the condition (Art. 41) that two lines should cut at 
right angles, and the equation which determines k becomes 
a(D - 2ak) + i (E - 26ft) = [a (E - 2bk) + J (D - 2ak)) cosw 
aP + 6E - (aE + ftP) coscu 
2(a^+6^-2a6cos(u) * 
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The transformed equation then is 

((M?H-fty+A)^H- ^,^^,^^J^^^^^ {(6-aco8ai)a-(a-Jcosai)y+Fj =0, 

where ^ _ (F-P)(a^ + y-2<i6co8fai) 

(6D-aE) 
Now, let 

y_ ((w?+iy + i) sinci , y (ft - a cos ci>) a? - (a - fe cos w)y-¥¥ * 
- V(a^ + ft'-2aftcoswy ~ V(a' + **-2aftco8w) ' 

and we get (gE - 6D) sin^co 

^"(a2 + 62-2aftcosw)** 

Ex. Find the parameter of the parabola 

g» v2jy yi 2g 2y 
a« «6 ■*'6« a * 



THE TANGENT. 

215. The equation of any chord-of the parabola can be easily 
obtained. For, since y'* = pxf and y"* = px'\ we have 

and the equation of the chord is 

or (y' + y") y-px- y'y' = 0. 

The equation of the tangent is found from this, by supposing 
y == l/\ or (remembering that y*^ = px) is 2yy =p(x + x'). 

If we seek the point where the tangent meets the axis, we 
obtain x = - x\ or TM (which is called the sttbtanyerU) is bisected 
at the vertex. 

We saw that if the oblique axes were any diameter and a 
tangent through its vertex, the equation of the parabola was still 

y^ = p'ic. 
The equations of the chord and tangent remain the same, and it 
will be equally true that the subtangent is = twice the abscissa. 
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This Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take TV = VM and 
join PT ; or again, having found 
this tangent, to draw an ordinate 
from P to any other diameter, 
since we have only to take VM' = TV, and join PM'. 

216. It follows from Art. 144 (or may be proved as in Art. 
172) that the equation of the polar of any point x'\f is similar in 
form to that of the tangent, and is, therefore, 

If we seek the point where this polar meets the axis of ar, we get 

*€/ ^ "~ *€/ . 

Hence we derive a theorem, which will be useful hereafter, 
that the intercept which the polars of any two points cut off on the 
axis is eqtml to the intercept between perpendiculars from those 
points on that axis; each of these quantities being equal to (x* - a?"). 

DIAMETERS. 

217. We have said, that if we take for axes any diameter and 
the tangent at its extremity, the equation will be of the form 

y^^px. 
We shall prove this again by actual transformation of the 
equation referred to rectangular axes (jr* = joaj), because it is de- 
sirable to express the new p' in terms of the old />. 

If we transform the equation y^ =px to parallel axes through 
any point {x'y) on the curve, writing x-^- a! and y -^ y for x and 
y, the equation becomes 

y^+ 2yt/ ^px. 

Now if, preserving our axis of a?, we take a new axis of y, in- 
clined to X at an angle 0, then our old y = PN = PM' sm 0, and 
our old X = VM' + PM' cos0. (See figure, above.) 

We, therefore, substitute y sin fl fory, and a: + y cos 6 for ar, 
and our equation becomes 

y^ sin^S + 2y'y sinO = px ^ py cos 0. 
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In order that this should reduce to the form y^ "/w;, we must 

have ^ p 

2y sind spcos09 or taii©«^- 

Now this is the very angle which the tangent makes with the 
angle of i;, as we see from the equation 

Vy =/^(^ + ^')' 
This equation, therefore, referred to a diameter and tangent, will 
take the form p 

The quantity p' is called the parameter corresponding to the • 
diameter VM', and we see that the parameter of any diameter is 
to the principal parameter (p), inversely as the square of the sine of 

P 

the angle which its ordinates make with the axis^ since p' = -t^- 

We can express the parameter of any diameter in terms of the 
co-ordinates of its vertex, from the equation tan = —7 ; hence, 

^y 



sm 



hence 



p' -p + Ax, 



THE NORMAL. 

218. The equation of a line through (a/y') perpendicular to 
the tangent 2yy =p{x + ar)is p 

If we seek the intercept on the 
axis of 0? we have 

and, since VM = a;, we must have 

MN (the subnormal^ Art. 185) =^. 

Hence in the parabola the subnormal is constant^ and equal to 
the semiparameter. The normal itself 
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THE FOCUS. 

219* A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, is 
called the focus of the curve. This is the point which, Art. 214, 
has led us to expect to find analogous to the focus of an ellipse ; 
and we shall show, in the present section, that a parabola jnay in 
every respect be considered as an ellipse, having one of its foci 
at this distance, and the other at infinity. To avoid fractions 
we shall often, in the following Articles, use the abbreviation 

Tojindthe distance of any point on the curve from the focus. 

The co-ordinates of the focus being (m, 0), the square of its 
distance from any point is 

(of - my + y* = x'^ - 2mx' + a»' + 4ma?' = {x' + m)». 
Hence the distance of any point from the focus = a;' + iw. 

This enables us to express more simply the result of Art. 21 7, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus, 

220. The polar of the focus of a parabola is called the direc" 
trixy as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 216) a line perpendicular to the axis at the same distance 
on the other side of the vertex. The distance of any point from 
the directrix must, therefore, = ar' + m. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 190) that in the ellipse and hyperbola, the dis- 
tance from the focus is to the distance from the directrix in the 
constant ratio « to 1. We see, now, that this is true for the pa- 
rabola also, since in the parabola e = 1 (Art. 212). 

The method given for mechanically describing an hyperbola. 
Art. 208, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABR a right angle. 

221. The point where any tangent cuts the axis, and its point 
of contact y are equally distant from the focus. 



Digitized by LjOOQ IC 



184 THE PARABOLA — THB FOCUS. 

For, the distance from the vertex of the point where the tan- 
gent cuts the axis = a! (Art. 215), its distance from the focus is, 
therefore, x + w, 

222. Any tangent makes equal angles with the axis and vnth 
the focal radius vector. 

This is evident from inspection of the isosceles triangle, which, 
in the last Article, we proved was formed by the axis, the focal 
radius vector, and the tangent. 

This is only an extension of the property of the ellipse 
(Art. 192), that the angle TPF = TTF; for, if we suppose the 
focus F' to go off to infinity, the line PF' will become parallel to 
the axis, and TPF = PTF. (See figure, p. 178.) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 46°. 

223. To find the length of the perpendicular Jrom the focus on 
the tangent. 

The perpendicular firom the point (m, 0) on the tangent 
{yy' = 2m(aj + a?')} is 

2m(a?'+>w) _ 2m(a/ +iw) ,1 C' \\ 

= 7(^n4^ " V(4ma:'+4m^) ~ ^ ^'^^'^ ^ '^^^' 
Hence (see fig. p. 182) FR is a mean proportional between FV 
and FP. 

It appears, also, from this expression, and from Art. 218, that 
FR is half the normal, as we might have inferred geometrically 
from the fact that TF = FN. 

224. To express the perpendicular from the focus in terms of 
the angles which it makes with the aais. 

We have 

cosa = sinFTR = (Art. 217) \/(^^^\ 
Therefore (Art. 223), 

FR=t/{m(/p' + m)) = "^ 



COSO 

The equation of the tangent, thefoctis being the origin^ can, 

therefore, be expressed 

m ^ 

X cosa + ysmo + = 0, 

^ cosa 
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and hence we can express the perpendicular from any other point 
in terms of the angle it makes. 

225. The locus of the extremity of the perpendicular from the 
focus on the tangent is a right line. 

For, taking the focus for pole, we have at once the polar 

equation ^^ 

p = p cos a = m ; 

^ COSa ^ 

which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FE a radius vector 
to a right line VR, and draw PR perpendicukr to it, the line 
PR will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope^ that is to 
say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investigation 
of the locus of the foot of the perpendicular by ordinary rectan- 
gular co-ordinates. 

226. To find the locus of the intersection of tangents which cut 
at right angles to each other. 

The equation of any tangent being (Art. 224) 
X cos*a + y sina cosa + »t = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90*^ + a with the axis) is found 
by substituting cos a for sin a, and - sin a for cos a, or 

X sin*a - y sina cosa + w = 0. 
a is eliminated by simply adding the equations, and we get 

/p + 2m = 0, 
the equation oithe directrix^ since the distance of focus from di- 
rectrix = 2m, 

227. The angle between any tioo tangents is half the angle be- 
tiveen the focal radii vectores to their points of contact. 

For, from the isosceles PFT, the angle PTF which the tan- 
gent makes with the axis is half the angle PFN, which the focal 
radius makes with it. Now, the angle between any two tangents 

2 b 
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is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference of 
the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem ; for if two tangents make with each other 
an angle of 90°, the focal radii must make with each other an 
angle of 180°, therefore, the two tangents must be drawn at the 
extremities of a chord through the focus, and, therefore, from the 
definition of the directrix, must meet on the dii'ectrix. 

228, The' line joining the focus to the intersection of two tan-- 
gents bisects the angle which their points of contact subtend at the 
focus. 

The equations of two tangents being 

X cos'a + y'sina cosa + m = 0, x cos'jS + y sin j3 cos/3 + w = ; 
subtracting them, we find for the line joining their intersection 
to tte focus, -2? sin (a + jS) - 2/ cos (a + /3) = 0. 
This is the equation of a line making the angle a + /3 with the 
axis of iT. But since a and j3 are the angles made with the axis 
by the perpendiculars on the tangent, we have VFP = 2a and 
VFP = 2/3 ; therefore the line making an angle with the axis 
= a + j3 must bisect the angle PFF. This theorem may also be 
proved by calculating, as in Art. 196, the angle (0 - 0) subtended 
at the focus by the tangent to a parabola from the point xy ; when 

it will be found that cos (6 - 0') = , a value which, being 

independent of the co-ordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through xy, (See O'Brien's Coordinate Geometry^ p. 156.) 

Cor. I. If we take the case where the angle PFF = 180°, 
then PP passes through the focus; the tangents TP, TP will 
intersect on the directrix, and the angle TFP = 90°. (See Art. 
197.) This may also be proved directly by forming the equations ^ 
of the polar of any point (- w, y') on the directrix, and also the 
equation of the line joining that point to the focus. These two 
equations are 

yy = 2m{x- m), 2m (y - y) \y\x-7n)^ 0, 
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which obviously represent two right lines at right angles to each 
other. 

Cor. 2. If any chord PF 
cut the directrix in D, then FD 
is the external bisector of the 
angle PFP. This is proved as 
at p. 168. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent inter- 
cepted between the fixed tangents, is the supplement of the angle 
between the fixed tangents. 

For the angle QRT is hsifpFq (Art. 227), and, by the pre- 
sent Article, PFQ 

is obviously also half H^ 

pFq^ therefore, 

PFQ is = QRT, 
or is the supplement 
ofPRQ. 

Cor. 4. Tile cir- 
cle circumscribing the triangle Jormed by any three tangents to a 
parabola will pass through the focus. For the circle described 
through PRQ must pass through F, since the angle contained 
in the segment PFQ will be the supplement of that contained in 
PRQ. 

229. To find the polar equation of the parabola^ the focus being 
the pole. 

We proved (Art. 219) that the focal 
radius 

= as'+ m = VM+m =FM+ 2m = /o co80 + 2m. 

Hence 2m 

^" 1-COS0 

This is exactly what the equation of Art. 198 becomes, if we 
suppose c = l(Art.212). The properties proved in the Examples 
to Art. 198 are equally true of the parabola. 

In this equation is supposed to be measured from the side 
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FM ; if we suppose it measured from the side F V, the equation 
becomes 2iw 

^"^1 + 0080' 

This equation may be written 

pcos'iS = m, 
or /o*cosiO = (m)*, 

and is, therefore, one of a class of equations, 

p^cosnO = a", 
some of whose properties we shall mention hereafter. 



CHAPTER XIII. 

EXAMPLES AND MISCELLANEOUS PROPERTIES OF THE CONIQ SECTIONS. 

230. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no diflSculty to 
any reader who has carefully worked out the Examples given in 
Chapters in. and vii. We, therefore, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not found convenient to insert in 
the preceding chapters. 

Ex. 1. A line of constant length moves about 
in the legs of a given angle : to find the locus de- 
scribed by a fixed point on it. 

Denoting PL by n, PK by m, and LK by /, we 
have, by similar triangles, 

0L = -, and 0K=-. 




But since 


LK« = 0L2 + 0K2 - 20K . OL cosoi, 


we have 


Py> Pa^ 2Parycosa> 


or 





the equation of an ellipse having the point for its centre, since B«- 4 AC is here ne- 

4 
gative, being = -— sin«0. 
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Ex. 2. If P be a fixed point, and LK any rigH line drawn through it, to find the 
locus of intersection of the parallels to OK, OL, through the {)oiDts L and EL. 
A Ex. 3. Or of perpendicnlars erected to OK, OL, through the same points. 
^ Ex. 4. If a point Q be taken on LK so that QK = PL, to find its locus. 

Ex. 5. Two equal rulers, AB, BC, are connected ^ 

by a pivot at B ; the extremity A is fixed, while the 
extremity C is made to traverse the right line AC ; 
find the locos described by any fixed point P on BC. 

^ Ex. 6. Given base and difference of base angles of a A ^ 

triangle : to find the locus of vertex. 

"We may proceed exactly as at page 85, where the 8um of the base angles is given. 
The locus will be found to be an equilateral hyperbola, of which the base is a diameter. 
The difference of base angles being given, it is easy to see that the internal and external 
bisectors of the vertical angle must be parallel to fixed lines, and these lines will be pa- 
rallel to the asymptotes of the locus. Conversely, if we consider the triangle whose base 
is any diameter of an equilateral hyperbola, and whose vertex is on the curve, the sides 
are parallel to conjugate diameters (Art. 183} ; but conjugate diameters of an equilateral 
hyperbola make equal angles with the asymptotes (Art 178). 

Ex. 7. Given base and the product of the tangents of the base angles of a triangle : 
find the locus of vertex. 

It will be a conic section, of which the extremities of the base are vertices. This is 
the converse of Art 174. 

~^ Ex. 8. Given base and the product of the tangents of the halves of the base angles : 
find the locus of vertex. 

Expressing the tangents of .the half angles in terms of the sidep, it will be found that 
the sum of sides is given: and, therefore, that the locus is an ellipse, of which the extre- 
mities of the base are the foci. 

Ex. 9. Giveh base and sum of sides of a triangle : find the locus of the centre of the 
inscribed circle. 

It may be immediately inferred, from the last two examples, that the locus is an el- 
lipse, whose vertices are the extremities of the given base. 

X Ex. 10. Given the vertical angle of a triangle in magnitude and position, and also 
the area : find the locus of a point dividing the base in a given ratio. 

Ex. 11. Given base of a triangle, and that one base angle is double the other ; find 
locus of vertex. 

Ex. 12. Trisect a given arch of a circle. 

Aru. The point of trisection is determined as the intersection of the given 
arch with a given hyperbola, 
-f Ex. 13. Given base and area of a triangle ; find the locus of the intersection of per- 
pendiculars. 

t Ex. 14. Find the locus of the centre of a circle which touches two others; or which 
touches a given circle and a given right line. 

tEx. 15. Given the base of a triangle, and the length of the intercept made by the 
sides on a given line ; find the locus of vertex. 



Digitized by LjOOQ IC 



190 BXAMPLES ON CONIC SECTIONS. 

Ex. 16. Two yertices of a given triangle move along fixed right lines ; find the lociu 
of the third. 

Ex. 17. Two vertices of a triangle move along fixed right lines, and the sides pass, 
through fixed points ; find the locos of the third vertex. 

Ex. 18. Find the locus of the centre of a circle which makes given intercepts on two 
given lines. 

Ex. 19. A triangle ABC circumscribes a given circle ; the angle at C is given, and 
B moves along a fixed line ; find the locos of A. 

Let us use polar co-ordinates, the centre being the pole, and the angl^ being mea-. 
sured from the perpendicular on the fixed line ; let the co-ordii)^tes of A, B, be p, d ; p\ 9\ 
Then we have p'cos$'=p. But it is easy to see that the angle AOB is given ( = a). 
And since the perpendicular of the triangle AOB is given, we have 

pp' sina 



"~ V(p» 4- p* - 2pp cos a)* 
Bat + ^ = a ; therefore the polar eqoation of the locus is 
p^p^sm^a 



(0* cos* (o — 0) -f- />* — 2pp cos a cos(a — $)* 
which represents a conic 

Ex. 20. Given two conic sections, to find the locus of the pole, with respect to one, 
of any tangent to the other. 

Let their equations be x* y' _ i 

Ax^ + Bay + Cy* + Dx + Ey + F = 0, 
the polar of any point, with regard to the second, is (Art. 144) 

(2Ac' + By' 4- D)ar + (2Cy' + Bar' + E)y + Dar' + Ey' + 2F = 0. 
But the condition that this should touch the first is (p. 150) 

a2 (2Aar' + By' + D)2 + 5* (2Cy' + Ba;' + E)2 = (Da;' + Ey' + 2F)«. 
This condition, which must be satisfied by the point (ar'y'), is the equation of its locus, 
and is plainly of the second degree. 

231. We give in this Article some examples on the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
length of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any tangent, 
find the locus of the point where it meets it. 

E x. 3. To find the locus of the pole of a fixed line with regard to a series of concentric 
and con focal conic sections. 

We know that the pole of any line f — + - = 1 V with regard to the conic 

/ a:« ys \ 

I — + r:; = 1 K is found from the equations war = «3 and ny = 62 (Art. 172). 
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Now, if the foci of the conic are given, a' — 5' = c* is given ; hence, the locus of the 
pole of the fixed line is mx — ny — c« 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conies, its pole will be the point of contact (Art 
144). Hence, given two confocal conies, if we draw any tangent to one and tangents to 
the second where this line meets it, these tangents will intersect on the normal to the 
first conic. 

Ex. 4v The focus being the pole, prove that the polar equation of the tangent, at the 
point whose angular co-ordinate is a, is — = e cosO + CO8(0 — a). 

This expression is due to Mr. Davies (Ffulosophical Magazine for 1842, p. 192, 
cited by Walton, Examples, p. 368). 

Ex. 5. Prove that the polar equation of the chord through points whose angular co- 
ordinates are a + j3, a — /3, is 

•^ = « cos + sec i3 cos (0 — a). 
2p r- V y . 

Th|s expression is due to Mr. Frost (^Cambridge and Dublin Math. Journal^ i. 68, 
cited by Walton, Examples, p. 375). 

These equations may be conveniently used in investigating theorems concerning 
> angles subtended at, the focus. Still simpler methods,- however, of obtaining these will 
be given in Chapter xrv. 

Ex. 6. If a chord PP' of a conic pass through a fixed point 0,*then tan JPFO. 
tan^PTO is constant. 

The reader will find an investigation of this theorem by the help of the equation of 
the last Example (Walton's Examples, p. 377). I insert here the geometrical proof 
given by Mr. MacCullagh, to whom, I believe, the theorem is due. Ipoagine a point O 
taken anywhere on PP'(see figure, p. 187), and let the distance FO/be e times the dis- 
tance of from the directrix ; then since the distances of P and Irom the directrix are 
proportional to PD and OD, we have ^ 

FP ra_ € sin PDF sin PDF 'g 

PD"^0D~?' ^' sin PFD "^ sin OFD ~ 7* 

Hence (Art. 197), cos OFT e ^ 

cosPFT"^?' 

or, since (Art. 196) PFT is half the sum, and OFT half the difference, of PFO and PTO« 

tan JPFO . tan \T¥0 = ^^,. 

It is obvious that the product of these tangents remains constant if O be not fixed, but 
be anjrwhere on a conic having the same focus and directrix as the given conic. 

Ex. 7. If normals be drawn at the extremities of any focal chord, a line drawn 
through their intersection parallel to the axis will bisect the chord. 

Take any point on the directrix whose co-ordinates are a: = —, y =j8, then the equa- 

c 

tion of the polar of that point, which passes through the focus, will be - + ~- = 1. 

C 0^ 



Digitized by LjOOQ IC 



192 



EXAMPLES ON CONIC SECTIONS. 



Substituting for z from this equation in the equation of the curve, the ordinate* of the 
points where this line meets the curve are given hy the equation 

Hence, if y', y ^ be the ordinates of the point of intersection, we have 



y+y =i 



but (Art. 186, Ex. 4) 



6« + e«/3«' 



yy = 



y = - 



6«-fl» 



■yVP- 



5«e«/3 y'4y" 



It may be found, in like manner, that the absciBsn of the intersection of the chord 
with the curve are determined by the equation 

(6« + ««j3»)a:« - 26««x + c»(6» - /3») = 0, 
whence 25* c 



X + X = 






and the abscissa of the intersection of normals is 

«a(6« + «?«/3»)' 

Ex. 8. If a chord pass through a focus, the line joining the intersection of tangent-s 
at its extremities to the intersection of the corresponding normals will pass through the 
other focus. 

The equation of the joining line is c)3 (a? + c) = (a* + 6")^. 

Ex. 9. Find the locus of the intersection of normals at the extremities of a focal 
' chord. 

C3 (6.-/32) 



Solving for /3* from x = 



««(6«+«?«/3*)* 



we have 






But since 
Hence 



6«e«/3 



we have /3 = 



ia^' + a^y 



" 6« + e%p^ '^ c(c + x) 

(a« + c^)8y« 6-(c^-a^g) 
c«(c+'a;)« ~ c«(c + ar) ' 
and the locus is the ellipse 

(a« + c*)^yi = 62 (c + a?) (f 3 _ ax^:), 

or (a' + c^)^!f* + a262a;« + b^cx = 6»c*. 

Ex. 10. If be the angle between the tangents to an 
ellipse from any point P ; and if p, pj be the distances of 

p* + p'2-4a« 
2pp' 
For (Art 189) 

FT . FT' _ 6» 
" PP' 
But 
And 



that point from the focus, prove that cos 0= 



8inTPF.sin<PF = 



PF.P'F 
cos FPF' - cos TTt = 2 sin TPF . sin ^PF ; 
2pp' cos FPF' = p* + p'^- 4c^ 
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232. We give in this Article some examples on the parabola. 
The reader will have no difficulty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. 1. Find the co-ordinates of the intersection of the two tangents at the points 

^Vi «'y » to t^6 parabola y« = px. y ' + y^ v'tf" 

Ant, y = - « X = . 

Ex. 2. The tliree perpendiculars of the triangle formed by three tangents intersect on 
the directrix (Steiner, Gergonne, Annale$, xix. 69, Walton, p. 119). 
The equation of one of those perpendiculars is (Art 42) 

yy-yy 



(.-^>'fi(.-^)-». 



which, after dividmg by y'" - y", may be written 

The symmetry of the equation shows that the three perpendicnlan intersect on the direc- 
trix at a height 2y yV " y '\-y'' -^^ y"' 
^ ^+ 2 • 

' Ex. 8. The area of the trian^e formed by three tangents is half that of the triangle 
formed b]| joining their points of contact (Gregory, Cambridge Joumaly iL 16, Walton, 
p. 137). 

Substituting the co-ordinates of the vertices of the triangles in the expression of 

Art 81, we find for the latter area, ^ (y' - y") (y" - y'") (y"' - y*) ; and for the former 

area half this quantity. 

Ex. 4. Find an expression for the radius of the circle drcnmscribing a triangle in- 
scribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose sides are d, e,/ 

def 
and whose area = 2 is easily proved to be ~ . But if J be the length of the chord joiniog 

the points z'y\ x"y"\ and & the angle which this chord makes with the axis, it is ob- 
vious that J sin9' = y" ~ y". Using, then, the e:q>ression for the area found in the last 

Example, we have R = ^ . ^ F ^„ , ^,„ • We might express the radius, also, in terms 
2 sm 9^ sm sm & 

of the focal chords parallel to the sides of the triangle. For (Art. 198, Ex. 2) the length 

of a chord maJdng an angle B with the axis is c = -^-rjr . Hence B? = — - — . 

sm>9 4p 

It followB, from Art 217, that c, c", e'" are the parameters of the diameters which 

bisect the sides of the triangle. 

Ex. 5. Express the radios of the circle circumscribing the triangle formed by three 
tangents to a parabola in terms of the angles which they make with the axis. 

P P'p'p" 

^"'- ^= 2 siny sinr sinr- > ^^ ^= "^T^ where f>-,f>",p- are the pa- 

rameters of the diameters through the points of contact of the tangents 
(see Art 217). 

2c 
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Ex. 6. Find tht angU Qontained hj the two tangents through the point drV to the 

The equation of the pab of tangents is (as in Art 150) found to he 
(y'» - 4»m0 (y* - 4mjc) = {yy' - 2m(« + a?')}«. 
A parallel pair of lines through the origin is 

*y* - y'«y + •»** = o. 

The angle contained by wUdi is (Art 70) 

*^^ TT^T- 

Ex. 7. Find the locus of tang^ts to a parahola yAMi cut at a gi'^^«n imgl& 

Jtu, The hyperbola y»~ 4jiur= (;r + m)* tan«^, ory« +(« - m)«=(a:4-m)28ec8^. 
From the latter form <tf the equation it is evident (see Art 190) that the 
hyperbola has the same focus and directrix as the paralx^ and that its ec- 
centricity = sec^. 
Ex. 8. Find the locus of the foot of tiie perpendicular from the focus of a parabola 
on the normaL 

The length of the perpendicular from (i», 0) on 2m(y - y') + if' (x — x^ - la 

/(a^ + m) _,,f_,^_, , ^^1 
^^^^--—^y/{xCx+m)}, 

But if be the angle made with the axis by the perpendicular (Art. 217) 

Hence the polar equation of the locus is 
mcosO 

Ex. 9. Had the bo-ordfaiates of the intersection of the normals at flte points x'y'i ^/- 

^^ * ^ ^ 4m ^ 8«i« 

Of if a» jS, be «he cD-cnrdiaates of the correspon^ag interseetioD of tan- 
gents, then (Ex. 1) « i3» aP 

fn tn 

Ex. 10. Find the locus of the intersection of normals at the extremities of chords 
which pass through a given point :r V. 

We have then «he relation p/ » 2m <x' -ha); and on subetttaliBg itt thewnllB of 
the last Example the talue of a derived from this relation, we have 

2mx + ft^'= 4m» + 2/3» + 2»Mr'; 2m«y = 2pmx' - /3^'; 
whence, eliminating /3, we find 

2 {2m (y - yO + y (« - O }• = (4*w*' - y'») (yV + 2a?'x - 4jii«' - 2«'»). 
the equation of a parabolA whose axis is parallel to the perpendicular from the |^v«n point 
on its polar. 

Ex. 11. Find the locus of the intersection of BoimalB at right angles to each other. 

j3i 
In this case a = - m^ * = 8m + — , y s= j3, y* = m (x — 8m). 
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Ex. 1% If the lengths of two tangents be a, ft^ and the angle between them a»; find 
the parameter. 

Draw the diameter bisecting the chord of contact; then the parameter of that dia- 

meter is^ = — , and the pimapal parameter is j? = — : — = -r— -- (where w is the 

length of the perpendiciiler on the dioid fitom tiie mtefsection of the tangents). But 

%wy = oft 8mA», and 

4afr sinM 
16a:» = a« + 6« + 2«5 cosoi ; hence p = r (see p. 180). 

(a» + 6»+ 2a&oosw)« 

£z» 13. Show, firom the equation of the drcle drcamaoribuig three tangents to a pa- 
rabola, that it passes through the focus. 

The equation of the circle drcumsorilHng a triangle being (Art 105) fiy sm A 
+ yrt sin B + a/3 sin C = 0, the absolute term in this equation is found (by writing at 
full length for a, «cosa + y sma -p, &c.) to be pp" sm(fi - y) +p"pean(y - a) 
■hpp'fan(a - j3). But if the line a be a tangent to a parabola, and the origin the 

focus, we have (Art 224) p = , and the absolute term s= f 8hi(/3- y) 

^ ^ ^^ cosa' cosa cos/3 cosy ^ ^ ''' 

cosa + sin (y •- a) cos/3 + 8in(a - /3) cosy}, which vanishes identically. 

Ex. 14. Find the locus of the intersection of tangents to a parabola, being given 

either (1) the product of sines, (2) the product of tangents, (3) the sum or (4) difference 

of cotangents of the angles they make with the axis. 

Ana, (1) a circle, (2) a right line, (8) a right line, (4) a parabola. 

233. We add a few nuscellaneouB examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
the intersection of itsperpendicnlars (Brianchon & Poncelet : Grergonne, Annales, xL 205; 
Walton, p. 288). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 137) 
hb'x* + Bay + aay* - hV (a + a) x - ad (h -{■ IT) y ■>(■ adhb' = 0. 

And if the axes be rectangular, this will represent an equilateral hyperbola (Art 178) 
if oa' = — bh'. If, therefore, the axes be any side of the given triangle, and the perpen- 
dicular on it from the opposite vertex, the portions a, dj 5, are given, therefore b' is also 

given ; or the curve meets the perpendicular in the fixed point y = — r- , which is 

o 

(Ex. 7, p. 36) the intersection of the perpendiculars of the triangle. 

Ex. 2. Given a triangle, such that any vertex is the pole of the opposite side with 
respect to an equilateral hyperbola; the circle circumscribing the triangle passes through 
the centre of the curve. [This is a particular case of a theorem to be proved in the next 
Chapter (Brianchon & Poncelet, Gergonne, xL 210 ; Walton, p. 804).] 

Take two sides of the triangle for axes ; now the pole of the axis of x, with regard 
to a conic given by the general equation, lies on the diameter bisecting chords parallel 
to thataxi8(2Aar+By + D=:0), and also on the pohir of the origin (Da;+ 1^+ 2F = 0). 
If, then, we have DE = 2BF, both these lines will meet the axis of y in the same pcunt, 

and the pole of the axis of x will be the point y = - -^ on the axis of y. In the same 

B 

E 
case the pole of the axis of y will be the point on the axis of ar, j? = — — . 

D 
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The equation of tbe drde through the origin and through these two points ia 
B(««+ 2j:y cos« + y«) + Ear + Dy = 0, 
or X (2Cy + Bar + E) + y (2 Ajt + By + D) - 2 (A + C - B cos w) «y = 0, 

an equation which will evidently be satisfied by the co-ordinates of the centre, provided 
we have A + G « B cosoi, that is to say, provided the curve be an equilateral hyperbola 
(Arts. 70, 178). If DE be not = 2BF, we have still proved that the dide passes 
through the centre, which is described through the origin and through the points 

[ 0, — — J, ( ~^t ^ I? ^^^ *^ to '^y? through the points where each axis is met by the 

diameter bisecting chords parallel to the other. Hence, a cirele described through the 
centre of an equilateral hyperbola^ and through any two points^ unJU also pass through 
the intersection of lines drawn through each of these points parallel to the polar of the 
other. 

Ex. 8. If on any tangent to a conic there be taken points A, B, such that AB may 
be constant; find the locus of the intersection of tangents from A and B (see the section 
on the Anharmonic Properties of Conies). 

The points where a pair of tangents to a conic, given by the general equation, meet 
the axis of x are found (Art. 160) fh>m the equation. 

{(4AC-Ba)y'» + (4AE-2BD)y + 4AF-D2}««+2{(BD-2AE)«y+(2CD-BE) 
y'j+(D2^4AF)*' + (DE~2BF)y'}x+{(4AF-D«)a:'2 + (4BF-2DE)a:y 
+ (4CF-E8)y'»} = 0. 

Forming the difference of the roots of this equation, and putting it equal to a con- 
stant, we obtain the equation of the locus which will be in general of the fourth degree; 
but if D' = 4AF, the axis of x will touch the given conic, and the equation of the locus 
will become diviable by y% and will reduce to the second degree. We could, by the help 
of the same equation, find the locus of the intersection of tangents ; if the sum, product, 
&c., of the intercepts on the axis be given. 

THE ECCENTRIC ANGLE.* 

234. It is always advantageous to express the position of a 
point on a curve, if possible, by a single independent variable, 
rather than by the two co-ordinates x'y. We shall, therefore, 
find it useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 100) in the case of 
the circle ; and shall write 

X = a cos ^, y =b sin 0, 

* The use of this angle occurred to me some years ago, as a particular case of the 
methods given in Chapter xiv. It has, however, been already recommended by Mr* 
O'Brien in the Cambridge Mathematical Journcd, voL iv. p. 99, and has since been in- 
troduced by him, under the name here adopted, into his treatise on Plane Co-ordinate 
Geometry J p. 111. 
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a substitution, evidently, consistent with the equation of the ellipse 

The geometric meaning of the angle ^ is easily explained. 
If we describe a circle on the axis major as diameter, and pro- 
duce the ordinate at P to meet the circle at Q, then the angle 

QCL = 0, forCL = CQcosQCL, ora;'=acos0; andPL = - QL 

(Art. 166) ; or, since QL = a sin 0, we have y' = J sin 0. 

235. Some important consequences may be drawn from this 
construction. 

K we draw through P a parallel PN 
to the radius CQ, then 

PM:CQ::PL:QL::ft:a, 

but CQ = a, therefore PM = 6. 

PN parallel to CQ is, of course, = a. 

Hence, if from any point of an ellipse 
a line = a be inflected to the minor axis, £>' 

its intercept to the axis major = ft. If the ordinate PQ were 
produced to meet the circle again in the point Q', it could be 
proved, in like manner, that a parallel through P to the radius 
CQ' is cut into parts of a constant length. Hence, conversely, 
if a line MN, of a constant length, move about in the legs of a 
right angle, and a point P be taken so that MP may be constant, 
the locus of P is an ellipse, whose axes are equal to MP and NP. 
(See Art. 230, Ex. 1.) 

On this principle has been constructed an instrument for de- 
scribing an ellipse by continued motion, called the Elliptic Com- 
passes, CA, CD', are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN wiU describe an ellipse. 

If the pencil be fixed at the middle point of MN it will de- 
scribe a circle. (O'Brien's Co-ordinate Geometry^ p. 112.) 

236. The consideration of the angle affords a simple me- 
thod of constructing geometrically the diameter conjugate to a 
given one, for 
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tand = ^,= -tanA. 
X a ^ 

Hence the relation 

tane tend' = -^, (Art. 174) 

becomes tan^ tan 0' « ~ 1, 

or ^ - ^' = 90''. 

Hence we obtain the following construction for drawing the 
diameter conjugate to any given one. Let the ordinate at the 
given point P, when produced, meet the , 
semicircle on the axis major at Q, join ^ 
CQ, and erect CQ'perpendicular to it j then 
the perpendicular let fall on the axis from 
Q' will pass through P, a point on the con- 
jugate diameter. 

Hence, too, can easily be found the co-ordinates of F ^ven 
in Art. 176, for, since 

COS0' = sin^, we have — =» f-, 
a b 

and since . , . «/" x' 

sm ^ » - cos ^, we have — « 

a 

From these values it appears that the areas of the triangles 
PCM, FCM', are equal. 

Ezi 1. To ezpreas the lengths of two conjugate semidlameters in tenas (^ the 
angle ^- ^«». a'a = a« co8«0 + J« sin*^ ; 6'« = a« sin*^ + 6« cos*^. 

Ex. 2. To express the equation of any chord of the ellipae in terms of and ^' (see 

^*^^* ^«'. ^coflK^ + ^')+|aini(0 + 0')'=c<»i(^-0')- 

Ex. a. To express similarly the equation of the tangeirt 

An$, -cos0 + rsind= 1. 

Ex. 4. To express the length of the chord joining two points o, ft 
D« = a«(cosa - cosjS)* + t«(sina - sin/3)a 
D = 2 sini (a - i8) {«« ffln«J (a + /3)+ 6«co8«J (a + /3)}l. 
But (Ex. 1) the quantity between the parentheses is the semidiameter conjugate to that 
to the point K" + P)\ and (Ex. 2, 8) the tangent at the pomt i(a + )8) is parallel to 
the chord joining the points a, ^ ; hence, if h' denote the length of the semidiameter p». 
rallel to the given chords, D = 26' sin | (a - /3). 
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Ex. d. To fiad tlM ftna ot the triiug^ fenaied by thiee grren pointi O) A y. 
By Art. 31 we have 

22 = a6{sin(a - j3) + sm(^ - y) + Bin(7 - a)} 
= a5{2BanK«-)3)cofli(a-^)-2rinJ(«-/3)cosi(a + i3-2y)) 

=4«6 ain i (a - /3) sm i (/3 - y) an } (y - a) 
S« 2flfrBMii(a - j3)8iBi03 - y)siiijt(y - a). 
Ex. 6. To find the radios of the dide circnmscribing the triangie formed by three 
given points a, jS, y. 

Ifd;tf,/bethe adw ofthetiingleferBedbythetfaieepoiatS) R» ^-^s^li- 

where 5', 6", &'" are the semldiaiiietirs paraUd to the sides of the triangle. If c\ c", c" 

c'c"-'" 
be the parallel focal chords, then (see p. 193) R« = — 



(These expressions are dne 
to Mr. MacOallagh, DubKn Exam, Papen^ 1886, p.'K ; see also Crelle, yol. XL. p. 81.) 
Ex. 7. To find the equation of the circle circumscribing this triangle. 

2 (a»-6»)a; _ ^^^ , a\ ^^ i n^ , ..^ -.. i r.. . _n 2(6«~a«)y 

b 

— — -{cos(a + /3) 



u4«*. «« +y« — ii^^ — ::-^cosi(« +i3)cos J03+ y) cosi(y + o)- - 
rini(a + )3)8ini03 + y)sinKy + a)=2li^ 



+ cos(j3 + y) + cos(y + a)}. 

From this equatkiQ the oo-ocdiaates of the centre of tJiis cirde an at once obtained. 

Ex. 8. To find the loons of the intersection of the foeal radios vector FP with the 
radios of the circle CQ. 

Let the central co-ordinates of P be iry' , of ay, then 
we have, from the similar triangles, FON, FPM, 

y _ y* _ 5sin0 
fl?+c flj' + c a(« + cos0)' 

Now, since ^ is the angle made with the axis by the 
radios vector to the point O, we at once obt^ the polar 
eqoation of the locos by writing p cos^ for or, p sin0 for yt 
and we find 

P ^ ft 

c-\- ^ cos^ o(e + cos^y 

or _. ftc 

^ c + (a-6)coef' 

Hence (Art 199) the locusis an ellipse^ of which is one fi)c«fl^. andk 
proved that F is the other. 

Ex. 9. The normal at P is produced to meet CQ ; find the locos of their intersection. 
The eqvatioii of the nonnal is (Art 184) 




be 



or (Art. 234) 



«»« 6«y_ ^ 

*' ~ y' "" ^ ' 

cos ^ sin^ ' 



but we may, at in the last example, write p«os^ and piia^ for draody, and the eqoa. 

tionbecomes (a-6)p = c», 

or p « a + ft. 

The locos is, therefore, a circle concentric with the ellipse. 
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Ex. 10. It is uBefiil in astronomy to express the angle PFC m terms of the angle ^. 
It wiU be fomid that 



tan JPFC = W T — ^ ) tani0. 



Ex. 11. If from the vertex of an ellipse a radius vector be drawn to any point on 
the carve, find the locos of the point where a parallel radius through the centre meets 
the tangent at the point. 

The tangent of the angle made with the axis by the radins vector to the vertex 

s —^ — ; therefore, the equation of the parallel radius through the centre is 

X + a 

y_ y' _ ftsin^ _ 6 1 — cos^ 
jr "~ 0?' + a "~ a(l + cos^) "" a sin0 ' 

or y . ^ . «^ ^_* 

-8m0+-CO80'=-, 

o a a 

and the locus of the intersection of this line with the tangent 

\ sin0 + -coflA= 1 
o ^ a 

X 

is, obviously, - = 1, the tangent at the other extremity of the axis. 
a 

The same investigation will apply, if the first radius vector be drawn through any 
point of the curve, by substituting a and h' for a and b ; the locus will then be the tan- 
gent at the diametrically opposite point. 

237. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute 

or' = a sec ^, y -b tan 0, 
since 



©■-©' 



1. 




This angle may be represented 
geometrically by drawing a tan- 
gent MQ from the foot of the ordi- 
nate M to the circle described on 
the transverse axis, then the angle QCM a 0, since 
CM = CQ secQCM. 

We have also QM = a tan 0, but PM = h tan 0. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in a 
constant ratio to the ordinate. 

238.* Since the equation of the conjugate hyperbola is 

* This Article is taken from a paper by Mr. Turner in the Cambridge and DubKn 
Math. Jour. J voL i.- p. 122. 
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any point on the conjugate hyperbola may be expressed by 

y" = 6 sec ^', and a^' « a tan 0'. 

Now if 6 be the angle made by any diameter with the axis of 

Xy we have ^ l/ b . 

tanO = ^ = - sm^. 

In like manner •;" j 1 

tane' = S/ = '--5 — >; 
at a sm ^ 

hence the relation connecting two conjugate diameters 

tonfltane'=~ 
a* 

becomes sin » sin ^' ; 

or, simply, i^ - ^\ 

SIMILAR CONIC SECTIONS. 

239. Any two figiires are said to be similar and similarly 
placed, if radii vectores drawn to the first from a certain point O 
are in a constant ratio to parallel radii drawn to the second firom 
another point o. Ifitbepos- p 
sible to find any two such 
points O and o, we can find 
an infinity of others ; for, take ^ 
any point C, draw oc parallel 

op 
to oc, and in the constant ratio t^, then fix)m the similar tri- 
angles OOP, ocpj cp is parallel to CP and in the given ratio. In 
like manner, any other radius vector through c can be proved to 
be proportional to the parallel radius through C. 

If two central conic sections be similar, all diameters of the one 
are constantly proportional to the parallel diameters of the other, 
since the rectangles OP • OQ, op • oq, are proportional to the 
squares of the parallel diameters (Art. 152). 

240. We now propose to investigate the condition that two 
conic sections, whose equations are given, 

2d 
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Ax^ + B^ + C^^* + Da; + Ey + F = 0, 
ao? + bxy + c^ ■\- dx + cy +/ = 0, 
should be similar, and similarly placed. 

The equation of the first, referred to its centre as origin, must 
( Art. 155) be of the form 

Aa^ + Bry + Cy« = F, 
and the square of any semidiameter 

F 
Acos'0+ Bcosesine+ Csin^fl' 
the square of a parallel semidiameter of the second is 

^ f 

a 008*0 -f 6 cos sin + c sin^O 

The ratio -7 cannot be independent of 0, unless we have 
r 

ABC 

a h c 

Hence, two conic sections will be similar ^ and similarly placed^ 
if the coefficients of the highest powers of the variables are the same 
in bothf or only differ by a constant multiplier* 

241. It is evident that the directions of the axes of similar 
conies must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of the 
other. 

If the diameter of one become infinite, so must also the pa- 
rallel diameter of the other, that is to say, the asymptotes of 
similar and similarly placed hyperboUe are parallel. The same 
thing follows from the result of the last Article, since (Art. 157) 
the directions of the asymptotes are wholly determined by the 
highest terms of the equation. 

a* - i* 
Similar conies have the same eccentricity; for ^ — must 

7w*a* — m^b^ 

be = T-r Similar and similarly placed conic sections 

m^a^ "^ ^ 

have hence sometimes been defined as those whose axes are pa- 
rallel, and which have the same eccenlaicity. 

If two hyperbolae have parallel asymptotes they are similar, 
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for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 167), and tlfe eccentricity wholly 
depends on the angle between the asymptotes (Art. 170). 

242. Since the eccentricity of all parabolse is constantly « 1, 
we should be led to infer that all parabolsB are siinilar and simi- 
larly placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y* =pXj or 

__ JO cos 6 

it is plain that a parallel radius vector through the vertex of the 

other will be to this radius in the constant ratio ~ 

P 

Ex. 1. K on aay radius vector to a conic section through a fixed point 0, OQ be 
taken in a constant ratio to OP, find the locus of Q. 

We have only to substitate mp for p in the polar equation, and the locus is found to 
be a conic rimilar to the given conic, and similarly placed. 

The point O may be called the centre ofsimiUtude of the two conies ; and it is ob- 
viously (see also Art 120) the point where common tangents to the two conies intersect, 
since when the radii vectores OP, OP' to the first conic become equal, so must also 
OQ, OQ' the radii vectores to the other. 

Ex. 2. If a pair 9f radii be drawn through a centre of similitude of two similar oonics, 
the chords joining their extremities will be either parallel, or will meet on the chord of 
intersection of the conies. 

This is proved predsely as in Art. 121. 

Ex. 3. Given three similar conies, their six centres of similitude will lie three by 
three on right lines (see figure, page 113). 

Ex. 4. If any line cut two similar and concentric conies, its parts intercepted between 
the conies will be equal. 

Any chord of the outer conic which touches the interior will be bisected at the point 
of contact 

These are proved in the same manner as the theorems at pages 171, 172, which are 
bat particular cases of them ; for the asymptotes of any hyperbola may be considered as 
a conic section similar to it, since the highest terms in the equation of the asymptotes are 
the same as in the equation of the curve. 

Ex. 5. If a taogent drawn at Y, the vertex of the inner of two concentric and si- 
milar ellipses, meet the outer in the points T and T', then any chord of the inner drawn 
through y is half the algebraic sum of the parallel chords of the outer through T 
andr. 

243. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with each 
other, instead of being parallel ; so that, if we could imagine one 
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of the figureff turned round through the giren angle, they would 
be then both similar and similarly placed. 

To find the condition that the two conic sections^ 

Aic» + Bay + Cy* + Da: + Ey + F = 0, 
<M?' + bxy ■{■ cy* + dr + ey + / = 0, 
should be similar j even though not similarly placed. (Mr. Jellett: 
Dublin Examination Papers^ 1847.) 

We have only to transform the first equation to axes maldng 
any angle with the given axes, and examine whether any value 
can be assigned to which will make the new A, B, C propor- 
tional to a, by c* 

Let A' = may B' = mfi, C = mc. But the axes being sup- 
posed rectangular, we have seen (Art. 160) that the quantities 
B^ - 4 AC, A + C, are unaltered by transformation of co-ordi- 
nates ; hence we have 

A + C = A'+C' = m(a + c), 
B» - 4AC = B'2 - 4 AC = m^b^ - 4a(j), 
and the required condition is * 

B» - 4 AC y - 4ac 

(A-^cy ^ {a + cy' 

If the axes be oblique it is seen in like manner (Art. 161) that 
the condition for similarity is 

B» - 4AC y-4flc 

(A + C - B cos fti)' "" (a +€ - ft cosw)* 
It will be seen (Arts. 70, 167) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 

THE CONTACT OF CONIC SECTIONS. 

244. We proved (Art. 15) that we obtain an equation of the 
mn^ degree to determine the co-ordinates of the points of inter- 
section of two curves of the m'* and »** degrees. Hence, two 
come sections vnll in general intersect in four points • 

If two of these points of intersection coincide, the conic sec- 
tions are said to touch each other, and the line joining the coinci- 
dent points will be the common tangent. 
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Let the equations of the conies, referred to the tangent and 
normal, be (see p. 160) 

Aa^ + Bxtf + Cy» + % = 0, 

A'j?«+ B'ay + Cy»+ Ey « 0, 

then the equation of the line (LM) joining the other two points 
of intersection will be, as in Ex. 2, p. 1^0, 

(BA'- AB> + (CA'- AC')y + (EA- AE') = 0.; 
This is called a contact of the first order. 




Now the contact of the conies will evidently be more clos6 if 
three of their points of intersection coincide. In this case one of 
the points L, M must coincide with T, the line LM must pass 
through the origin, and we must have the condition 

EA - AE' = 0. 
This is called a contact of the second order. Curves which have a 
contact higher than the first order are said to osculate^ and it ap- 
pears that conies which osculate, in general, meet each other in 
one other point. 

The contact of two conies will be the closest possible when 
they have/owr consecutive points in common. Li this case the 
line LM must coincide with the tangent at T(y = 0), and we 
must have the two conditions 

EA'-AE' = 0, BA-AB'«0. 
This is called a anitact of the third order ; and since two conic 
sections cannot have more than four points common, it is the 
highest order of contact which two different conies can have. 

Hence, if the equation of one curve be 

x^ + Bxy + Cy' + Ey = 0, 
that of the other will be 

a?« + Ba;y + Cy + Ey=0. 

245. Hence an infinity of conic sections can be drawn having 
a contact of the third order with a given conic at a given point, 
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and any orte condition will enable us to determine the touching 
conic. Thus, for example, the parabola having a contact of the 
third order with the conic 

x^ + Bxy + Cy» + Ey «= 

x^ + Bxy + — y> + Ey = 0. 

We cannot describe a circle to have a contact of the third or- 
der with a given conic, because ttoo conditions must be fulfilled 
in order that this equation should represent a circle; or, in other 
words, we cannot describe a circle through four consecutive points 
on a conic, since three points are sufficient to determine a circle. 
We can, however, easily find the equation of the circle passing 
through three consecutive points on the curve. This circle is 
called the osculating circle^ or the circle of curvature* 

The equation of the conic being 

Aai" + Bxy + Cy» + Ey = 0, 
that of any circle touching it is (Art. 77, Cor. 2) 
a;* + y* + 2ry = 0, 

and the condition that the circle should osculate is (Art. 244) 

E 
E «= 2Ar, or r «= ^-j-- 

The quantity r is called the radius of curvature of the conic 
at the point T. 

246. To find an esjn'essionfor the radius of curvature at any 
point of an ellipse. 

It is plain, from the last Article, that this can be found by 
transforming the equation to the tangent and normal at the point. 

The equation referred to a diameter through the point and its 

conjugate ( -75 + -^ = 1 )j is transferred to parallel axes through 
the given point, by substituting a; + a' for a?, and becomes 

a"^ b^ ^ a 
The axes are now a tangent and diameter through the point, and 
we wish, allowing the axis of y to remain unaltered, to make the 
normal the axis of a?. 
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Now, If X and Y be rectangular co-ordinates, x and y ob- 
lique co-ordinates, inclined at an angle 0, the axis of y remaining 
unaltered, we see (as in Art. 217) that 

a:sinfl««X; y + «cosO«Y; 
and, therefore, X -- X 

On making these substitutions, the coefficient of X will be 

2 .1 

and that of Y* will be -r^ ; hence the radius of curvature 



a sine b^ 

will be , . .. • Now, a' sin is the perpendicular from the centre 
a.smd '^ ^ 

on the tangent ; therefore the radius of curvature 

= ^=(Art.l79)^. 

247. This value enables us to construct simply for the radius 
of curvature at any point. We proved (Art. 185) that the length 

of the normal = — , and that cosi/» = j, (\p being the angle between 
the focal radius and the normal) ; hence 

cos';/^ 
If, therefore, we erect a perpendicular to the normal at the 

point where it meets the axis, and again at ^^ ---vJP 

the point Q, where this perpendicular meets 
the focal radius, draw CQ perpendicular 
to it, then C will be the centre of curva- 
ture, and CP the radius of curvature. 

Another useful construction is founded on the principle that 
if a circle intersect a coniCy its chords of intersection will make 
equal angles with the axis. For, the rectangles under the seg- 
ments of the chords are equal (Euc. iii. 35), and therefore the 
parallel diameters of the conic are equal (Art. 152), and, there- 
fore, make equal angles with the axis (Art. 165). 

Now in the case of the circle of curvature, the tangent at T 
(see figure, p. 205) is one chord of intersection, and the line TL 
the other ; we have, therefore, only to draw TL, making the 
same angle with the axis as the tangent, and we have the point 
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L ; then the circle described through the points T, L, and touch- 
ing the conic at T, is the circle of curvature. 

This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Using the notation of the eccentric angle, find the condition that four points 
a, p, fy S should Ue on the same cirde (Joachimstal, CreUey xxxyi. 95). 

The chord joining two of them must make the same angle with one side of the axis 
as the chord joining the other two does with the other; and the chords beuig 

^coBi(a + /3) + |sini(a + /3) = coBi(a-/3);^coflJ(y + ^)+|sinKr + ^) 

= cosJ(y-;), 
we have tani(a + /3) + tanf (y + ^) = 0; a+/34-7 + ^=0; or= 2mir. 

Ex. 2. Find the co-ordinates of the point where the osculating circle meets the conic 
again. 

4x'* 4v'3 

We have a=i3 = y r ^nce ^ = - 8a ; or X = — - -Bx; Y = -~- - Bf/\ 

Ex. 8. There are three points on a conic whose osculating circles pass through a 
given point on the carve ; these lie on a circle passing through the point, and form a 
triangle of which the centre of the curve is the intersection of bisectois of sides (Stdner, 
CreUe^ xxxiL 800 ; Joachimstal, CreUe, xxxvi. 95). 

Here we are given d, the point where the circle meets the curve again, and from the 

last E^cample the point of contact is a = - ~. But since the sine and cosine of ^ would 

o 

not alter if J "were increased by 860°, we might also have a = --4-120°, or = --4-240o, 

8 3 

and from Ex. 1, these three points lie on a circle passing through d, ' If in the last 
Example we suppose XT given, since the cubics which determine x and y want the se- 
cond terms, the sums of the three values of x and of y are respectively equal to cipher : 
and therefore (Ex. 4, p. 5) the origin is the intersection of the bisectors of sides of the 
triangle formed by the three points. It is easy to see that the normals at these points are 
the three perpendiculars of this triangle, and therefore that they meet in a point 

248. To find the radius of curvature of the parabola. 

The equation, referred to any diameter and tangent (y* =px), 

is transferred to the tangent and normal by the same substitution 

as in Art. 246, and we find 



R^jT^ =^ (Art. 217); 
28ine 2p* 

or since (Arts. 217, 218) 

2 sin*0 cos'^;// 

The construction, therefore, used in the last Article, applies also 
to the case of the parabola. 
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£x. 1. In all the coqIc sections the radius of curvatare is equal to the cube of the 
normal divided by the square of the semi-parameter. 

Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which the 
normal makes with the axis. 

Ex. 3. find the lengths of the chords of the circle of curvature which pass through 

the centre or the focus of a central conic section. ^ 26'> , 2b1 

Am. — r-t and — . 
a a 

Ex. 4. The focal chord of curvature of any conic is equal to a focal chord of the 

conic drawn parallel to the tangent at the point 

Ex. 5. In the parabola the focal chord of curvature is equal to the parameter of the 
diameter passing through the point. 

249. To find the co-ordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
nates of the point on the conic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on ^ as the normal to the ordinate y. We find the 
projection, therefore, of the radius of cm'vature on the axis of 

y by multiplying the radius — by ~r = -^. They of the centre 

6' - V^ & 

of curvature then is — r^ — y. But 6'* = ft* + — y % therefore the 

y of the centre of curvature is — ri — y'** In like manner its x is 

a* 

We should have got the same values by making a = /3 = 7 
in Ex. 7, Art. 236. 

Or again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
tion of two consecutive normals. Now if we make a' = x" = Xy 
1/ = y"=z Y, in Ex. 4, p. 161, we obtain again the same values as 
those just determined. 

250. To find the co-ordinates of the centre of curvature of a 
parabola, 

2 E 
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The projection of the radius on the axis of y is found in like 
manner by multiplying the radius of curvature 
' N y ^ y 
sin^e^N^sin^e' 

and subtracting this quantity from y we have 

In like manner its a? is a? + jH^s = a; + ^— ;r — . 

The same values may be found from Ex. 9, p. 194. 

251. The evolute of a curve is the locus of the centres of 

curvature of its diflferent points. If it were required to find the 

evolute of a central conic, we should solve for x't/ in terms of the 

X and y of the centre of curvature, and, substituting in the equa- 

. . c' c* 

tion of the curve, should have (writing - = A, — = B), 

4^4=1. 

A* B* 
In like maimer the equation of the evolute of a parabola is found 
to be 27j9t/2 = 16(ir-ip)% 

which represents a curve called the semicubical parabola. 



^CHAPTER XIV. 

METHODS OF ABRIDGED NOTATION. 

252. We have proved (Art. 15) that we obtain an equation 
of the inn* degree to determine the co-ordinates of the points of 
intersection of two curves of the m** and n'* degrees ; and since 
an equation of the mn*^ degree has always mn roots, real or ima- 
ginary, we infer (as in Art. 69) that a curve of the m*^ degree 
will always intersect a curve of the n** degree in mn points, real 
or imaginary. Two conic sections, therefore, S = 0, S' = 0, 
nlways intersect each other in four points, real or imaginary; 
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and (Art. 36) S + AS' = is the equation of another conic through 
these four points of intersection, 

253. This will, of course, still be true if either or both the 
quantities S, S' be resolvable into factors. Thus, let S' be re- 
solvable into factors, and represent the pair of right lines a, /3 ; 
then S + kaji = 0, which is evidently satisfied by the co-ordinates 
of the points where either a or /3 meets S, will represent a conic 
passing through the four points where S is met by this pair of 
right lines. It is, therefore, the equation of a conic having a and 
fifor its chords of intersection with S. If either a or /3 do not 
meet S in real points, it must still be considered as a chord of 
imaginary intersection^ and will preserve many important pro- 
perties in relation to the two curves, as we have already seen in 
the case of the circle (Art. 111). 

If both S and S' break up into factors, the equation ay + ij38 = 
represents the conic circumscribing the quadrilateral (a/SyS), as 
we have already seen, p. 97. 

It is obvious that in what precedes a need not denote a line 
whose equation has been reduced to the form x cos a + y sina =/>, 
but that S + LM = (see convention, Art. 52) will in like man- 
ner represent a conic passing through the points where L and M 
meet S, &c. 

Ex. 1. What is the equation of a conic passing through the points where a ^ven 
conic S meets the axes ? 

Here the axes jt; = 0, 3^ = are the chords of intersection, and the equation must be 
of the form S + Jcxy = 0, where k is indeterminate. Compare Ex. 1, p. 137^ 
Ex. 2. Find the equation of the conic passing through five given points. 
Havmg formed the equations of a, j3, y, ^, the sides of the quadrilateral formed by 
four of the given points, we know that the equation must be of the form ay = hfii ; and, 
substituting in this equation the co-ordinates of the fifth point, we are able to deter- 
mine k. 

Ex. 3. Form the equation of the conic which passes through the points (1, 2), (3, 5) 
(- 1, 4), (- 3, - 1), (- 4, 3). 

Considering the quadrilateral formed by the first four points, we see that the equa- 
tion must be of the form 

(3a; - 2y + 1) (bx - 2y + 13) = k(x - 4y + 17) (3ar - 4y + 6). 

221 
Substituting in this the co-ordinates - 4, 3, which must satisfy it, we obtain k — . 

Substituting this value, and reducing the equation, it becomes 

79^-a - 320^y f 301y2 -f llOU - 1665y + 1586 - 0. 



Digitized by LjOOQ IC 





212 MBTHODS OF ABRIDGED NOTATION. 

254. We have seen that the equation S + Aa|3 = represents 
a conic passing through the 
four points P>Q; p^j; where 
a, /3 meet S: and it is evi- 
dent that the closer to each ( 
other the lines a|3 are, the 
nearer the point P is to jo, . 
and Q to q» Suppose then tliat the lines a and /3 coincide, then 
the points P, p ; Q, J coincide, and the second conic will touch 
the first at the points P, Q. We learn then that the equation 

v/ § +^ Aa' = represents a conic having double contact with S, and 
whose chord of contact is a. In like manner ay + Aj3' = repre- 
sents a conic, to which a and y are tangents, while /3 is their 
chord of contact, as we have already seen (Art. 104). Similarly 
S + L* = represents a conic having double contact with S, L being 
the chord of contact ; and I^N = M* denotes a conic to which L 
and N are tangents, while M is their chord of contact. 

If the line a were a tangent to S,the two points P and Q 
would coincide, and the conic S + A^i^ would have four consecu- 
tive points common with S, and would therefore have with it a 
contact of the third degree. Thus, for instance, we have seen 
(Art. 244) that the equations of two conies which have contact 
of the third order at a point on the axis of x are of the form 
S = and S + Az/» = 0. 

255. The forms given in the preceding articles receive impor- 
tant modifications, if any of the lines which they involve be at an 
infinite distance. It was proved (Art. 64) that when a line is re- 
moved to an infinite distance, its equation is reduced to the con- 
stant term. If, then, in any of the preceding equations, we 
substitute a constant for any of the quantities a, /3, &c., we shall 
have the form which that equation will assume when the line 
a J j3, &c., is at an infinite distance. 

Thus we know that the lines L', N touch the conic LN = M* 
at the points where they meet M ; if, then, we substitute for M 
a constant »i, we see that the conic LN = m^ is touched by the 
lines L, N at the points at infinity on those lines : in other words, 
that the lines L, N are asymptotes to this conic. If we suppose 
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the lines L, N to be the axes, we obtain the known form of the 
equation of a conic referred to its asymptotes xy » m* (Art. 204). 

In like manner, the equation /N = M* (where / is a constant) 
denotes a conic to which N is one tangent, and /, the line at in- 
finity, is another. In this equation the highest terms form the 
perfect square M*, and therefore the curve is a parabola. Con- 
versely, eoery parabola has on^Mngent altogether at an infinite 
distance. In fact, the equatio^which determines the direction 
of the points at infinity on a parabola is a perfect square (Art. 
136) ; the two points of the curve at infinity therefore coincide; 
and therefore the line at infinity is to be regarded as a tangent 
(Art. 81). And the form of the equation of the parabola /?aj = y* 
denotes that the line at infinity p is one tangent, the line x another, 
and that the diameter y is the line joining their points of contact. 

So, in general, the equation 

(ax + byy + Da? + El/ + F = 
denotes a parabola to which Da; + Ey + F = is a tangent, and 
ax + by = Q the diameter through the point of contact. 

256. In like manner, it may be inferred from Art. 253 that 
the equations S = 0, S + /M = (where / is a constant), de- 
note two conies intersecting each other in the two finite points 
where M meets either, and also in the two infinitely distant points 
where the line at infinity I meets either. Now, it is plain that 
the coefficients of x\ xy^ and y"^ are the same in the two equa- 
tions S = 0, S + ZM = ; and therefore (Art. 240) that these 
equations denote two conies similar and similarly placed. We 
learn, therefore, that two conies similar and similarly placed can 
cut each other only in two finite points ; and that this is because 
they also cut each other in two real^ coincident^ or imaginary 
points at infinity, 

257 > We may arrive geometrically 
at the same conclusion. 

First. If the curves be hyperbolae. 
The asymptotes of similar hyperbolae are 
parallel (Art. 241), that is, they inter- 
sect each other at infinity ; but each 
asymptote intersects its own curve at in- 
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finity ; hence we infer that similar and similarly placed hyperbolae 
intersect each other in the two points at infinity, where each is 
intersected by its own asymptotes (see the figure, where the two 
hyperbolae evidently tend to intersect at the two points at infinity, 
where OX meets ox^ and OY meets oy). 

Secondly. If the curves be ellipses. Ellipses only differ from 
hyperbolae in having imaginary^stead of real asymptotes. The 
directions of the points at infinity on either of two similar ellipses 
are determined from the same equation (A^^ + B^y + Cy* = 0) 
(Arts. 134 and 240). Now, although the roots of this equation 
are in both cases imaginary, yet they are in both cases the same 
imaginary roots ; we infer, therefore, that two similar ellipses 
pass through the same two imaginary points at infinity. 

Thirdly. If the curves be parabolae. They are both touched 
by the line at infinity (Art. 255). The direction of the point of 
contact at infinity is the same as that of the diameters (Art. 140), 
and is therefore the same for two similarly placed parabolae (Art. 
242). Hence two similarly placed parabolce touch each other at 
infinity, 

258. It may be inferred in precisely the same way, from 
Art. 254, that the equation S + Z* = 0, where / is constant, de- 
notes a conic touching the conic S in two points at infinity. 
Now if the equations of two conies only differ in the constant 
terms, since the co-ordinates of the centre do not contain F 
(Art. 138), the conies must have the same centre ; and since the 
first three terms are the same in both, the conies are similar ; 
hence the conies S and S + Z* are similar and concentric. We 
learn then that similar and concentric conies are to be regarded as 
touching each other at two points at an infinite distance. This is 
otherwise • evident, since we have proved in the last Article that 
the curves pass through the same points at infinity ; and since 
they have the same, real or imaginary, asymptotes, they have also 
the same tangents at those points. 

If the curves be parabolae, then since the line at infinity 
touches both, by Art. 254, the conies S and S + Z^ have with 
each other a contact of the third order at infinity. Two para- 
bolae whose equations only differ in the constant term will be 
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equal to each other ; for the parabolas y* = px, and ^' =/> (^ + n), 
are obviously equal, and if the origin be transferred to any other 
point the equations will continue to differ only in the constant 
term. We have seen too (Art. 213) that the expression for the 
parameter of a parabola does not involve the absolute term. 
The parabolse, then, S and S + 1% are equal to each other, and 
we learn that two equal and similarly placed parabolce may he 
considered as having with each other a contact of the third order 
at infinity. 

259. Since all circles are similar curves, it follows, as a par- 
ticular case of the last Articles, that all circles pass through the 
same two imaginary points at infinity^ and that concentric circles 
touch each other in two imaginary poitits at infinity. Thus we see 
the reason why two circles cannot cut each other in more than 
two finite points, and why two concentric circles do not meet in 
any finite point, although two curves of the second degree in 
general intersect in four points. We shall also show that the 
theorems established (p. 103, &c.), concerning circles which pass 
through the same two points, are only particular cases of more 
general theorems concerning conic sections which pass through 
the same four points. 

260. We proceed to notice some inferences which follow im- 
mediately on interpreting the preceding equations by the help of 
Art. 27. Thus the equation ay = k(i^ implies that the product 
of the perpendiculars from any point of a conic on two fixed tan- 
gents is in a constant ratio to the square of the perpendicular^ on 
their chord of contact. 

The equation ay = A^/SS, similarly interpreted, leads to the 
important theorem: The product of the'^ perpendiculars let fall 
from any point of a conic on two oppdUte sides of an inscribed qua^ 
drilateral is in a constant ratio to the product of the perpendiculars 
let fall on the other, two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil^ whose sides pass through four fixed points of a 
conic^ and whose vertex is any variable point ofit^ is constant. 

For the perpendicular 
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OA OB BinAOB OCODsinCOD , 
« ^5 , 7 = ^ ,&c. 

Now if we substitute these values ^ ^t^^l 

in the equation 07 =/:/3S, the con- Z^^^^^.,.^— — ^ — '^ ^ \^ 
tinned product OAOBOCOD ^/^^^- -^^ 

will appear on both sides of the V ^^\s^t - '/^ V 

equation, and may therefore be \^^ ^\^ :^^<:^i^^^ 
suppressed, and there will remain (C^ 

sin AOB. sin COD ABCD 

sinBOC . sin AOD " BCAD' 
but the right-hand member of this equation is constant, while 
the lef)>-hand member is the anharmonic ratio of the pencil 
OA, OB, OC, OD. 

The consequences of this theorem are so numerous and im- 
portant, that we shall devote a section of the next chapter to 
develop them more fully. 

261. If S = be the equation to a circle, then (Art. 88) S is 
the square of the tangent from any point xy to the circle ; hence 
S - ka(i = (the equation of a conic whose chords of intersection 
with the circle are a and /3) expresses that the locus of a point, 
such that the square of the tangent Jrom it to ajioced circle is in a 
constant ratio to the product of its distances from two fixed lines, 
is a conic passing throtigh the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, the locus of a point, the square of whose distance from a 
fixed point is in a constant ratio to the product of its distcmcesfrom 
two fixed lines, is a conic section; and the fixed lines maybe con- 
sidered as chords of imaginary intersection of the conic with an 
infinitely small circle whose centre is the fixed point. 

262. Similar inferences can be drawn fix)m the equation 
S - io' = 0, where S is a circle. We learn that the locus of a 
point, such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line, is a conic touching the circle 
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at the two points where the fixed line meets it; or, conversely, that 
if a circle have dovble contact with a cordc^ the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 
obtain the fundamental property of the focus and directrix, and 
we infer that the focus of any conic may be considered as an infi- 
nitely small circle^ touching the conic in two imaginary points 
situated on the directrix. 

263. In general, if in the equation of any conic the co-ordi- 
nates of any point be substituted^ the result will be proportional to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line.* 

For (Art. 151) this rectangle 

F 

" A cos^e + B cosfl sine + C sin^O' 
where, by Art. 129, F' is the result of substituting in the equa- 
tion the co-ordinates of the point ; if, therefore, the angle ti be 
constant, this rectangle will be proportional to F'. Hence, we 
may extend the last-proved theorems to the case where S is any 
come. For example : " If two conies have double ccmtact, the 
square of the perpendicular from any point of one upon the chord 
of contact, is in a constant ratio to the rectangle under the seg- 
ments of that perpendicular made by the other ;" or, in general, 
" If a line parallel to a given one meets two conies in the points 
F5 Q> P^ ?> stfid we take on it a point O, such that the rectangle 
OP • OQ may be to Op • O j' in a constant I'atio, the locus of O is 
a conic through the points of intersection of the given conies." 

264. If two conies have each double contact with a thirds their 
chords of contact with the third conic^ and a pair of their chords 
of intersection toith each other ^ will all pass through the same 
pointf and vnllfbrm an harmonic pencil. 

Let the equation of the third conic be S = 0, and those of the 
other two conies, 

S + L^ = 0, S + M^ = 0. 

* This is equally true for curves of any degree. 
' 2 F 
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Now, on subtracting these equations, we find for the equation 
of the chords of intersection, 

L« -- M« = 0. 

The chords of intersection, therefore (L - M = 0, L + M = 0), 
pass through the intersection of the chords of contact (L and M), 
and form an harmonic pencil with them (Art. 55). 

It is important that the student should acquire the habit of 
taking notice of the number of particular theorems often included 
under one general enunciation ; thus, for example, the present 
theorem holds good, and is proved, in like manner, if the conic S 
reduce to two right lines; hence, the chords of contact of two 
conies with their common tangents pass through the intersection of 
their common chords. 

Again, if S be any conic, while S +L' and S + M^ both reduce 
to pairs of right lines, these right lines will then form a circum- 
scribing quadrilateral, and the chords of intersection (L* - M') 
will be the diagonals of that quadrilateral, while the chords of 
contact (L and M) obviously are the diagonals of the inscribed 
quadrilateral formed by joining the points of contact. Hence, 
the diagonals of any inscribed^ and of the corresponding circum- 
scribed quadrilateral^ pass through the same pointy and form an 
harmonic pencil. 

The theorem of this Article may also be stated thus: If a 
conic section pass through two given points^ and have double con- 
tact with a given coniCy the chord of contact passes through ajixed 
point. For, suppose any conic (S + L* = 0) through the two 
given points to be fixed, then the intersection of its chord of 
contact (L), with the line joining the given points, determines a 
point through which, by the present Article, any other chord of 
contact must pass. 

In like manner : Given two tangents and two points on a conic 
section; the chord of contact will pass through a fixed point on the 
line joining the two given points. 

265. If three conies have each double contact with a fourth ^ their 
six chords of intersection uAll pass three by three through the same 
points^ thus forming the sides and diagonals of a quadrilateral. 



Digitized by LjOOQ IC 



METHODS OF ABRIDGED NOTATION. 219 



Let the conies be 




S + L> = 0, S + M» = 0, 


S + N» = 0. 


By the last Article the chords will be 




L-M = 0, M-N = 0, 


N-L-0; 


L + M = 0, M + N = 0, 


N-L = 0; 


L + M = 0, M-N = 0, 


N + L = 0; 


L-M-0, M + N = 0, 


N + L = 0. 



As in the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conies to break up into 
right lines. 

Thus, for example, if S break up into right lines, it represents 
two common tangents to S + M% S + N' ; and if L denote any 
right line through the intersection of those common tangents, 
then S + L' also breaks up into right lines, and represents any 
two right lines passing through the intersection of the common 
tangents. Hence, if through the intersection of the common tan- 
gents of two conks we draw any pair of right lines^ the chords of 
each conic joining the extremities of those lines mil meet on one of 
the common chords of the conies. This is the extension of Art. 
121. Or, again, tangents at the extremities of either qf these right 
Knes will meet on one of the common chords. 

266. If S + LS S + M% S + N», all break up into pairs of 
right lines, they will form a hexagon circumscribing S, the chords 
of intersection will be diagonals of that hexagon, and the propo- 
sition of this Article becomes Brianchon's theorem : " The three 
opposite diagonals of every hexagon circumscribing a conic intersect 
in a point." 

By the opposite diagonals we mean (if the sides of the hexa- 
gon be numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), 
(2, 3) to (6, 6), and (3, 4) to (6, 1); and by changing the order 
in which we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of which 
the present theorem is true. 

By supposing two sides of the hexagon to be indefinitely near, 
we obtain from this theorem a very simple construction for the so- 
lution of the problem, — "Given five tangents, to find the point 
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of con tact of any of them," — since any tangent is intersected by 
a consecutive tangent at its point of contact (p. 130). 

267. If three conic sections have one chord common to all^ their 
three other common chords will pass through the same point. 

Let the equation of one be S = 0, and of the common chord 
L = 0, then the equations of the other tivo are of the form 

S + LM = 0, S + LN = 0, 
which must have, for their intersection with each other, 

L(M-N) = 0; 
but M - N is a line passing through the point (MN), 

According to the remark in Art. 259, this is only an extension 
of the theorem (Art. 113), that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other com- 
mon chords. 

The theorem of Art. 266 may be considered as a still further 
extension of the same theorem, and three conies which have each 
double contact with a fourth may be considered as having four 
radical centres, through each of which pass three of their com- 
mon chords. 

The theorem of this Article may, as in Art. 113, be other- 
wise enunciated : Given fmr points on a conic section^ its chord of 
intersection with a fixed conic passing through two of these points 
will pass through a fixed point. 

A number of particular inferences may also be drawn from 
the theorem of the present Article, by sup- 
posing one or more of the conies to break up 
ijito two right lines. Thus, for example, if 
one of the conies break up into the pair of 
lines OA, OB, we obtain the theorem : 
" If through one of the points of intersection 
of two conies we draw any line meeting the conies in the points 
P,/>, and through any other point of intersection B a line meet- 
ing the conies in the points Q, q, then the lines PQ, pq^ will meet 
on CD, the other chord of intersection." Next let the points 
A, B coincide, then the two conies will touch at A, and we learn 
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that " if two right lines, drawn through the point of contact of 
two conies, meet the curves in points P, p^ Q, 9, then the chords 
PQ,/>5', will meet on the chord of intersection of the conies." 

This is a particular case of a theorem given in Art. 265, since 
one intersection of common tangents to two conies which touch, 
reduces to the point of contact (Art. 123). 

268, The equation of a conic circumscribing a quadrilateral 
(ay = A/3S) furnishes us with a proof of " Pascal's theorem," that 
the three intersections of the opposite sides of any hexagon inscribed 
in a conic section are in one right line. 

Let the vertices be abcdef and let aft = denote the equation of 
the line joining the points a, i, then, since the conic circumscribes 
the quadrilateral abcd^ its equation must be capable of beii^g put 
into the form aJ. erf- Jc.arf= 0. 

But since it also circumscribes the quadrilateral defa^ the \ same 
equation must be capable of being expressed in the form \ 
de .fa - tf.ad^ 0. >< 

From the identity of these expressions we have 
ab.cd - de .fa = (be - ef) ad. 

Hence we learn that the left-hand side of this equation (whil 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines aJ, de, cd, af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadrilateral. 
But ad is evidently the diagonal which joins the vertices a and </, 
therefore be - cfmust be the other, and must join the points 
(ai, de), (cd, af) ; and since from its form it denotes a line through 
the point (6c, ef), it follows that these three points are in one 
right line. We shall in the next chapter give another demon- 
stration of this important theorem. V.. 
By supposing two vertices of the hexagon to be indefinitely 
near, we may, "given five "points on a conic, draw a tangent at 
any of these points." 

269. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
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since the conic circumscribes the quadrilateral hcef^ its equation 
can be expressed in the form 

he.cf^ be, ef^ 0. 
Now, from identifying this with the first form given in the last 
Article, we have 

ab .cd-be . cf^ {ad - ef)bc\ 

whence, as before, we learn that the three points (oft, cf ), (cd, 6e), 
(ad, ef) lie in one right line, viz. ad - ef^ 0. 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
(de, cf)^ {fa, be), {ad, be) lie in one right line, viz. ic - arf = 0. 
But the three right lines 

bc-ef = .Of ef-ad^O, ad - be ^ 0, 

meet in a point (Art. 37). Hence we have Steiner's theorem, 
that *♦ the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, abcdef, adcfeb, afcbed, meet 
in a point." For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

TRILINEAR CO-ORDINATES. 

270. We proved (Art. 61) that being given three lines (0,13,7), 
we can express the equation of any other right line in the form 
Aa + B/3 + C7 = 0. 

In the same manner we can show that there is no conic sec- 
tion whose equation may not be written in the form 

Aa« + BajS + C/3» + Day + E/3y + Fy^ = 0. 
For this equation is obviously of the second degree ; and since it 
contains five independent constants, we may (as in Art. 128) de- 
termine these constants so that the curve which it represents may 
pass through five given points, and therefore may coincide with 
any given conic. In short, since the equation just written con- 
tains the same number of constants as the equation 
Aa?» + Bay + Cy' + Da; + Ey -h F = 0, 
it must be equally capable of representing any particular conic. 
In like manner, in general, there is no curve of any degree 
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whose equation may not be expressed as a homogeneous funetion 
of the quantities a, )3, 7. For it can readily be proved that the 
number of terms in the complete equation of the «** order between 
two variables is the same as the number of terms in the homo^ 
geneous equation of the «'* order between three variables. 

271. If (as in Art. 66) we render the Cartesian equation 
homogeneous by the introduction of the linear unit z, we at once 
perceive the identity of the two forms 

Aa« + Ba/3 + 0/3* + Day + EjSy + Fy^ = 0, 
Aa;2 + Bory + Cy' + J^xz + Yajz + F^^ = ; 

the latter being the form assumed by the former, when two of the 
lines of reference (a|3) are the axes (a^), and the third (y) is the 
line at infinity z. It is important to keep constantly in view the 
analogy which subsists between these two forms of equations. 
If, for instance, we make y = in the first equation, the result 
Aa* + Baj3 + C/3* = is plainly the equation of the lines joining 
the point (aj3) to the points where y cuts the curve. In like 
manner, if we make 2? = in the second equation, the result 
Ax^ + Ba?y + Cy* -= must be the equation of the pair of lines 
joining the origin (xy) to the points where the line at infinity 
cuts the curve (Art. 134). 

Precisely the same argument which proves (Art. 36) that the 
curve represented by 

(Aa^ + BajS + C/32) + y (Da + E/3 + Fy) = 

passes through the intersections of the line y with the pair of 
lines (Aa^ + Ba/3 + Cj3'), proves likewise that the curve passes 
through the intersections of the same pair of lines with the line 
Da + E)3 + Fy = 0. This latter equation then denotes the fourth 
side of a quadrilateral inscribed in the conic, of which the other 
three sides are the line y, and the lines joining to a/3 the points 
where y meets the curve. In like manner D^ + Ey + F = is 
the equation of a line joining the two finite points where the 
curve is met by two lines drawn through the origin to meet the 
curve at infinity. 

In general let the equation of a curve of any degree be written 

tt» + «ff-i^ + Un-^Z^ + Wn-3«' + &C. = 0, 
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(where we use the abbreviations »«, Un-i» &c* to denote terms of 
the n*, n - I**, &c, degrees). Now, if we seek the points where 
the line at infinity meets the curve, we have only to make 2r = 0, 
when we obtain the equation »» » ; hence we infer that the 
directions of the points at infinity on any curve are found by 
putting the highest terms of the equation - 0. 

Again, we saw (Art. 136), that, if A = in the equation of 
the second degree, the axis of x wiU meet the curve in one infi- 
nitely distant point. The same thing appears, by making y = 
in the equation, which will then reduce to 

Bxz + Fz^ = 0. 
The axis, therefore, meets the curve, not only in the finite point 
where it meets the line (Da? + F), but also in the point at infinity 
where it meets the line z. 

In like manner, if both A and D = 0, the points where the 
axis meets the curve are given by the equation Fz^ = ; hence, 
the axis meets the curve in two coincident points at infinity, and 
is, therefore, an asymptote. 

272. We shall commence our examples of the use of trilinear 
co-ordinates with the equation (Art. 254) of a conic section, re- 
ferred to two tangents and their chord of contact, 

LM = ES 
and shall first show how to express the equation of any line con- 
nected with the conic in terms of L, M, R. 

We can express the position of any point on the curve by a 
sinffle variable (Art. 234) ; for if fiL = R be the equation of the* 
line joining any point on the curve to (LR), then, substituting 
in the equation of the curve, we get 

M = /uR and /u»L = M 
for the equations of the lines joining this point to (MR) and 
(LM) : any two of these three equations, therefore, will deter- 
mine a point on the curve. We shall call this point the point jm. 

We can form, by Art. 59, the equation of the line joining 
two points on the curve fx and /i', and we get 
,i^'L-(|u + iu')R + M = 0, 
an equation evidently satisfied by either of the suppositions 
(^L = R, iuR = M), or Ou'L = R, /u'R = M). 
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If fi and fi coincide, we find the equation of the tangent ^ viz., 

fi^Jj - 2/uE + M = 0. 
Hence, conversely, if the equation of a right line (/i*L- 2/4R + M « 0) 
contain an indeterminate quantity /i in the second degree^ the right 
line will always touch a conic section (LM = R»). 

273. Given four points of a conic, the anharmonic ratio of the 
pencil joining them to any fifth point is constant 

The lines joining four points /*', /li", /*'", fi'" to any fifth point 

|Lc, are 
yii'0iL-E) + (M-,AR)=O, /ii"(/iL-R) + (M-/uR) = 0, 
fi'XfiL - R) + (M - fxR) = 0, fi''"(jjLL - R) + (M - fiR) = 0, 

and their anharmonic ratio is (Art. 65) 

(/" - M ) (M - f- ) 

(m'-/u'')(m"-/T 
and is, therefore, independent of the position of the point /x. 

We shall, for brevity, use the expression, " the anharmonic 
ratio of four points of a conic," when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

274. Four fixed tangents cat anyffth in points whose anhar- 
monic ratio is comtant. 

Let the fixed tangents be those at the points /*', ju", fi'\ fi'"\ 
and the variable tangent that at the point /x ; then the anharmonic 
ratio in question is the same as that of the pencil joining the four 
points of intersection to the point LM. Now if we eliminate R 
from the equations of any two tangents, 

fi^lu - 2/uR + M « 0, 
,i'«L-2/t'R+M = 0, 
we obtain /u/i'L - M = 0, 

the equation of the line joining LM to the intersection of these 
two tangents. The anharmonic ratio in question is therefore that 
of the four lines, 

/u/w'L - M = 0, ^^"L - M = 0, /u/x"L - M = 0, /[i/x"'L - M = 0, 
which by Art. 55 is 

( M--/i")(M"'-f^"" ) 

2 G 
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a result independent of /u. Hence too we see that the anharmonic 
ratio of four tangents is the same as that of their points of 
contact. 

275. Since the equation of the line joining any point to (LM) 
is jii*L - M, we see that the two points + /* and - /i lie on a right 
line passing through LM. 

The expression given in the last Article for the anharmonic 
ratio of four points on a conic, /*', /*", ^l^ ^"\ remains unchanged, 
if we alter the sign of each of these quantities ; hence we derive 
an important theorem, that if we draw four lines through any point 
LM, the anharmonic ratio of four of the points (fi', /u", ft'", fi"") 
where these lines meet the conicy is equal to the anharmonic ratio 
of the other four points (- ju', - /*", - /*'", - /u"") where these lines 
meet the conic. 

The equation in this form enables us easily to investigate pro- 
perties of two conic sections relating to the point of intersection 
of their common tangents. For, let L and M be common tan- 
gents to two conies, and their equations will be 
LM - K2 = 0, LM - R« = 0. 

A point of one conic may be said to correspond to a point of 
the other if the line joining them passes through (LM) the inter- 
section of common tangents. This will be the case if they have 
the same fi, since the equation fi^Jj - M = does not involve R 
or R'. Points are said to correspond inversely if they have the 
same /tx with opposite signs. The chord joining any two points 
of one conic is said to correspond to the chord joining the corre- 
sponding points of the other. 

Corresponding lines must meet on one or other of the common 
chords of the curves (Art. 265). 

The chords of intersection of LM - R^ and LM - R* are 
R» - R« = 0, 
but /ix)u'L-0i + /u')R + M = O, 

evidently intersect on the common chord R - R'. If the lines 
correspond inversely they meet on the common chord R + K', 
as will be seen by changing the signs of fi and fx in the latter 
equation. 
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The anharmovdc ratio of four points of one conic is equal to 
the anharmonic ratio of the four corresponding points of the other. 

This useful theorem follows immediately from the expression 
for the anharmonic ratio of four points given in the last Article, 
and &om the fact that corresponding points have the same fi. 

276. To find the equation of the polar of any point. 

Let the coK>rdinates of the point substituted in the equation 
of either tangent through it give the result 

p^lJ - 2)uR' + M' - 0. 

Now, at the point of contact, /i* = y'^ ^"^^ /* "= t" (Art. 272). 

Therefore, the co-ordinates of the point of contact satisfy the 
equation ML' - 2RR' + ML = 0, 

which is, therefore, that of the polar required. 

We may sometimes express a point by the equations 

aL - E = 0, 6R - M = ; 

in this case, by exactly the same method, the equation of the 

polar is found to be 

abli - 2aR + M = 0. 

277. It is evident that if we were given any relation between 
the /i's of two points, we could find the envelope of the chord 
joiniDg them, or the locus of the intersecition of their tangents. 
One or two simple cases of this are worth mentioning. For ex- 
ample, if we were given the product of two /i's, /u/i' = a, then 
(Art. 274) the intersection of their tangents will lie on the right 
line ah - M = ; and by substituting a for /u/x' in the equation 
of the chord joining the points, we see that this chord must pass 
through the fixed point (aL + M, R). 

In general the chord joining two points, 
yii/Ali-C^ + ZiOR + M^O, 
will pass through a fixed point (Art. 50) if 
fl/u/i' - 6 (fi + /i') + c = 0, 
where a, i, c are any constants ; that is, if 

^ " ajuL- b 
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If the ratio of two fi& be given, fi <= kfi, the equation of the 
chord becomes 

the chord must, therefore (Art. 272), always touch the conic 
4ALM « (1 + A)»R*. 
This property may be expressed in a more symmetrical form, 
as follows : <^ The chord joining the points fi tan ^, p, cot ^, will 
always touch the conic LMsin'2^ = K' at the point jn on that 
conic." It can be proved, in like manner, that " the locus of the 
intersection of tangents at the points fi tan^ and /i cot ^, will be 
the eonic LM = R» sin»2^." 

278. Since the expression for the anharmonic ratio of four 
points on a conic (Art. 273) remains unaltered, if we multiply 
each /i either by tan or by cot 0, we obtain an important theo- 
rem : " If two conies have double contact^ the anharmomc ratio of 
four of the points in which any four tangents to the one meet the 
other ^ is the same as that of the other four points in which the four 
tangents meet the curve^ and also the same as that of the four 
points of contact"* 

Or, again : " If from four points of one of the conies pairs of 
tangents be drawn to the other, the anharmomc ratio of one set 
of points of contact is equal to the anharmonic ratio of llie other 
set." 

K, in the expression for the anharmonic ratio of four points 

(Art. 273), we substitute for each /u, — -^ (a, i, c, d being con- 
stants), the anharmonic ratio will remain unaltered. It will be 
found that this is the most general substitution we can make for 
ju, which will leave the anharmonic ratio unchanged. The chord 

joining /li, -^, will envelope a conic having double contact 

with the ^ven one. For its equation is 

ju (a + V) I^ - {(« + */*) + /* (^ + ^m)} R + (c + rf/i) M = 0, 
or (feL - <m)/i'* + (aL - 5R - cR + dW) ^ + cM - aR = 0, 

* This extension of the theorem in page 226 was communicated to me by Mr. Town- 
send, who had obtained it geometrically. 
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a line always touching a conic whose equation can be written in 
the form 

4(6c - ad) (LM - R«) + [dL 4 (ft-c) E - rfM)» = 0, 

and which, therefore, has double contact with the given conic. 
We may see, from Art. 277, that the touched conic will reduce 
to a point if i= - c. 

Hence, " Given three chords of a conic, AA', BB', CC ; the 
envelope of a fourth chord Diy, such that the anharmonic ratio 
of ABCD is equal to that of A'B'C'iy, will be a conic having 
double contact with the given one." 

279. We give now some examples of the application of the 
preceding formulsB to the investigation of questions relating to 
\h.ei position of lines (Art. 1), We suppress some formulae re- 
lating to the magnitude of lines and angles, as, where these are 
concerned, it is in general more advantageous to use ordinary 
rectangular co-ordinates. 

Ex. 1. A triangle is drcamscribed to a given conic ; two of its vertices move on 
fixed right lines : to find the locus of the third. 

Let us take for lines of reference the two tangents through the intersection of the 
fixed lines, and their chord of contact Let the equations of the fixed lines be 

aL-M = 0, 6L-M=0, 
while that of the conic is LM - B* =: 0. 

Now we proved (Art 277) that two tangents which meet on aL ~ M must have th6 
product of their |<*s = a ; hence, if one side of the triangle touch at the point /i, the 

a h 

others will touch at the points -, -, and their equations will be 

a"!^ a h* h 

--L-2-R + M = 0, --L-2-R + M = 0, 
A*' /* M' M 

H can easily be eliminated from the last two equations, and the locus of the vertex is 

found to be __, 4a6 _„ 

LM = 7 TTT R2 

(a + 6)« ' 

the equation of a conic having double contact with the g^ven one along the line R. 

Ex. 2. To find the envelope of the base of a triangle, inscribed in a conic, and whose 
two sides pass through fixed points. 

Take the line joining the fixed points for R, let the equation of the conic be LM = R^ 
and those of the lines joining the fixed points to LM be 

aL + M = 0, 6L + M = 0. 

Now, it was proved (Art, 277) that the extremities of any chord passing through 
(aL + M, R), must have the product of their /li's = a. 
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a b 

Hence, if the vertex be u, the base angles most be - and — , and the equation of 

the base muat be 

aVL - (a + 6) /*R + f**M = 0. 

The base rnuBt, therefore (Art 272), always touch the conic 

Aab ' 

a conic having double contact with the given one along the line joining the given points. 

Ex. 8. To inscribe in a conic section a triangle whose sides pass through three given 
points. 

Two of the points being assumed, as in the last Example, we saw that the equation 
of the base must be ^jl - (a + 6)|«R + /ii«M = 0. 

Now, if this line pass through the point cL - R = 0, <nt - M = 0, we must have 

ab-(a + b) fie + fi^cd = 0, 
an equation suf^cient to determine ft. 

Now, at the point fi we have /aL = R, /uSL = M ; hence the co-ordinates of this point 
must satisfy the equation a6L - (a -}- 6) cR + crfM = 0. 

The question, therefore, admits of two solutions, for either of the points in which this 
line meets the curve may be taken for the vertex of the required triangle. 

The solution here given, although algebraically complete, has the disadvantage of 
not pointing out how to construct geometrically the line whose equation has just been 
given ; it will be a useful exercise, however, on the preceding formulfe, if the student 
verify by this method the following construction, which we shall prove otherwise in the 
next chapter : — " Form the triangle whose sides are the polars of the three given points, 
join each point to the opposite vertex of this triangle, and the line joining the points in 
which two of these lines meet the opposite sides of the polar triangle will be the required 
line." 

The three given points are 

(ah + M, R), (bh + M, R), (cL - R, dfR - M), 
and the three polars, aL — M, 5L - M, cdL ^ 2cR + M; 
the three joining lines are 

6 (a + erf) L - 2c (a + 6) R + (a + c<0 M = 0, 

o(6+ cd)L-2c(a+ 6)R + (6 + crf)M = 0, 

cdL - M = 0. 

Now, the line whose equation we want to construct passes through the intersection of the 
first of these lines with bL — M, and of the second with aL — M. 

Ex. 4. Mac Laurin^s method of generating conic sections. The three sides of a tri- 
angle pass through three fixed points, and two vertices move on fixed lines, the third 
vertex will describe a conic section. 

Let the triangle formed by the given points be L, M, N. 

Let the given lines be L + aM + 6N = 0, (1) 

L + a'M + 6'N = 0. (2) 

Let the base of the triangle be L = /liM. (3) 
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Siibstitutiiig this value of L in (1) we find, for the equation of the line joining (1, 3) to 
WN), (^ + a)M+6N = 0. 

In like manner, the line joining (2, 3) to (L, N) is 

0* + a") L + ^6'N = 0. 
Eliminating fi from the last two equations, the equation of the locos is 

a'lM = («M + 6N) (L + bJl), 
The locns is, therefore, a conic passing through the points (L, N), (M, N), (L, 1), (BC, 2). 

Ex. 6. The base of a triangle touches a given conic, its extremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
points : find the locus of the vertex. 

Let the fixed tangents be L, M, and the equation of the conic LM = B^. Then the 
point of intersection of the line L with any tangent (/a>L - 2/iR + M) Will have its co- 
ordinates L, R, M respectively proportional to 0, 1, 2/a. And (by Art 59) the equation 
of the line joining this point to any fixed pomt L'R'M' will be 

LM' - LTkl = 2/ii (LB' - L'R). 
Similarly, the equation of the line joming the fixed point L"R"M" to the point (2, fi, 0), 
which is the intersection of the line M with the same tangent, is 

2 (RM" - B"M) = fi (LM" - L"M). 
TOinimating ^, the locus of the vertcx is found to be 

(LM' - L'M) (LM" - L"M) = 4 (LB' - L'R) (RM" - R"M), 
the equation of a conic through the two given points. 

Ex. 6. If in the last example the extremities of the base lie on any conic having 
double contact with the given conic, and passing through the given points, to find the 
locus of the vertex. 

Letthecomcsbe lM-B> = 0, LM-^ = 0, 

then, if any line touch the latter at the point f<, it will, by Art 277, meet the former in 
the points ft tan and ft cot0, and if the fixed points are ft', ft", the equations of the 
sidesare /if*' ten^L - (/*' + f« tan^)R + M = 0, 

fift" cotf L - (fi" + fi cot 0) R + irf! 
Eliminating ft, the locus is found to be 

(M - fi'R) (ji"h - R) = tan30 (M - fi"R) (ji'L - R). 

FOCAL PROPERTIES. 

280. We shall next discuss the equation L' + M' - R« = 0, 
which IS one of great importance, and, as well as the equation 
LM = R% admits of our expressing the position of any point on 
the curve by a single indeterminate. We may suppose 

L a B cos 0, M « B sin ; 
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then (as at pp. 93, 198) the chord joining any two points is 

• L cos i (0 + ^') + M sin J (^ + 0') = R cos i (^ - ^'), 
and the tangent at any point is 

Lcos0 + Msin0 «= R. 
281. The equation IJ + M* - R* = represents *ia conic such 
that any (ffthe lines L, M, R is the polar with regard to it of the 
intersection of the other two. For it may be written in any of the 
forms 

L» = R»-M«; M2 = R2-L2; R« = M» + L^ 

The first form shows that the lines R + M, R - M (which inter- 
sect in RM) are tangents, and L their chord of contact ; conse- 
quently RM is the pole of L. Similarly, the second form shows 
that RL is the pole of M. The third form shows that the ima- 
ginary lines L + Mv^- 1, L - Mv^- 1 (which intersect in the 
real point LM), are tangents, and R their chord of contact ; con- 
sequently the point LM is in like manner the pole of R, but it 
lies inside the conic, since the tangents through it are imaginary. 
It is evident in like manner that the equation 

denotes a conic such that the point a/3 is the pole with regard to 
it of the line y ; for the left-hand side of the equation can be re- 
solved into the product of factors representing two lines which 
pass through a/3. 

282. Themostimportantapplicationof the equationL^+M*=5R^ 
is in obtaining the properties of the foci. For if a; = 0, y = 0, be 
any lines at right angles to each other through a focus, and 7 = 
the equation of the directrix, the equation of the curve is 

a?* + y* = e^ y\ 

a particular form of the equation we are examining. 

The form of the equation shows that the focus (xy) is the 
pole of the directrix y, and that the polar of any point on the 
directrix is perpendicular to the line joining it to the focus 
(Art. 197), for y, the polar of (^7), is perpendicular to a?, but x 
may be any line drawn through the fociis. 

The form of the equation shows that the two imaginary lines 
represented by the equa;tion {x'^ + y^ = 0) are tangents drawn 



Digitized by LjOOQ IC 



METHODS OF ABRIDGED NOTATION. 233 

through the focus. Now, since these lines are the same whatever 
y be, it appears that all conies which have the same focus have 
two imaginary common tangents parsing through thisjbcus. All 
conies, therefore, which have both foci common, have^wr imagi- 
nary common tangents, and may be considered as conies inscribed 
in the same quadrilateral. The imaginary tangents through the 
focus {x^ + y'* = 0) are the same as the lines drawn to the two 
imaginary points at infinity on any circle (see Art. 259). Hence 
we obtain the following general conception of foci, which we shall 
find useful afterwards : <* Through each of the two imaginary 
points at infinity on any circle draw two tangents to the conic ; 
these tangents will form a quadrilateral, two of whose vertices 
will be real and the foci of the curve, the other two may be con- 
sidered as imaginary foci of the curve." 

283. The tangents through (7, x) to the curve are evidently 
ey-v X and ey - x. If, therefore, the curve be a parabola, c = 1 ; 
and the tangents are the internal and external bisectors of the 
angle (7^). Hence, " tangents to a parabola from any point on 
the directrix are at right angles to each other." 

In general, since x- ey cos 0, y = ^y sin^, we have 

^ = tan^; 

X ^ 

or expresses the angle which any radius vector makes with x. 
Hence we can find the envelope of a chord which subtends a 
constant angle at the focus, for the chord 

X cos i (0 + 0') + y sin ^ (0 + 0') = ey cos i (^ - ^')j 
if ^ - 0' be constant, must, by the present section, always touch 

^2 + ^2 ^ g2 y2 cos2 1(0- 0'), 

a conic having the same focus and directrix as the given one. 

284. The line joining the focus to the intersection of two tan- 
gents is found by subtracting 

X COS0 + y sin - cy = 0, 

X cos^' + y sin <p' - ey - 0, 
to be X sin J (0 4 0') - y cos i (^ + 0') = 0, 

the equation of a line making an angle i (</> + 0) with the axis of 
x^ and therefore bisecting the angle between the focal radiL 

2 H 



Digitized by LjOOQIC 



234 METHODS OF ABRIDGED NOTATION. 

The line joining to the focus the point whel^ the chord of 
contact meets the directrix is 

X cos i(^ + 0') + y sin i (0 + 0') = 0, 
a line evidently at right angles to the last. 

To find the locus of the intersection of tangents at points which 
subtend a given angle 28 at the focus. 

By an elimination precisely the same as that in Ex. I and 2, 
p. 93, the equation of the locus is found to be {x^ + y^) cos^S = ^^7% 
which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity = -z; 

If the curve be a parabola, the angle between the tangents is 
in this case given. For the tangent (.rcos^ + t/sin^ - 7) bisects 
the angle between ^cos ^ + ^ sin and 7. The angle between the 
tangents is, therefore, half the angle between a'cos0 +ysin0 and 
X cos 0' + y sin 0', or = ^ (0 - 0'). Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of tan- 
gents to a parabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the se- 
can tofthe given angle^ or whose asymptotes contain double the 
given angle (Art. 170). 

ENVELOPES. 

285. We have seen that the line represented by the equation 
^'L - 2/iR + M = 0, 
always touches the curve LM = R*. 

We wish the reader to take notice that this will be the case 
whether L, M, R represent right lines or not. For the equation 

fifjllj -(/i + ju')R + M = 
must be satisfied for any points which satisfy the equations 

OiL-R = 0, /uR-M-0), ()uX-R=0, ^'R-M = 0), 
and is therefore the equation of a curve passing through the points 
in which //L - R and /^'L - R meet LM - R^. Now let fi = /i', 
and we see that fx^lj - 2/iR + M touches LM - R* in the points 
where ^L - R meets it. 
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Similar remarks apply to the equation 

L COS + M sin ^ » B, 

which indeed may be reduced to the preceding form by assuming 

tan^0 = /u, as we have then 

^ l-/i» . ^ 2/i 
cos = -^, sm - '^ 



1 + ^2' —r 1^^,^ 

and substituting these values, and clearing of fractions, we have 
an equation in which jm only enters in the second degree. 

If, therefore, we are required to find the curve always touched 
by a variable line, we have only to form its equation so as to con- 
tain only a single indeterminate, and, if this indeterminate be only 
in the second degree^ the envelope can be found as above. We 
can in like manner find the f nvelope of a line whose equation 
contains two indeterminates, provided these be connected by some 
given relation, for we have only to eliminate one of the indeter- 
minates by the help of the given relation. 

Ex. 1. To find the envelope of a line such that the product of the perpendiculars on 
it from two fixed points may be constant. 

Take for axes the line joining the fixed points and a perpendicular through its middle 
point, so that the co-ordinates of the fixed points may be y = 0, 2r = + c ; then if the va- 
riable line bey-ma; + n = 0, we have by the conditions of the question 

(n + nic) (f» - mc) = 6«(H- m'5), 
or f»^ = 68 -I- 6«i»« + c'*m\ 

but vT-szy^ - 2mry + m« **», 

tWefore m« (ar« - ft? - c«) - 2mxy + y« - 6* = ; 

and the envelope is x'y^ = (a:* - 6« - c«) (y» - 6«), 

or «t 4/i 



£x. 2. Find tho envelope of a line such that the sum of the squares of the perpendi- 
culars on it from two fixed points may be constant. , a' y> 

Ex. 3. Find the envelope if the difference of squares of perpendiculars be given. 

Ans. A parabola. 

Ex. 4. Through a fixed point O any line OP is drawn to meet a fixed line ; to find 
the envelope of PQ drawn so as to make tlie angle OPQ constant. 

Let OP make the angle 9 with the perpendicular on the fixed line, and its length is 
^ seed ; but tlie perpendicular from on PQ makes a fixed angle /3 with OP, therefore 
its length is = ji? sec0 cos/3 ; and since this perpendicular makes an angle = 9 + 13 with 
the perpendicular on the fixed line, if we assume the latter for the axis of x, the equa- 
tion of PQ is ^ cos (e + /?) + y sin (0 + /3) = i? sec 9 cosft 
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or X cos (20 -f- /3) + y sin (20 + /3) = 2j> cos/3 ~ ar cos/3 - y sin j3, 

an equation of the form L coe^ + M sin^ = R, 

whose envelope, therefore, is 

a;» + y« = (a; cos/3 -|- y sin/3 - 2p cos/3)«, 
the equation of a parabola having the point O for its focus. 

Ex. 6. To find the envelope of the line — + — = 1 where the indetermiuates are 

A* A* 
connected by the relation f» + /i' = C. 

We may substitute for /a', C - /a, and dear of fractions; the envelope is thus found 
to *>« A« + B« + C« - 2AB - 2AC - 2BC = 0, 

an equation to which the following form will be found to be equivalent, 

+ VA + VB tVC = 0. 

Thus, for example, — Given vertical angle and sum of sides of a triangle, to find the en< 
velope of base. 

The equation of the base is £ ^ _ i 

+ -r — 1» 
a o 

where a + 6 = c. 

The envelope is, therefore, 

iP« + y* - 2a;y - 2cx - 2cy + c« = 0, 
a parabola touching the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, and the 
sum of their squares, to find its envelope. 

If in the equation x« y* _ , 

we have «'* + 6'* = c*, the envelope is 

a? + y + c = 0. 
The ellipse, therefore, must always touch four fixed right lines. 
Ex. 6. Again,* given the two equations . w 

A"*'b"^C=^» V0ifl) + V(/ii'6) + V(/i'V) = 0, 
if we eliminate ^", the equation In C. will be only of the second order, and the envelope 
wiU be found to be Aa + Bi + Cc = O.f 



* This example, and its applications, are taken from Mr. Hearn's Research$8 on Oofiic 
iStt'tions. 

t In general, given the two equations 

(/lA)'" -f (ji'By* + (/i"c)«» = 0, (/!«)" -f (fi'by + (ji"cy = o, 

it can be proved that the envelope is 



(^ mn / « \ »»» / \ mn 
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Thus, for example, iu the equation of a conic circumscribing a triangle, 

« /3 y 
(Art. 106), if the constants be connected by the relation 

V0i«) + V0i'6) + V0i"c) = 0, 
the conic will touch the right line 

a^ + */3 + <jy = 0. 
Or, again, in the equation of a conic inscribed in a triangle, 
V(^a) + V0x'i3) + V0i"7) = 
(Art. 108), if the constants be connected by the relation 

A ^ B ^ C ^' 
the conic will touch the right line ' 

Aa + B/3 + Cy = 0. 

286. These principles enable us to write the equation of a 
conic having double contact with two given conies, S and S'. 
Let E and F be their chords of intersection, so that S - S' = EF, 
then the equation of any conic touching the two will be 

)u*E» - 2;x(S + S'; + F^ = 0. 
For, if we seek the envelope of this conic, we find 
E^F^ - (S + S7 = 0, or 4SS' = 0; 
hence this conic touches both the given ones. 

Since /u is of the second degree, we see that through any 
point can be drawn two conies, each of which will have double 
contact with the given ones ; and it can be proved that one of the 
chords of intersection of these conies is the line joining the given 
point to (EF), and the other the fourth harmonic to this line, E 
andF. 

287. The equation of a conic having double contact with two 
circles assumes a simpler form, viz. 

M^-2^(C + CO + (C-C')^ = 0. 
The chords of contact of the conic with the circles are found 
to be C - C + /i = 0, and C - C - M = 0, 

which are, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form ^^ C -h VC' = y/ f^- 
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Heace, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant^ is a conic having double contact with 
the two circles. If we suppose both circles infinitely small, we 
obtain the fundamental property of the foci of the conic. 

If /i be taken equal to the intercept between the circles on 
one of their common tjingehts, the equation denotes a pair of 
common tangents to the circles, 

Ex. 1. Solve by this method the Examples (p. 110) of finding common tangents to 
circles. Ant. Ex. 1. VC + VC' = 4 or = 2. Ant, Ex. 2. VC + VC'= 1 or = V - 80. 

Ex. 2. Given three drcles ; let L, L' be the common tangents to C\ C" ; M, M' to 
C", C ; N, N' to C, C; then if L, M, N meet in a point, so will L', M', N'. 
Let the equations of the pairs of common tangents be 

vc' + vc'' = ^, vc" + vc = ^', vc+vc' = r. 

Then the condition that L, M, N should meet in a point is ^' + ^ = t" ; and it is obviuus 
that when this condition is fulfilled, L', M', N' also meet in a point. 

288. The equation of a conic inscribed in a quadrilateral is 
found as a particular case of Art. 286, and is 

^^E»-2^(AC + BD) + F» = 0, 
where ABCD are the sides, EF the diagonals, and AC-BD«=EF. 
This equation, however, will assume a simple form if expressed 
in terms of the three diagonals of the quadrilateral. Let L, M, N 
represent the diagonals, then (1) L + M -f N, (2) M + N - L, 
(3) L - M + N, (4) L + M - N, represent the four sides ; for 
L passes through the intersections of (12), (34) ; M through 
those of (13), (24); N through those of (14), (23); and the 
equation of the conic touching the four sides may be written 

n^U - )u(L» + M« - N*) + M* = 0. 
For this always touches (L^ + M* - N*)^ - 4L«M2 = 

(L + M + N)(M + N-L)(L-M + N) (L + M-N). 
The equation of the touching conic may be written 

L^ = — + 



A* 



1 - 



Ex. 1. Find the equation of the conic touching the four »defl of the quadrilateral 
whose equations are given (Ex. 8, p. 27). 
It will be seen that we have here 
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And the conic is 

Ex. 2. Find the locus of the centre of the conic touching four right lines. 
The centre of the conic whose equation is given in the last example is determined by 
the equations, 

(M.)l(i4h(J-r)-'|-{^pfe 

Eliminating /i, we have 

[1 1 \ (I 1 \ „ (« -f ay ■ (b + by 

\a a I \b b I aa (a - a) 66(6-6) 

or 2x 2y 

' + ITT' = ^» 

a — a — o 

the equation of the line joining the middle points of tlie diagonals. 

GENERAL EQUATION OF THE SECOND DEGREE. 

289. We have already seen that the general trllinear equa- 
tion of the second degree is 

Aa« + Ba/3 + CjS' + Day 4 E/37 ^ Fy* = 0, - 
which for the sake of symmetry we shall write in the form 

«a' + a'jS' + a"7* + 26/87 + ^ft'ya + 26"a/3 = 0. 
This equation is evidently equivalent to the equation 
{aa + ft 7 + b"^y + {aa' - h'^) /3^ + 2 {ab - bV) fiy + {aa" - ft'») 7' = 0, 
but the last three terms are the equation of two right lines drawn 
through {(iy); hence (Art. 281) aa + b'y + V'fi is the chord of 
contact of two tangents drawn through (/37), that is to say, the 
polar of the point {(iy)> 

In like manner, the polars of (7a) and (a)3) are 

aji + 6y + b"a = 0, a'V + 6/3 + b'a = 0. 

290. The form of the equation of the tangents through {fiy) 
leads to an important property of the sides of a circumscribing 
hexagon, and affords a useful test for determining whether six 
lines touch a conic. 

The tangents are 

{aa - 6"2) j3' + 2 {ab - b'b") (iy + {aa" - 6'^ ^2 ^ q, 
{aW - 6^) 7^+2 (aft' - b"b) ya + (««' - 6"0 «' = 0, 
{a"a -V^)a' + 2 (a"6"- 66) a/3 + (aV- 6^ /3' = 0. 
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Now, if the roots of the first equation be j3 = i-y, ^ = i'-y, we 
have ^ ad-b^ 

1 he corresponding quantities for the other equations are , „..^ 

and — jz<i and these three multiplied together are = 1 . Now, 

recollecting the meaning of ^ (Art. 53) we learn, that if A, F, B, 
1), C, E, be the vertices of a circumscribing hexagon, 

sinEAB.sinFAB.sinFBC .sinPBC .sinDCA.sinECA 
sin E AC . sin F AC . sin FB A . sin DBA . sin DCB . sin ECB 



= 1. 



Hence, also, if the equations of three pairs of lines can be put into 
the form L'^ + m« - 2nXM = 0, 

M^ + N« - 2Z'MN = 0, 

N« + L^ - 2w'NL = 0, 

they will touch the same conic section, for the equations last given 
can be reduced to this form by writing y/ {ad' - 6') L for o, &c. 

291. It appears from Art. 289 that the equation of the polar 
of any point (jSy), with regard to the conic, S = 0, is the^rs^ de- 
rived equation of S = 0, considered as a function of a. We shall 
anticipate the notation of the calculus, and denote this derived 

equation by ^. 

In like manner, the polar of (ay), with regard to S, is the 

first derived equation of S, considered as a function of 8, = -77-,, 
10 da 

and the polar of a/3 is -r-. Hence, if the equationyfa conic be 

expressed in terms of the equations of three right lines^ the equation 
of the polar of the intersection of any two of them is the first derived 
of the equation of the conic, considered as a function of the third 
line. The equations of polars given already are particulars cases 
of this. For example, the polar of the origin (^y), with regard to 

Ax^ + Bxy + Cy* + Bxz + ^yz + F^:^ = 0, 

is Do? + Ey + 2Fz = ; 

that is, its first derived equation with regard to r. 
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Again, the equation of the diameter which bisects chords pa- 
rallel to the axis of x is 

JO 

^ = 0, or 2 Air + By + Dz = 0, 

and we shall show hereafter that this diameter may be considered 
as the polar of the point (yx) at infinity on the axis of x. 

Ex. 1. Given four points on a conic, the polar of any other given point will pass 
through a fixed point (Ex. 8, p. 187). 

The equation of the conic must be of the 'form S + ^S' = 0, where S and S' are any 
two conies through the four points : now the polar of any point /3y with regard to this is 

^ _ ~= 0, which, it will be seen, is equivalent to 

da 

and since this equation only involves k in the first degree, It will pass through a fixed 
point. 

Ex. 2. To find the locus of the pole of a given line (7), with regard to a conic of 
which four points are given. 

We have to eliminate k iVom the equations 

dS ^dS' ^ dS ,<fS' ^ 
da da djS dj3 

and we find dS dS' <^S <fS' 

dadft d^da'^ ' 
the equation of a conic section. 

If we suppose the given line at an infinite distance, we obtain the locus of the centres 
(Ex. 4, p. 187). 

Ex. 3. Given two points and two tangents to a conic, the polar of a fixed point 
touches a conic section. 

Let LM be the two tangents, R the line joining the given points, and LM - N^ one 
conic touching the two lines, and passing through the given points ; then the equation 
of any other must be of the form 

LM~(N + ;fcR)«=0; 
the polar is, therefore, 

da da da 

which must always touch a conic section, since k enters in the second degree. In the 



* We may mention here, that if the axes of S be parallel to the axes of S', so will 
the axes of S + ^S' ; for if we take the axes of S for axes of co-ordinates, neither S nor 
S' will contain the term xy. If S' be a circle, the axes of S + kS' must be always pa- 
rallel to the axes of S. If S + IcS' reduce to a pair of right lines, its axes will become 
the internal and exflmal bisectors of the angles between these right lines : thus we ob- 
tarn the theorem of p. 208. 

2 I 
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same maimer it may be proved that the locos of the pole of a given line, is a conic 
section. 

In general, if the equation of a conic section involve an indeterminate in the second 
degree, the polar of any fixed point will touch a conic section. Thus, for example, the 
locus of centres of conic sections which have double contact with two given conies 
(Art 286) is a conic section. 

292. To find the equation of the polar of any point (d'j3y)^ 
with regard to a conic section. 

This may be done by a method similar to that used Art. 150. 
It is proved, as in. Art. 7, that if a, a be the lengths of thepe^- 
pendiculars from two points upon a given line, — ^ will be 

the length of the perpendicular on that line from the point which 
divides in the ratio Z: m the line joining the given points. But 
since equations in trilinear co-ordinates are always homogeneous, 
they are not affected if the co-ordinates of any point be all multi- 
plied or divided by the same quantity. Hence la + »ia , Z/3" + w/3', 
Zy" + ny\ may be taken as the trilinear co-ordinates of the point 
dividing in the ratio Z : m the line joining a'/3Y, aji'y"' If then 
we substitute these values in the general equation S ~ 0, we have, 
to determine the points where this conic is met by the line join- 
ing a'/3Y, a '/3y > *t« quadratic 

IHaa"' + a'/3"» + flV' + 2A/3V + 2bya" + 26V/3"} 
+ 2Zm ( (aa'^-^by-^ h'^") a'+ (a /3"+ 67% V'^W^ («Y+ *0''+ * «0 7 ) 
+ m'[aa^ + a'/3'» + a"y'^ + 26^y + ^y'tl + 26V/3'} = 0. 

Now, as in Art. 150, when a'/S'Y' is on the polar of aj3Y, the 
coefficient of Im must vanish, since we know that the line joining 
the points must in this case be cut harmonically ; the equation 
of the polar of a/3Y is, therefore, 

(aa + Vy + y'/3)a + (a/3 + 6y + ft'a)i3'+ (a"y + 60 + 6'a)y'- 0, 
which we may write for shortness 

, <ZS r.f dS , dS - 

When a'jSy' is on the curve, this equation, of course, represents 
the tangent at that point. 

Ex. 1. To find the equation of the pair of tangents at the points where the conic S 
is cut by the linfe y. 
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The y' of either pomt of contact will in tbia case = 0, and the equation of the tan- 
gent at it will become ^ ^ 

But making y = in the general equation, the points of contact are determined by 
the equation ^^t ^ 2b"afi' + a'/3'« = 0. 

Eliminating a'jS' between these equations, we find for the equation of the pair of tangents 






As a particular case of this, we find for the equation of the asymptotes of a^conic given 
by its Cartesian equation (since the asymptotes are the pair of tangents at the points 
where the curve is met by z the Ime at infinity), 



iSMiMYiih- 



Ex. 2. The lines joining corresponding vertices of any triangle, and of its conjugate, 
triangle with respect to a conic, meet in a point. By the conjugate triangle is under- 
stood the triangle whose sides are the polars of the vertices of the first triangle (see 
Ex. 3, p. 280> 

It is obvious that the result of substituting the co-ordinates of any point (1) in the 
equation of the polar of (2) is the same as the result of substituting the co-ordinates of 
(2) in the polar of (1). Let us denote this result by t'" ; and, in like manner, let f de- 
note the result of substituting the co-ordinates of (2) in the equation of the polar of (3), 
and t" the result of substituting the co-ordinates of (3) in the polar of (1). Let the equa- 
tions of the three polars of the vertices of the first triangle be F = 0, P" = 0, F" = 0. 
Then the equation of any line through the intersection of the last two lines will be 
P" = ArP'", and if this line pass through the point (1), the co-ordinates of this point sub- 
stituted in the last equation give t'" = kt". Hence the equations of the three lines 
joining corresponding vertices are 

fP' = «"P", *"P " = TT", rp"' = rF, 
which obviously meet in a point. 

Ex. 3. The intersections of corresponding sides of two conjugate triangles lie in on« 
right line. 

We can (by Art. 59) write in the form /F + wP" + «F" = 0, the equation of the 
line joining affy\ a'^'y". Remembering that the co-ordinates of the first point substi- 
tuted in F, P", F" give results, «', *'", t" ; while those of the second point give results, 
t"\ s\ t' ; the equation of the joining line is found to be 

(*r ' - .Y*) F + (rr - *'o p" + (» v - <"«) p'" = o. 

Similarly the equations of the other sides of the first triangle are 

(t't" - »'Y") F + («'«'" - t"^ ) P" + (t't" - St' ) P" = 0, 
(»'V" - t'i ) P' + (tr - s"r) P" + (t't'" - s"t") F" = 0. 

And the intersections of corresponding sides of the two triangles lie un the right line 

P' P P" 

f 7777. rrrr, = 0. 



t"t"' - St' t't'" - s"t" t't" - s"'t"' 
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Ex. 4. The auhamioiuG ratio of four pdnts (m a right line is the same as that of 
their four polars. 

For the aoharmonic ratio of the four points 

la' + ma", Vd + mia, V'd + m"a", V"d + mTa, 
is evidently the same as that of the fonr lines 

;F + mP ", rP* + m'F', rr + ni'Y\ I'T* + m'"F'\ 
Ex. 5. To express the equation of the conic S in terms of P', P'', P". 
From the general principles of trilinear co-ordmates, it follows that the equation of 
the conic can he expressed in the form 

AP'2 + A'P'*» + A''F"« + 2BP"P ' + 2B'F"F + 2B"FP " = 0. 
Now the equation of the polar of any point being formed according to the rules of 
Art. 292, the equation of the polar of a'^y% whose co-ordinates in this system are 
*', *'", t'\ is ^ 

(A*' + BV + BY") P' + {K'r + B*" + B"0 F' + (AY' + Br + B'O F" = ; 
and since the polar of this point is F, we must have 

AY" + B*" + BY = 0, AY' + Br + BV = 0. 
In like manner, we have 

A«-"+ BY + BV= 0, AY+ B*" + Br = 0, 
Ai" + B«"' + BY a 0, Mt' + B«"'+ BY' = 0. 

These equations are sufficient to determine the six unknown quantitite A, A', &c, 
and we find for the equation of the conic, 

(a'V" - <'2) P'« -I- (»V" - *"«) P"« + (»V' - <"'«) F"» + 2 (t'T - t'i) P"?'" 

-I- 2 (t"r - r«") FT* + 2 (fr - n") rv = o. 

Ex. 6. To inscribe in a conic a triangle whose sides pass through three given points. 

Let a/3y be the co-ordinates of the vertex of the triangle ; we find, 4s in Art 150, 
the co-oi-dinates of the point where the line joining a/Sy, d^l^y* meets the conic again, 
by substituting in the equation of the curve la + »»"', Ip + m/^, ly + my', for a, /3, y. 
And since apy is on the curve, this gives us 

2?mF + f»V=0; y = -.^; 

and the co-ordinates of the point required are s'a — 2P'a', »'j3 — 2F/y, »'y — 2P'y'. If 
these values be substituted in F, P", P'", they give results, 

- P'»', »'P " - 2* "T', «'F" - 2rF. 

Similarly, the co-ordinates in the same S3rstem of the point where the Hne joining afiy, 
a "/3"y", meets the conic again, are «"F - 2rF, - »'T", «"P"' ~ 2/F'. The condition 
that these points should lie in a right line with t'\ t\ «'", is 

P'2»" (rr - t'f) + P's*' (sT - t'lT) + FP" {^HW - 2»"r« - tY'«- s^) 

+ FP'v (»r - tr) + p^Ftf" (#r - rr ) = o. 

The vertex of the required triangle is thus determined as the intersection of the given 
conic with another conic, but the solution assumes a simple form if we subtract firom the 
equation just found the equation of the conic given in the last Example multiplied by 
i\ when we get 

(Pr+ PY- V't'") {P'C^T- s'O \ V'{tY'- St) + P'X*'*"- ^'"0} = 0. 
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It is obvious, from Ex. 2, that the first factor in this product represents the same 
right line as that described in the solution of the same problem given at p. 230. The 
second factor is irrelevant to the geometrical solution : for it represents (see Ex. 8) the 
line joining the points a'/3'y', d^t'y'' ; and though either of the points in which this line 
meets the curve fulfils the condition which we have expressed analytically, namely, that 
if it be joined to apy\ a^^'y"^ the points in which the joining lines meet the curve lie 
on a right line which passes through a'P'y"\ yet as the joining lines coincide, they 
cannot be sides of a triangle. 

Ex. 7. If two conies have double contact, any tangent to the one is cut harmonically 
at its point of contact, the points where it meets the other, and where it meets the chord 
of contact. 

If we substitute in the equation S -I- R»= 0, la -\- ma", /)3'+ m/3", /y' + my", for 
a/3y (where the points apy\ a'^'y" satisfy the equation S = 0), we get 
(^R' + mR")«+2^r=0. 

Now, if the line joining a'/3'y', a^jS'y", touch S + R*, this equation must be a perfect 
square : and it is evident that the only way this can happen is \if= — 2R'R'', when the 
equation becomes (?R'— mR')* = ; whence the truth of the theorem is manifest 

INSCRIBED AND CIRCUMSCRIBED TRIANGLES. 

293. We gave (p. 99) the equation of a conic circumscribed 

about a triangle,* , 

^ I m n ^ 

- + 7T + - = 0, 

we may prove, precisely as at p. 100, that the tangents at the 
three vertices are 

Z/3 + wa = 0, m^ + nj3 = 0, na + Zy = ; 
that the three points in which each tangent meets the opposite 
side are in one right line, 

7 + ^ + ^ = 0; 
I m n 

and that the lines joining each vertex to the opposite vertex of 
the circumscribed triangle are 

I m m n n I 

which evidently meet in a point. 

To find the equation of a conic circumscribing a^y, and having 
its centre at a given point (afi'y). 

'*' This equation was, I believe, first discussed by M. Bobillier {Annalet de Mathema- 
tiquesj vol. xviii. p. 320). 
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The polar of any point is (Art. 292) 

a(my + w/3) + ^'{na + /y) + 7 (//3 + ma) = 0. 
Now it is required to determine Zmn, so that this equation should 
represent a line at an infinite distance (Art. 157). 

Comparing this equation, therefore, with the equation of a 
line at infinity (Art. 64), 

aa + ftj3 + cy = 0, 

where abc are the lengths of the sides of the triangle a/By, it will 

be found that we may take 

/=a(6/3' + Cy'-.aa'); m = /3'(aa + Cy' - i/3') ; n«y (aa +6^'-Cy'). 

In like manner we could determine /, m, «, so that the polar 
of (a/3Y) should be any right line, Aa + B/3 + Cy, by writing 
A, B, C, for a, ft, c. 

If we were given three points on a conic and any fourth con- 
dition, this fourth condition will give a relation between /, m, 92 ; 
then, by writing in this relation the values of /, m, «, just found, 
we can find the locus of centres of the conic, or the locus of the 
poles of a given line.* Thus, for example, if we are given a fourth 
point on the conic, we must have 

I m n 

« P 7 
and therefore the locus of the centre of the conic circumscribing 
a quadrilateral is 

a(ftj3 + cy-fla) ]3 (aa + cy - ft)3) y(aa + ft ] 3~cy) 
a P 7 

a conic through the middle points of the given quadrilateral ; for 
aa + ft/3 - cy represents the line joining the middle points of 
a/3, &c. 

If we are given a tangent to the conic we must have 

^/{lA) + y/(mS) + ^/{nC) = 0, 
in order that the conic should touch 

Aa + B/3 + Cy = (p. 237), 

* The method given ia this and the following Article, of finding the locus of the centre 
of a conic section described under certain conditions, is taken from Mr. Hearn's Bescarches 
OH Conic Sections. 
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therefore the locus of centre, three points and a tangent being 
^ven, is 

V {Aa(ij3 + cy - aa)] + y/ {B/3(aa + Cy - 6/3)} 

+ \/ {€7(6/3 + aa-C'y)) =0, 
a curve in general of the fourth degree. 

294, The equation of the conic section inscribed in a triangle 
may be written in either of the forms (Art. 108) 
V(M+ V(»*/3)+ V(n7) = 0, 
Pa» + m'/3' + «*7« - 2mii/37 " 2n/7o - 2Zma/3 = 0. 
It was proved (Art. 1X)9) 
that AD, BE, CF meet 
in a point, their equations 
being 

mfi-ny = 0, ny-la^ 0, 

/a - m/3 = ; 
that LP, MQ, NE have 
for their equations respec- 
tively, ^ 

2?w/3 + 2w7 - /a = 0, 2^7 + 2/o - iw/3 = 0, 2/a + 2»i/3 - ny = 0, 
and that FQB is a right line whose equation is 

la + w/3 + n7 = 0. 
It is evident likewise that CA, CF, CB, CR form a harmonic 
pencil, their equations being 

/3 = 0, /a-m/3 = 0, = 0, /a+m/3 = 0. 
To find the equation of a conic inscribed in afiy, and having 
its centre at a given point (afi'y'). 

The polar of any point with regard to this conic is (Art. 292) 
a/(m/3' + ny - la) + j3m(Za' + ny' - Jw/3') + yn{la + m/3' - Wy') = 0. 
, Now if it were required to determine /, m, n, so that this polar 
should coindde with 

La + M/3 + N7 = 0, 
we should find 

I = L(M^' + Ny - La); m = M(La' + Ny' - Ufi") ; 

n = N(La'+M/3'-Ny'). 
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Hence the locus of the centres of a conic touching three lines, 
and passing through a given point a"/3'Y', is 

y/ [aa"(bli ^ cy - oa)] -^ V {i/3"(«« + ^7 - */3)) 

+ V{c7"(aa + ft/3-C7)} =0, 

the equation of a conic touching the lines joining the middle 
points of the sides of the triangle formed* by the given tangents. 
If the conic touch a fourth given line, Ao + B/3 + €7 = 0, 
we must (p. 237) have the relation 

I m n ^ 

the locus of the centre is, therefore, 

g(ft/3 +cy-fla) b (ao + cy - 6/3) c(aa -f ftj3 - cy) 

A '^ B '^ C " ' 

the equation of a right line.* 

Thus too we may easily form the equation of a conic touching 
five given right lines, viz. a, ]3, 7, Aa + B/3 + Cy, A a + B'/3 + Cy ; 
for we have the two equations 

I m n . I m n 

from which we can determine / : m and I : n. 

Ex. 1. Find the equation of the cooic touching the fiye lines, a, /3, y, a + /3 + 7, 
2a + /3 - 7. 

We have / + «» + « = 0, ^ + m — » = 0: hence the required equation is 

2(-a)* + (8|3)» + (y)* = 0. 
Ex. 2. Find the equation of the conic touching a, (3, 7, at their middle points. 

Ans. (aa)^ t (bpf + (cy)* = 0. 
Ex. 3. Find the condition that (/a)*+ (m/3)* + («y)*= should represent a parabola. 

Am. The curve touches the line at infinity when — + — -| — =0. 

a b e 

• The condition that a conic circumscribed about the triangle (0)87), 

I m n 

- + -. + - = 0, 
a P y 

should touch another inscribed in it, 

V(La) + V(M/3) + V(N7) = 0, 
is (note, p. 286) (^l)*4 (mM)* + (^N)i= 0; 

hence we can find the locus of the centre of the conic inscribed in a given triangle, and 
touching another circumscribed to the same triangle, or vice versii (Heam, p. 50). 
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Ex. 4. To find the locns of the focoa of a parabola toaching a<, /3, y. 
Generally, if the co-ordinates of one focus of a conic inscribed in the triangle aj3y be 
a(yy\ the lines joining it to the vertices of the triangle will be 

a p" P' r" y' a" 
and since the lines to the other focus make equal angles with the sides of the triangle 
(Art. 194), these Unes will be (Art 67) 

a'a = P(3, PP = y'y, y'y = da ; 

and the co-ordinates of the other focus may be taken — , -sj, — ,. 

a /y y 

Hence, if we are given the equation of any locus described by one focus, we can at 

dnce write down the equation of the locus described by the other ; and if the second focus 

be at infinity, that is, if a" sin A + /3" sin B + y" sin C = 0, the first must lie on the circle 

sinA sinB sinC « „,. ,. . * ^ . * .,...* .^ 

— 7- H — -rr- -f — r- = 0. The co-ordinates of the focus of a parabola at mfinity are 
a P y 

I m n 

-r-rri . nV> t -r-r^ , since (remembering the relation in Ex. 8) these values satisfy 
sin«A' sin^B' 8in«C v © / j 

both the equations, osinA + j3sinB + ysuiC = 0, V/a + Vm/3 + V«y = 0. 

sin'A sin'B sin'G 
The co-ordinates, then, of the finite focus are — - — , , . 

I m n " 

Ex. 5. To find the equation of the directrix of this parabola. 
Forming, by Art. 294, the equation of the polar of the point whose co-ordinates 
have just been given, we find 

/a (8in«B + sin»C - sin«A) + Jn/3 (sin«C + 8in«A - 8in«B) + ny (sin* A + 8in«B - sin»C) = 0, 
or ZasinBsinGcosA + m/SsinGsinAcosB -i-nysinAsinBcosG— 0. 

Substituting for n from Ex. 3, the equation becomes 

/sinBsinG (a cos A — y cosG)-h msinG8inA(^cosB - y co8G) = 0; 
hence the directrix always passes through the intersection of the perpendiculars of the 
triangle (see Ex. 3, p. 54). 

DISCRIMINANTS. 

295. The condition that an equation of the second degree 
should represent two right lines, is called the discriminant of that 
equation. When a conic breaks up into two right lines, the 
polar of any point passes through the intersection of the two 
lines ; being the fourth harmonic to the two lines and the line 
joining their intersection to the given point. Now the line 

a'^ + P'^rS'^yzr' will always pass through a fixed point, 

provided that — , -7^, — represent lines meeting in a point. If 

then we form the condition that 

2k 
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aa + 6"/3 + by = 0, afi + iy + b"a = 0, a"y + ha + ft/3 = 0, 

should represent lines meeting in a point ; by eliminating a, /3) y 
between these equations, we obtain the discriminant of the given 
equation, viz., 

a» + ciV^ + a'V^ - aa'ci' - 2M' J" = 0, 

which only differs in notation from what we have obtained ab-eady 
by other methods (see pp. 67, 139).* 

296. Given the equations of two conies, 

(S) aa^ + a'/3* + a'V + ^bfiy + 2670 + 2ft"a/3 = 0, 
(SO Ao» + A'/3* + Ay + 2B/3y + 2B'ya + 2B"a/3 = 0, 

if it were required to form the equation of their chords of inter- 
section, we have only to form the discriminant of AS + S', by 
writing &s + A for a, A6 + B for 6, &c. in the discriminant of S ; 
and putting this discriminant « 0, it will be found that we have 
a cubic to determine k. It is geometrically evident that this 
must be the case, since if the two conies intersect in the points 
ABCD, there can be drawn through these four points any of 
the three pairs of right lines, AB, CD; AC, BD; AD, BC. 
If then the roots of the cubic be A', F, ¥\ the equations of the 
pairs of right lines will be ifS+S'-O, ife"S + S' = 0, rS + S' = 0. 
The cubic in question actually is 

*»(aft» + dV^ + a"b"^ - acia" - 2hbb") + *»{ AC** - aV) + A!{b'^ - a^a) 
+ A!\U"^ - ad) + 2B(aJ - VV) + 2BXa'*' - ¥b) + 2B''(a"ft" - bb) ] 
+ A{a(B»-A'A") + a'(B'*-A"A) + a"(B"'-AA') 
+ 2ft(AB - BB") + 2V{A:B - B'B) + 2b\Al'W - BB^} 
+ { AB* + A'B'2 + A'B"* - AAA" - 2BB'B"} = 0. 

M we call the discriminant of S, v 9 ^l^^n it is plain that the co- 



* The condition that an algebrdc equation shoiild have equal roots is also called the 
discriminant of that equation. For if the equation be made homogeneous by the intro- 
duction of a yariable y, the condition that the equation should have equal roots is 

dS d3 

obtaLued by eliminating x and y between ^- = 0, ~ = 0. And, in general, if a ho- 

ax ay 

mogeneous function of any number of yariables be differentiated successively with respect 

to all these variables, and the variables eliminated between the resulting equations, the 

result of elimination is x:aUed the discriminajut of the given function. 
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efficient of k? is Vj and that the absolute term is v'« The co- 
efficient of A' is 

^d^^^di'^^d^''^^db^^'M^^db'^ 
as is also evident from Taylor's theorem. The coefficient of k 
IS a -z-jT + &c. 

297. To find the condition that the line la + w/3 + ny shotdd 
touch the conic S. 

Form the discriminant of AS + (la + m/3 + «y)S and it will be 
found to be 

the coefficient of A and the absolute term yanishing identically. 
It is easy to see the geometrical reason why this should be the 
case. For if S' represent the two right lines AB, CD, we have 
V' = 0, and one root of the cubic is A = 0, as it plainly ought to 
be. But suppose that S' is a perfect square, and represent two 
coincident lines, then the points A, C ; B, D ; coincide, and the 
pair of lines AD, BC is also represented by S'. We must have 
then two roots of the cubic, A = 0, or the equation must be divi- 
sible by k^. In this case the third pair of lines AC, BD is the 
pair of tangents to the conic at the points where it is met by 
la + wi/3 + ny ; and substituting in iS + S' the value oik obtained 
by putting the discriminant = 0, the equation of this pair of tan- 
gents is found to be 

(/^ J + &c.) S- V (^a + w/J + nyy = 0. 

But suppose now that the line la + m^ + ny touches S, then it is 
plain that the pair of tangents AC, BD also coincides with S' ; 
we must therefore have the three roots of the cubic A = 0, or the 
equation must be divisible by A^. Hence we obtain the same 
condition that la + mfi + ny should touch S, as was otherwise 
obt^ned (Art. 154), viz., 

^rfy o«^V o^V d^ ,d^ . dA ^ 

We may sometimes write this condition S = 0. 
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The condition that AS + S' ehould touch la -f m(i + ny is im- 
mediately obtained by writing Aa + A for a, W + B for ft, &c. in 
2 ; and the result will obviously contain k in the second degree. 
Hence the problem to describe a conic through four points to 
touch a given line admits of two solutions. 

Ex. Find the condition that la + fnfi + ny shoidd touch S + (J'a + m'fi -\- n'y)\ 

Am, 2 + K = 0, where K is the result of writing mn' — nm\ fit — ln\ 
Im'- fiT for a, j3, y in S. 

298. To find the condition that two conies S and S' should 
touch each other. 

When two points A, B, of the four points of intersection of 
two conies coincide, then it is plain that the pair of lines AC, BD 
is identical with the pair AD, BC. In this case, then, the cubic 
in h (Art. 296) must have two equal roots. Now it can readily 
be proved that the discriminant of the cubic 

LA» + MA^ + NA + P = 
is (MN - 9LP)2 = 4 (M» - 3LN) (N» - 3MP). 

Substituting then for L, M, N, P, their values given in Art. 296, 
we obtain the required condition, which will be of the sixth de- 
gree in the coefficients of each equation. And it m^ be inferred, 
as at the close of the last Article, that the problem " to describe 
a conic through four given points to touch a conic," is one which 
admits in general of six solutions. 

299. To find the coordinates of the pole toith regard to S of 
the right line la + w/3 + wy. 

If these co-ordinates be a, /3', 7', we must have 

a ^, + /3 ^, "^ 7 X/ i<l®i^ti<^ with Za + in/3 + «7, 

or ao' + ft"i3'+ftV=/, a'^' + ft/+6V=m, aY+ 6a' + ft/3'«ii; 
whence we get a' proportional to 

/ {V - aa'") + m {al'b" - bV) + n {ah - ft"*), &c., 
values which may be written 

"^ST* ^=d^' ^=5^- 
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CHAPTER XV. 

GEOMETRICAL METHODS. 

300. Having in the previous chapters sufficiently illustrated 
the use of the method of co-ordinates, we purpose to occupy the 
present chapter with some important geometrical methods, an 
account of which must form an essential part of any work devoted 
to the theory of curves. 



301 . Being given a fixed conic section (S) and any curve (S), 
we can generate another curve (s) as follows : draw any tangent 
to S, and take its pole with regard to S ; the locus of this pole will 
be a curve *, which is called the polar curve of S with regard to 
S. The conic S, with regard to which the pole is taken, is called 
the atLxiliary conic. 

We have already met with a particular example of polar 
curves (Ex. 20, p. 190), where we proved that the polar curve of 
one conic section with regard to another is always a curve of the 
second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to S ; thus, since it appears from our definition that every point 
of 8 is the pole with regard to S of some tangent to S, we shall 
briefly express this relation by saying that every point of s cor^ 
responds to some tangent of S. 

302. The point of intersection of two tangents to S will corre^ 
spond to the line joining the corresponding points of s. 

This follows fi-om the property of the conic 2, that the point 



♦ This beautiful method was introduced by M. Poncelet, whose account of it will be 
found at the commencement of the fourth volume of Crelle's Journal. The reader will 
find the principle of duality, which is involved in this method, treated of from a purely 
analytical point of view in the author^s work on the Higher Plane Curves^ chap. i. 
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of intersection of any two lines is the pole of the line joining the 
poles of these two lines (Art. 146). 

Let us suppose that in this theorem the two tangents to S are 
indefinitely near, then the two corresponding points ofs will also 
be indefinitely near, and the line joining them will be a tangent 
to s (Art. 81) ; it also easily follows, from our definition of a tan- 
gent, that any tangent to a curve intersects the consecutive tangent 
at its point of contact (see Art. 142); hence for this case the last 
theorem becomes : If any tangent to S correspond to a point on Sy 
the point of contact of that tangent to S will correspond to the tan- 
gent through the point on a. 

Hence we see that the relation between the curves is recipro- 
caU that is to say, that the curve S might be generated from s in 
precisely the same manner that s was generated from S ; hence 
the name " reciprocal polars." 

303. We* are now able, being given any theorem of position 
(Art. 1) concerning any curve S, to deduce another concerning 
the curve «. Thus, for example, if we know that a number of 
points connected with the figure S lie on one right line, we learn 
that the corresponding lines connected with the figure s meet in 
a point (Art. 146), and vice versa; if a number of points con- 
nected with the figure S lie on a conic section, the corresponding 
lines connected with s will touch the polar of that conic with re- 
gard to 2 ; or, in general, if the loctis of any point connected 
with S be any curve S', the envelope of the corresponding line 
connected with s is s\ the reciprocal polar of S'. 

304. The degree of the polar reciprocal of any curve is equal 
to the number of tangents which can be draumfrom any point to 
that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on *, lying on 
a right line, correspond the same number of tangents to S passing 
through the point corresponding to that line. Thus, if S be a 
conic section, two, and only two, tangents, real or imaginary, 
can be drawn to it from any point (Art. 142); therefore, any 
line meets * in two, and only two points," real or imaginary ; we 
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may thus infer, independently of Ex. 20, p. 190, that the reci- 
procal of any conic section is a curve of the second degree. 

305. We shall exemplify, in the case where S and s are conic 
sections, the mode of obtaining one theorem from another by this . 
method. 

We know (Art. 268) that " if a hexagon be mscribed in S, 
whose sides are A, B, C, D, E, F, then the points of intersection, 
AD, BE, CF, are in one right line. Hence we infer, that " if a 
hexagon be circumscnhed about 5, whose vertices are a, ft, c, rf, e,Jy 
then the lines ad^ be^ cf^ will meet in a point'' (Art. 266). Thus 
we see that Pascal's theorem and Brianchon's are reciprocal to each 
other, and it was thus, in fact, that the latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem be- 
fore looking at the reciprocal we have given. He will soon find 
that the operation of forming the reciprocal theorem will reduce 
itself to a mere mechanical process of interchanging the words 
"point" and "line," "inscribed" and "circumscribed," "locus" 
and " envelope," &c. 

If two vertices of a triangle move Jf two sides of a triangle pass 

along fixed right lines, while the sides through fixed points, while the ver- 

pass each through a fixed point, the tices move on fixed right lines, the 

locus of the third vertex is a conic envelope of the third side is a conic 

section. (Ex. 4, p. 230.) section. 

If, however, the points through If the lines on which the vertices 

whichthesidespass lie in one right line, move meet in a point, the third side 

the locus will be a right line. (p. 40.) will pass through a fixed point. 

In what other case will the locus be In what other case vnll the third 

a right line? (p. 41.) side pass through a fixed point? 

(p. 47.) 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact. 
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If a triangle be circumscribed to 
a conic section, two of whose vertices 
move on fixed lines, the locus of the 
third vertex is a conic section, having 
double contact with the given one. 
(Ex. 1, p. 229.) 



If a triangle be inscribed in a co- 
nic section, two of whose sides pass 
through fixed points, the envelope of 
the third side b a conic section, hav- 
ing double contact with the given one. 
(Ex. 2, p. 229.) 



306. We proved (Art. 302, see figure, p. 258) if to two points 
P, F, on S, correspond the tangents/?^, /?Y', on *, that the tangents 
at P and F will correspond to the points of contact /?, //, and 
therefore Q, the intersection of these tangents, will correspond to 
the chord of contact /?/?'. Hence we learn that to any point Q, 
and its polar PP, unth respect to S, correspond a line pp and its 
pole q with respect to s. 

Given two points on a conic, and 
two of its tangents, the line joining 
the points of contact of those tangents 
passes through a fixed point. (Art. 
264.) 

Given four points on a conic, the 
polar of a fixed point passes through 
a fixed point. (Ex. 3, p. 137.) 

Given four points on a conic, the 
locus of the pole of a fixed right line 
is a conic section. (Ex. 2, p. 241.) 

The lines joLoing the vertices of a 
triangle to the opposite vertices of its 
polar triangle with regard to a conic, 
meet in a point. (Ex. 2, p. 243.) 

Inscribe in a conic a triangle whose 
sides pass through three given points. 
(Ex. 6, p. 244.) 



Given two tangents and two points 
on a conic, the point of intersection 
of the tangents at those points will 
move along a fixed right line. 

Given four tangents to a conic, the 
locus of the pole of a fixed right line 
is a right line. 

Given four tangents to a conic, the 
envelope of the polar of a fixed point 
is a conic section. 

The points of intersection of each 
side of any triangle, with the opposite 
side of the polar triangle, lie in one 
right line. (Ex. 3, p. 243.) 

Circumscribe about a conic a tri- 
angle whose vertices rest on three 
given lines. 



307- Given two conies, S and S', and their two reciprocab, s 
and s ; to any point common to S and S' will correspond a tangent 
common to s and s\ and to any chord of intersection of S and S' 
will correspond an intersection of 'common tangents to s and s. 



If three conies have two points 
common, and, therefore, one com- 
mon chord, their other three common 
chords will meet in a point. (Art. 267.) 

If three conies have two common 
tangents, or if they have each double 



If three conies have two tangents 
common, the points of intersection of 
the other three pairs of common tan- 
gents lie on one right line. 

If three conies have two points 
common, or if they have each double 
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contact with a fourth, their six chords 
of intersection will pass three by three 
through the same points. (Art. 265.) 
Or, in other words, three conies, 
having each double contact with a 
fourth, may be considered as having 
four radical centres, (p. 105.) 

If through the point of contact of 
two conies which touch, any chord be 
drawn, tangents at its extremities 
will meet on the common chord of the 
two coni<;s. 



If, through the intersection of com- 
mon tangents of two conies any two 
chords be drawn, lines joining their 
extremities will intersect on one or 
other of the common chords of the 
two conies, (p. 226.) 

K A and B be two conies having 
each double contact with S, the 
chords of contact of A and B with S, 
and their chords of intersection with 
each other, meet in a point, and form 
a harmonic pencil (Art. 264.) 

If A, B, C, be three conies, having 
each double contact with S, and if A 
and B both touch C, the tangents at 
the points of contact will intersect on 
a common chord of A and B. 



contact with a fourth, the six points 
of intersection of common tangents lie 
three by three on the same right lines. 

Or, three conies, having each dou- 
ble contact with a fourth, may be 
considered as having four axes of si- 
militude. (See Art. 122," of which 
this theorem is an extension.) 

If from any point on the tangent 
at the point of contact of two conies 
which touch, a tangent be drawn to 
each, the line joining their points of 
contact will pass through the inter- 
section of common tangents to the 
conies. 

If, on a common chord of two co- 
nies, any two points be taken, and 
from these tangents be drawn to the 
conies, the diagonals of the quadrila- 
teral so formed will pass through one 
or other of the intersections of com- 
mon tangents to the conies. 

If A and B be two conies having 
each double contact with S, the inter- 
sections of the tangents at their points 
of contact with S, and the intersec- 
tions of tangents common to A and 
B, lie in one right line, which they 
divide harmonically. 

If A, B, C, be three conies, having 
each double contact with S, and if A 
and B both touch C, the line joining 
the points of contact will pass through 
an intersection of common tangents of 
A and B.* 



* The reader will take notice that we have now proved that every theorem used in 
Art 127, in the theory of three circles, has a theorem corresponding in the theory of three 
conies which are each inscribed in the same given conic ; and hence that, given three such 
conies, we can find a fourth inscribed in the same conic, and such as to touch the three 
given conies. The learner will do well to refer to Art. 127, and to examioe for himself 
how the demonstration there given is to be extended to the case of three conies inscribed 
in a given conic. The chief difference occurs in (6) of that Article, for the line ah" is 
now constructed by joining the pole of SS'S" to any one of the four radical centres of 

2l 
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308. We have hitherto supposed the auxiliary conic 23 to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars toith regard to a circle^ 
unless we expressly state otherwise. 

We know (Art. 86) that the polar of any point with regard 
to a circle is perpendicular to the line joining, this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius; hence the 
relation between polar curves with regard to a circle is often 
stated 83 follows : Being given 
any point O, if from it we let fall ' 
a perpendicular OT on any tan- 
gent to a curve S, and produce 
it until the rectangle OT.Op is 
equal to a constant k\ then the 
locus of the point p is a curve s, 
which is called the polar reciprocal 
of S. For this is evidently equi- 
valent to saying that p is the pole of PT, with regard to a circle 
whose centre is O and radius i. We see, therefore (Art. 302), 
that the tangent/?^ will correspond to the point of contact P, that 
is to say, that OP will be perpendicular to pty and that OP.O^ = h\ 

It is easy to show that a change in the magnitude of k will 
affect only the size and not the shape of s, which is all that in 
most cases concerns us. In this manner of considering polars, all 
mention of the circle may be suppressed, and s may be called the 



the three conies. The problem therefore admits of thirty-two solutions instead of aght, 
as in the case of the three circles. The theorems which answer to (6) of the same Ar- 
ticle are the following : 

The chord of contact of the required co- The pole of this chord, with regard to S, 

nic with S passes through the intersection lies on the line joining one of their radical 
of one of the axes of similitude of the three centres with the pole, with regard to S, of 
given conies with the polar of one of their one of their axes of similitude, 
radical centres with regard to S. 

The reader will find a very able investigation of this whole problem in a memoir pub- 
:iished by Mr. Cayley in vol. xxxix. of Crelle^s Journal. 
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reciprocal of S with regard to the point O. We shall call this 
point the origin, \ 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
fonn, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles : 

The distance of any point V from the origin is the reciprocal of 
the distance of the corresponding line pt. 

The angle TQT between any two lines TQ, TQ, is eqtuil to 
the angle pOp subtended at the origin by the corresponding points 
p, p\ for Op is perpendicular to TQ, and Op to TQ. 

We shall give some examples 6f the application of these prin- 
ciples when we have first investigated the following problem : 

309. To find the polar reciprocal of one circle with regard to 
another. That is to say, to find the locus of the pole p with re- 
gard to the circle (O) of any tangent PT to the circle (C). Let 
MN be the polar of the point C 
with regard to O, then having 
the points C, /?, and their polars 
MN, PT, we have by Art. 98, 

the ratio -pr^ = -^, but the first 
CP pN 

ratio is constant, since both OC 

and CP are constant ; hence the 

distance of/? from O is to its distance from MN in the constant 

mtio OC : CP, its locus is therefore a conic, of which O is a focus, 

MN the corresponding directrix, and whose eccentricity is OC 

divided by CP. Hence the eccentricity is greater, less than, or 

= 1, according as O is without, within, or on the circle C 

Hence the polar reciprocal qf a circle is a conic section, of 
which the origin is thefocm, the line corresponding to the centre is 
the directrix, and tohich is an ellipse, hyperbola, or parabola, ac- 
cording as the origin is within, loithout, or on the circle, 

310. We shall now deduce some properties concerning angles, 
by the help of the theorem given in Art. 308. 
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Any two tangents to a circle make The line drawn from the focus to 

equal angles with their chord of con- the intersection of two tangents bisects 
tact. the angle subtended at the focus by 

their chord of contact. (Art. 196.) 

For the angle between one tangent PQ (see fig. p. 258) and 
the chord of contact PP is equal to the angle subtended at the 
focus by the corresponding points />, q ; and similarly, the angle 
QFP is equal to the angle subtended by p\ q ; therefore, since 
QPF=:QFP, /K)y=yOy. 



Any tangent to a circle is perpen- 
dicular to the line joining its point of 
contact to the centre. 



Any point on a conic, and the point 
where its tangent meets the directrix, 
subtend a right angle at the focus. 



This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 



Any line is perpendicular to the 
line joining its pole to the centre of 
the circle. 

The line joining any point to the 
centre of a circle makes equal angles 
with the tangents through that point. 



The locus of the intersection of 
tangents to a circle, which cut at a 
given angle, is a concentric circle. 

The envelope of the chord of con- 
tact of tangents which cut at a given 
angle is a concentric circle. 

If from a fixed point tangents be 
drawn to a series of concentric circles, 
the locus of the points of contact will 
be a circle passing through the fixed 
point, and through the common cen- 
tre. 



In the latter theorem, if the 
the envelope of the asymptotes 



Any point and the intersection of 
its polar with the directrix subtend a 
right angle at the focus. 

If the point where any line meets 
the directrix be joined to the focus, 
the joining line will bisect the angle 
between the focal radii to the points 
where the given line meets the curve. 

The envelope of a chord of a conic, 
which subtends a given angle at the 
focus, is a conic having the same focus 
and the same directrix. 

The locus of the intersection of tan- 
gents, whose chord subtends a given 
angle at the focus, is a conic having 
the same focus and directrix. 

If a fixed line intersect a series of 
conies having the same focus and 
same directrix, the envelope of the 
tangents to the conies, at the points 
where this line meets them, will be a 
conic having the same focus, and 
touching both the fixed line and the 
common directrix. 

fixed line be at infinity, we find 
of a series of hyperbolae having 
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the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

Iftwo chords at right angles to each The locus of the intersection of 

other be drawn through any point on tangents to a parabola which cut at 
a circle, the line joining their extre- right angles is the directrix, 
mitres passes through the centre. 

We say a parabola, for, the point through which the chords 
of the circle are drawn being taken for origin, the polar of the 
circle is a parabola (Art. 309). 

The envelope of a chord of a circle The locus of the intersection of tan- 

which subtends a given angle at a gents to a parabola, which cut at a 
given point on the curve is a concen- given angle, is a conic having the same 
trie circle. focus and the same directrix. 

Given base and vertical angle of a Given in position two sides of a tri- 

triangle, the locus of vertex is a circle angle, and the angle subtended by the 
passing through the extremities of the base at a given point, the envelope 
base. of the base is a conic, of which that 

point is a focus, and to which the two 

given sides will be tangents. 

The locus ofthe intersection of tan- The envelope of any chord of a 

gents to an ellipse or hyperbola which conic which subtends a right angle at 

cut at right angles is a circle. any fixed point is a conic, of which 

that point is a focus. 

" If from any point on the circumference of a circle perpen- 
diculars be let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line" (Art. 106). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a para-- 
bola ; again, to the foot of the perpendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence, " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those per- 
pendiculars will pass through the same point." If, therefore, a 
circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para- 
bola^ the locus of the focus is the circumscribing circle (p. 187). 

The locus of the foot of the per- If from any point a radius vector 

pendicular (or of a line making a be drawn to a circle, the envelope of 
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constant angle with the tangent) from a perpendicular to it at its extremity 
the focus of an ellipse or hyperbola (or of a line making a constant angle 
on the tangent is a circle. with it) is a conic having the fixed 

point for its focus. 

311. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of Imea passing 
through the origin are easily transformed by the help of the first 
theorem in Art. 308. For example, the sum (or, in some cases, 
the difference, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, " the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant." 

We know (p. 169) that this sum is the reciprocal of the semi- 
parameter of the ellipse, and since we learn from the present 
example that it only depends on the diameter, and not on the po- 
sition of the reciprocal circle, we infer that the reciprocals of equal 
circles^ toith regard to any origin^ have the same parameter. 

The rectangle under the segments The rectangle under the perpen- 

of any chord of a circle through the diculars let fall from the focus on two 
origin is constant. parallel tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem, that the sum of the focal distances of 
any point on an ellipse is constant, may be expressed thus : 

The sum of the distances firom the The sum of the reciprocals of per- 

focus of the points of contact of pa- pendiculars let fall fix)m any point on 
rallel tangents is constant. two tangents to a circle, whose chord 

of contact passes through the point, 

is constant. 

312. Many relations involving the magnitude of lines not 
passing through the origin may be transformed by the help of the 
theorem of Art. 98. Thus we know, that if PA, PB, PC, PD, 
be the perpendiculars let fall from any point of a conic on the 
sides of an inscribed quadrilateral, PA - PC = *PB • PD (Art. 

•. XI,* 1 .• PA PC , PB PD 

260) ; now we may write this relation, -^ • tyry = k • -^^ • j^p. 
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but if a, b, c, rf, be the points corresponding to the lines A, B, 
C, D, and ap the perpendicular let fall from a on the line cor- 
responding to P we have (Art. 98) -prp = jy-. Similarly for the 

other sides ; and Oa, 06, Oc, Orf, being constant, we infer that 
f^a fixed quadrilateral be circumscribed to a conic^ the product of 
the perpendiculars let fall from two opposite vertices on any va- 
riable tangent is in a constant ratio to the product of the perpen- 
diculars let fall from the other two vertices. 

The product of the perpendiculars The product of the perpendiculars 

from any point of a conic on two fixed from two fixed points of a conic on 
tangents, is in a constant ratio to the any tangent, is in a constant ratio to 
square of the perpendicular on their the square of the perpendicular on it, 
chord of contact. (Art 260.) from the intersection of tangents at 

those points. 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is, " the intercepts, made by any variable tan- 
gent on two parallel tangents have a constant rectangle." 

The product of th6 perpendiculars The square of the radius vector 

on any tangent of a conic from two from a fixed point to any point on 
fixed points (the foci) is constant. a conic, is in a constant ratio to the 

product of the perpendiculars let fall 
from that point of the conic on two 
fixed right lines. 

313. Very many theorems concerning magnitude may be re- 
duced to theorems concerning lines cut harmonically or anhar- 
monically, and are transformed by the following principle : To 
any four points on a right line correspond four lines passing through 
a pointy and the anharmonic ratio of this pencil is the same as that 
of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of the conies in general from that of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the points 

joining four points on a conic to a in which four fixed tangents to a conic 
variable fifUi is constant. cut any variable fifth is constant. 

The first of these theorems is true for the circle, since all the 
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angles of the pencil are constant, therefore the second is true for 
all the conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are con- 
stant, therefore the first theorem is true for all the conies. By 
observing the angles which correspond in the reciprocal figure 
to the angles which are constant in the case of the circle, the 
student will perceive that the angles which the four points of 
the variable tangent subtend at either focus are constant, and 
that the angles are constant which are subtended at the focus 
by the four points in which any inscribed pencil meets the 
directrix. 

In like manner, the theorem of Art. 149 is the reciprocal of 
that in Art. 147, and both, being true for the circle, must be true 
for all the conies. 

314. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which by substituting (as in Art. 54) 

r i_ V AT>- 1 J • -x OAOBsinAOB . 

tor each line AB mvolved m it, ^p can be re- 
duced to a relation between the sines of angles subtended at a 
given point O, this relation will be equally true for any trans- 
versal cutting the lines joining O to the points A, B, &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due to 
Camot, is an immediate consequence of Art. 151: '* If any conic 
meet the side AB of any triangle in the points c, c ; BC in a, a ; 
AC in &, V ; then the ratio 

AcAcB aBd'CbQh ^ „ 
A6.A6'.Bc.B?.Ca.Ca' 

Now, it will be seen that this ratio is such that we may sub- 
stitute for each line Ac the sine of the angle AOc, which it sub- 
tends at any fixed point ; and if we take the reciprocal of this 
theorem, we obtain the theorem given already at p. 240. 

315. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 
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We proved (Art. 309) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 
without, or on the curve ; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the correspondinff point or line 
will be ; that if any line passes throujgh the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two r-^fl/ points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the tangents from it coincide (p. 130), therefore 
the points at infinity on the reciprocal curve coincide, that is, 
the reciprocal curve will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve; and we are again led to the theorem (Art. 255) that 
every parabola has one tangent situated at an infinite distance. 

Hence Ex. 2, p. 160, is the reciprocal of the theorem. Art. 226. 

/316. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve (i. e. its centre) corresponds to the chord of contact of tan- 
gents from the origin to the original curve. We met with a 
particular case of this theorem when we proved that to the centre 
of a circle corresponds the directrix of the reciprocal conic, for 
the directrix is the polar of the origin which is the focus of that 
conic. 

We can thus, likewise, find the axes of the reciprocal curve,, 

2 M 



Digitized by LjOOQ IC 



266 THE METHOD OF RECIPROCAL POLARS. 

for they must be lines drawn through its centre parallel to the 
internal and external bisectors of the angle between the tangents 
drawn from the origin. This may otherwise be expressed (by the 
help of the theorem, Art. 194), that if through the origin- we 
draw a conic confocal to the given one, the axes of the reciprocal 
conic will be parallel to the tangent and normal at the ori^n to 
the confocal conic. This latter statement is preferable, because 
it holds when the origin is within the curve. 

317- Hence, given two circles, we can find a point such that 
the reciprocals of both shall be confocal conies. For, since the 
reciprocals of all circles must have one focus (the origin) com- 
mon ; in order that the other focus should be common, it is only 
necessary that the two reciprocal curves should have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of the 
two points determined in Art* 116. Hence, given a "system of 
circles, as in Art. 114, their reciprocals with regard to one of these 
limiting points will be a system of confocal conies. Theorems, 
therefore, concerning confocal conies, are at once transformed into 
theorems relating to the system of circles, e. g., the theorem of 
Art. 192 corresponds to *< the common tangent to two circles sub- 
tends a right angle at either of the limiting points." The theo- 
rem of Art. 194 corresponds to — " if any line intersect two circles, 
its two intercepts between the circles subtend equal angles at 
either .limiting point." Or, again, by Ex. 3, Art. 231, any fixed 
point, and the fixed point through which (Art. 1 15) its polar 
must pass, subtend a right angle at the limiting points. 

We may mention here that the method of reciprocal polars 
affords a simple solution of the problem, "to describe a circle 
touching three given circles." The locus of the centre of a circle 
touching two of the given circles (1), (2), is evidently a hyper- 
bola, of which the centres of the given circles are the foci, since 
the problem is at once reduced to — " Given base and difference of 
sides of a triangle." Hence (Art.. 309) the polar of the centre . 
with regard to either of the given circles (1) will always touch a 
circle which can be easily constructed. In like manner, the polar 
of the centre of any circle touching (1) and (3) must also touch 
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a given circle. Therefore, if we draw a common tangent to the 
two circles thus determined, and take the pole of this line with 
respect to (1), weihave the centre of the circle touching the three 
given circles.* 

318. Given any two conies ; there are three points such that 
their reciprocals with regard to any of them will be concentric 
curves. For there are three points whose polars with regard to the 
two conies are the same^ namely, if we form the common inscribed 
quadrilateral by joining the four points in which the curves inter- 
sect, the three points E, F, O (see Art. 149, Ex. 1). These three 
points may be real, even when the conies cut in imaginary points. 

319- To find the eqtmtion of the reciprocal of a conic with re^ 
gard to its centre. 

We found, in Art. 182,* that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes 

p* = a2cos26l + 6'sin«6l. 
Hence the polar equation of the reciprocal curve is 

-j = a2cos«6l + 6'sin26l, 
or a^x^ ft*y* , 

a concentric conic, whose axes are the reciprocals of the axes of 
the given conic. 

320. To find the equation of the reciprocal of a conic mth re- 
gard to any point (aft/'). 

The length of the perpendicular from any point is (Art. 182) 

p^-'= V (a* cos'fl + 6' sin^fl) ^afcosO-y' sinfl ; 
R 
therefore, the equation of the reciprocal curve is 

(xx' + ^ + k^y = fl'aj2 + b^y^. 

321. To find the reciprocal of the conic 

ax^ + ay + a''z^ + 2bi/z + 2b'zx + 2b' xi/ = 0. 
For symmetry we shall write A* = - z'^y and look for the reciprocal 

* This solution is taken from Gergonne's Ann ales. 
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with regard to «• + y' + z' = 0. ' Then the polar with regard to 
this of any point on the reciprocal curve will touch the given 
curve. But the equation of the polar is osu' + yy + 2:21' = ; and 
expressing (Art. 154) the condition that this line should touch 
the given conic, the equation of the reciprocal is found to be 
(aV - 6»)a?« + {d'a - 6'»)y» + {ad - fe"») 0^ 

+ 2(ft'6"-a4)yz + 2(A"ft-£i'fe')2:a; + 2(6fe'-a"fe")^«0. 
We have seen (Art. 296) that the coefficients in this equation are 

equal to -t~, 3-;, &c. We shall denote these coefficients by 
aa da 

%MM\ V» V» V* It is easy to deduce from this equation the 

properties which we have already obtained geometrically, such 

as, that if the curve be a parabola, the origin will be a point 

on the reciprocal curve, &c. 

Ex. 1. To find the equation of the reciprocal of the reciprocal of a giyen conic Thia 
most evidently represent the given curve itself. The equation is 

and writing for 'll'i &c, their values, this is found equal to the givei\ equation multiplied 
by v« In like manner the discriminant of the reciprocal is found = v'- 

Ex. 2. To find the reciprocal of a system of conies which pass through four points. 
The equation of any conic of the system being S + AS' = 0, the equation of the reciprocal 
is found by writing a 4 AA for a^ a + AA' for a', &&, in the equation of the redprocaL 
It is easy to see that the result will contain k in the second degree. We may write it 
S + A« + A«S'= 0, where S and 2' are the reciprocals of S and S*, while 
♦ s= (a'A" + a'K - 25B) a;« + (a" A + aA" - 26'B') y« + (a A' + a A - 25"B") z« 

+ 2 (6'B" + 6 "B' - aB - 6A) yz + 2 (6 "B + 6B " - a'B' - 6A') zx 
+ 2 (6B' + ft'B - a"B" - b"A")xy, 

NoW| since the original system of conies passes through four fixed points, the reci- 
procal system always touches four fixed right lines. But the form of the equation 
shows that the reciprocal always touches 4££' = 4^. This, then, is the equation of the 
four lines which are common tangents to S, S', and the other conies of the reciprocal 
system. But the form of 42 £' = $>, the equation to these four lines, shows that 2 is 
touched by them, and that 4> passes through the points of contact In like manner, 
^ passes through the four points where 2' is touched by the common tangents. Hence 
the eight points of contact of common tangents to the two conies 2, 2', all lie on the 
same conic 4. 

Ex. 8. To find the equation of the common tangents to S and S'. 

The system reciprocal to the system of conies which have the same common tangenls 
will pass through four fixed points, and will be 2 + A2' = 0. Forming, then, the reci- 
procal of this latter system, we find VS + AF + A* V'S'= 0, where F is what * becomes 
when the coefficients % ?l', &c. of the reciprocal are written for A, A', &c. The equa- 
tion, then, of the common tangents will be F> = 4VV'SS'. 
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Ex. 4. To find the envelope of a system of confocal conies. 

The equation of such a system is — — r- + - = 1. The reciprocal of this is 

(Art 819) (a« - k'^) sfl -\- (p - Jfi) y* = 1 ; and as this denotes a system of conies through 
the four points of mtersection of (jafiafi + 6«y* - 1) and (a^ + y^), it follows that the 
system of confocal conies touches four fixed right lines. Arranging their equation, 

(Ps^ + a2y« - a«63) ^. ;fc« («* + fts - a:« - y«) - ;t* = 0, 
they always touch. 

which will be fotmd to be equivalent to 

a result in accordance with Art 282. 

' Ex. 5. The equation of the pair of tangents from any point x'jf'z to S is found by 
substituting yz — ay', zx' — xz\ xy' — yx for x^y^z m the equation of the reciprocal 
curve. 

Any point on either tangent through x'^z evidently possesses the property that the 
line joining it to x'y'z' touches the curve. In order, then, to find the equation of the pair 
of tangents, we have only to express (Art 154) the condition that the line joining two 
points a; (yV - y"z') + y (z'x" - z'x') + z (x'y" - x'y') = 

should touch the curve, and to consider then x"y"z' as variable. And remembering 
(Art. 821) that the coefficients are the same in the condition that a line should touch the 
curve, and in the equation of the reciprocal curve, the truth of the theorem is manifest 
As we have already (Art 150) obtained the equation of the pair of tangents in another 
fon% it follows (as may eafflly be verified) that 
(oaJ* + ay« + &c) (««'» + dy'^-\- &c) ^- (fljca;' + dyy + &c.)« = % Qfz - zyy 

+ %' (za^ - xzy ^^ &c 
In like manner, 

(m«» + &c) CISW + &c.) - CHxaf + &c)» = v{a (y«' - zyy + &c. }. 

Ex. 6. To verify that, if two conies have double contact with each other, their reci- 
procals have double contact with each other (Art. 294). 

The reciprocal of S + (Ix + my + nzy is (Art 297) S + {a (mz - ny)^ + &c}. 
But since (Ex. 5) 

V {o(mz - nyy + &c.} = S {%l» + &c) - (lUa? + &c.)». 

The reciprocal is 

{V +(H^ + &C.)} S - (IKa: + &c.)«= 0, 

a conic evidently having double contact with S. 

322. Given the reciprocal of a curve with regard to the origin 
of co-ordinates, to find the equation of its reciprocal with regard 
to any point (jxft/'). 

If the perpendicular from the origin on the tangent beP, the 
perpendicular froiri any other point is (Art. 27) 

P - ay'cosO - y sin0, 
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and, therefore, the polar equation of the locus is 

— = ^-a?'co8© -y'sinfl; 
p H 

hence 

A* afx + yy + k* , Rco80 pcoaO 

S° p ^ *» " xxf ■¥ yy' + /fe2 ' 
we must, therefore, substitute, in the equation of the given reci- 
procal, — ; ; — 7; for a:, and -3 —, — r- for y. 

^ ^ XX -{-yy' ^1^ xaf -^ yy' + A' ^ 

The effect of this substitution may be very simply written as 

follows : Let the equation of the reciprocal with regard to the 

origin be Un + Un-i + u^%9 &c- (see Art. 271), 

then the reciprocal with regard to any point is 

/a?d/ + W+*2\ /xx'-¥yy' + k^\2 ^ 
«-+ «-i( f )+ «-»( g ) + &c- 

a curve of the same degree as the given reciprocal. 

323. Before quitting the subject of reciprocal polars, we wish 
to mention a class of theorems, for the transformation of which 
M. Chasles has proposed to take as the auxiliary conic a parabola 
instead of a circle. We proved (Art. 216) that the intercept made 
on the axis of the parabola between any two lines is equal to the 
intercept between perpendiculars let fall on the axis from the poles 
of these lines. This principle, then, enables us readily to trans- 
form theorems which relate to the magnitude of lines measured 
parallel to a fixed line. We shall give one or two^^ pfidine ns of 
the use of this method, premising^ that tojtwo tangg nts parallel to 
the axis of the auxiliary parabola correspond the two poin ts at m - 
finity on the reciprocal curve, and that^^conse quently^^e curv e 
will be a hjjfiaipla or ellipse, according as these^^ige nts are i^^ 
or imaginary. The reciprocal will be a parabola i f the axis pass 
tlir Qugh a point at infinity on t he oriffln jl j*fiiri?fi,_ 

" Any variable tangent to a conic intercepts portions on two 
parallel tangents whose rectangle is constant." 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections of 
those parallel tangents with any other tangent answer parallels 
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to the asymptotes through 'any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept portions on any fixed line whose rect- 
angle is constant. But this is plainly equivalent to the theorem : 
" The rectangle under parallels drawn to the asymptotes from 
any point on the curve is constant." 

Chords drawn from two fixed If any tangent to a parabola meet 

points of a hyperbola to a variable two fixed tangents, perpendiculars 
third point, intercept a constant from its extremities on the tangent 
length on the asymptote. at the vertex will intercept a constant 

length on that line. 

This method of parabolic polars is plainly much more limited 
in its application than the method of circular polars, whose re- 
sources in transforming theorems of magnitude M. Chasles has 
possibly underrated. 

HARMONIC AND ANHARMONIC PROPERTIES OF CONICS.* 

324. The harmonic and anharmonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in points 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred fi^om them without much diflSculty. 

The cases which we shall most frequently consider are, when 
one of the four points of the right line, whose anharmonic ratio 
we are examining, is at an infinite distance. The anharmonic 

ratio of four points, A, B, C, D, being in general = aYPrt" ^^ 

CD 

.D be at an infinite distance, the ratio -^-^ is ultimately = 1, and 

AB 

the anharmonic ratio becomes simply =yt' -ff ^^^ li^© be cut 

harmonically, its anharmonic ratio = 1, and if D be at an infinite 
distance AC is bisected. The reader is supposed to be acquainted 
with the geometric investigation of these and the other funda- 
mental theorems connected with anharmonic section, 

* The discoTery of the anharmonic properties of conies is due to M. Chasles, from the 
notes to whose History of Geometry the following pages have been developed. 
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326. We shall commence with the theorem (Art. 147) : ^^ If 
Uny line through a point O meet a conic in the points R\ R"j and 
the polar of O in R, the line OR'RR" is cut harmonically." 

First. Let B," be at an infinite distance ; then the line OR 
must be bisected at R ; that is, ifthrotyh a fixed point a line be 
drawn parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 216). 

Secondly. Let R be at an infinite distance, and R'R" must be 
bisected at O ; that is, if through any point a chord be drawn pa- 
rallel to the polar of that pointy it will be bisected at the point. 

If the polar of O be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at O. 
Hence this point is the centre, or the centre may be considered as 
a point whose polar is at infinity (p. 139). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may be considered as the polar of the point at infinity in which its 
ordinates are supposed to intersect (p. 241). 

This also follows fi-om the equation of the polar of a point 
(Art. 144), 
(2A^ + By + D) + (2Cy + B^ + E) ^ + Da? + Ey-h2F ^ ^ 

X X 

Now, if oiy* be a point at infinity on the line my = wa:, we must 

1/ n 
make -, » — , and x infinite, and the equation of the polar becomes 
X m 

m(2A^ + By + D) + n(2Cy + Bj: + E) = 0, 
a diameter conjugate to my = wa; (Art. 139). 

326. We may, in like manner, make particular deductions 
from the theorem (Art. 149), that the two tangents through any 
point, any other line through the point, and the line to the pole 
of this last line, form an harmonic pencil. 

Thus, if one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of any 
point on a diameter is parallel to its conjugate, we learn that the 
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portion between the tangents of any line drawn parallel to the 
I)olar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together with any pair of 
conjugate diameters^ form an harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 201). 

327. The anharmonic property of the points of a conic (Art. 
260) gives rise to a much greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and either 
one or two of them may be at an infinite distance ; the fifth point 
O, to which the pencil is drawn, may be also either at an infinite 
distance, or may coincide with one of the four points, in whicli 
latter case one of the legs of the pencil will be the tangent at that 
point; then, again, we may measure the anharmonic ratio of the 
pencil by the segments on any line drawn across it, which we 
may, if we please, draw parallel to one of the legs of the pencil, 
so as to reduce the anharmonic ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation {0-ABCDj to denote the anhar- 
monic ratio of the pencil OA, OB, OC, OD. 

Ex. 1. {A.ABCD} = [B.ABCD}. 

Let these ratios be estimated by the segments on the 
line CD ; let the tangents at A, B meet CD in the points 
T, T, and let the chord AB meet CD in K, then the ratios 
^^ TK.CD_ KT.CD 

TD.KC" KD.T'C 
that is, if any chord CD meet two tangents in T, T, and 
their chord of contact in K, 

KC - Kr. DT = KD . KT . C T. 
(The reader must be careful, in this and the following 
examples, to take the points of the pencil in the same order \1L 

on both sides of the equation. Thus, on the left-hand side of this equation we took K 

2 N 
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second, becaoae it answers to the leg OB of the pencil ; on the right-hand we take K first, 
because it answers to the leg OA). 

Ex. 2. Let T and T coincide, then 

KC.DT = KD.CT, 
or, anj chord through the intersection of two tangents is cut harmonically by the chord 
of contact (Art 147> 

Ex. 8. Let T be at an infinite distance, or the secant CD drawn parallel to FT, and 
it will be found that the ratio will reduce to 

TK3 = TC ..TD. 

Ex. 4. Let one of the points be at an infinite distance, then {O . ABCoo } is con- 
stant Let this ratio be estimated on the line Coo . Let the lines AO, BO, cut Coo in 

Cfl 

a, 5 ; then the ratio of the pencil will reduce to —— ; and we learn, that if Jtwo fixed 

Co 

points, A, B, on a hyperbola or parabola, be joined to any variable point O, and the 
joining Ime meet a fixed parallel to an asymptote (if the curve be a hyperbola), or a dia- 
meter (if the curve be a parabola), in a, 5, then the ratio Ca : Cb will be constant 

Ex. 5. If the same ratio be estimated on any other parallel line, lines inflected from 
any three fixed pomts to a variable point cut a fixed parallel to an asymptote or diame- 
ter, so that abiaeh constant. 

Ex. 6. It follows from Ex. 4, that if the lines joinmg AB to any fourth point O' meet 
Coo in db\ we must have ^5 qQ 

o^'^^C* 
Now let us suppose the point C to be also at an infinite distance, the line Coo becomes an 
asymptote, the ratio ab : db' becomes one of equality, and lines joining two fixed points 
to any variable point on the hyperbola intercept on either asymptote a constant portion 
(p. 178). 

Ex. 7. {A. ABCoo } = {B. ABCx }. 

Let these ratios be estimated on Coo ; then if the 
tangents at A, B, cut Coo in a, 5, and the chord of 
contact AB in K, we have 

Ca CK 
CK~ C* 
(observing the caution in Ex. 1). Or, if any parallel 
to an asymptote of an hyperbola, or a diameter of a parabola, cut two tangents and their 
chord of contact, the intercept from the curve to the chord is a geometric mean between 
the intercepts from the curve to the tangents. Or, conversely, if a line db, parallel to a 
given one, meet the sides of a triangle m the points a 6 K, and there be taken on it a 
point C such that CKJ = Ca . C6, the locus of C will be a parabola, if C6 be parallel to 
the bisector of the base of the triangle (Art. 216), but otherwise an hyperboh^ to an 
asymptote of which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{ 00 . AB 00 00'} =: { 00'. AB » 00'} ; 
the lines oo oo, 00' oo', are the two asymptotes, while 00 00' is altogether at infinity. 
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Let these ratios be estimated on the diameter OA ; let thid 
line meet the parallels to the asymptotes B oo, B oo', in a 

and a: then the ratios become -zr— = -—r- Or, parallels 
Ott OA 

to the asymptotes through any point on a hyperbola cut any 

semidiameter, so that it is a mean proportional between the 

segments on it from the centre. 

Hence, conversely, if through a fixed point O a line be 
d^awn cutting tiro fixed lines, Ba, Ba, and a point A taken 
on it so that OA is a mean between Oa, Oa\ the locus of A 
is a hyperbola, of which is the centre, and Ba, Ba', parallel to the asymptotes. 

Ex.9. { oo.ABoooo'} = { oo'.ABoooo'}. 

Let the segments be measured on the asymptotes, and we have — = ~(0 beimr 

06 Oa' ^ ^ 

the centre), or the rectangle under parallels to the asymptotes through any point on the 
curve is constant (we invert the second ratio for the reason given in Ex. 1). 

328. We next proceed to examine some particular cases of 
the anharmonic property of the tangents to a conic (Art. 274). 

Ex. 1. This property 
assumes a very simple form, 
if the curve be a parabola, 
for one tangent to a para- 
bola is always at an infi- 
nite distance (Art. 255). 
Hence three fixed tangents 
to a parabola cut any fourth 
in the points A, B, C, so 
that AB : AC is always constant. If the variable tangents coincide in torn with each of 
the given tangents, we obtain the theorem, 

pQ _ RP _ Qr 
QR"Pg"rP* 

Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel to each 

other, and let the variable tangent coincide alternately 

with each of the parallel tangents. In the first case 

the ratio is 

A5 , . ^ Dc 

-r—, and m the second rrr-,. 
Ac Do 

Hence the rectangle A5 . Db' is constant 

It may be deduced from the anharmonic property 
of the points of a conic, that if the lines joining any point on the curve O to A, D, meet 
the parallel tangents in the points 5, b% then the rectangle A& . D&' will be constant. 

INVOLUTION. 

329. If we have a system of points on a right line ABODE, 
&c., and another system A'B'C'D'E', &c., either on the same or 
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on a difFercnt right line, the systems are said to be similar^ if the 
anharmonic ratio of any four points of the first system be equal 
to that of the four corresponding points of the second system . 
Thus, if we join the points A, B, C, &c., to any point P, and cut 
by any transversal the pen- 
cil so formed, we obtain a 
system abc^ &c., which is 
obviously similar to the 
given one. In the figure 
the transversal is drawn 
through A, so that the jt 
points a and A coincide. 

It is always possible to construct a system similar to a given 
one, and such that three arbitrary points A', B', C, shall corre- 
spond to three points A, B, C, of the given system. For draw 
through A any line makiftg an angle with AB ; measure on it 
from the point A, ob = A'B', ac ^ A'C : then the intersection of 
6B5 cC determines the point P, by joining which to the points 
D, E, &c., we obtain the corresponding points de^ &c. And if we 
take CD' = cd, D'E' = de, &c., we have a system^ AB'C'D'E', &c. 
similar to ABCDE. 

330. \VTien two similar systems form part of the same right 
line, it will not in general happen that any point will have the 
same point corresponding to it when it is considered as belonging 
to the first and as belonging to the second system. Thus if in 
the figure we consider the point A' as belonging to the first sys- 
tem, and construct the corresponding point by joining PA, &c., 
the point so determined would not in general coincide with A. 
If, however, it should happen that the points A, A mutually 
correspond, whether A be considered as belonging to the first or 
to the second system, then every pair of points which correspond 
will correspond, no matter to which system they are considered 
to belong, and the whole series of points is said to form a system 
in involution. 

Supposing, for instance, that to the points ABB' A' of the 
first system there correspond A'B'iA of the second, we say that 
the points b and B must coincide. For we have 
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{ABBA} = (A'B'iA), 
or ABBA _ AB .&A 

AA'BB' " AAB'i' 
or AB:BB'::A6:ftB'. 

The line AB' then is cut at 6, and at B into parts which are in 
the same ratio, and therefore h and B must coincide. 

331. Two pairs of points A A', BB' determine a system in in- 
volution. 

It would in fact only be a particular case of Art. 329 to de- 
tennine a system similar to AA'BB'CD, &c., and such that to 
A, A', B should correspond A', A, B'. We need only draw through 
A any line making an angle with AB ; measure off from A, 
a'a = A'A,a'ft' = A'B'; P^ 
then draw A'a', B&' 
intersecting in P, and 
the point P joined to 
B'jCDj&c. will deter- 
mine the correspond- 

ingpoints of the second^ A ^ B A 

system. N. B. — The points A, A' are said to be conjugate to 

each other. 

332. We recommend the reader to make a table of the diffe- 
rent relations of magnitude between three pairs of points in invo- 
lution, inferred from the identity of their anharmonic ratios. For 
instance, from {ABC A} = { AB'C'A} we have 

ABCA AB.CA 
A ABC "AAB'C' 
or AB . CA . B'C = AB' • C'A • BC. 

As the development of these relations can present no difficulty 
to the reader, the only case on which we think it necessary to 
dwell is when one of the points has its conjugate at an infinite 
distance. This would happen if we draw Po parallel to AB, and 
meeting ab in o ; and measure A'O = ao. The point O will then 
have its conjugate at infinity, and is called the centre of the sys- 
tem of points in involution. 
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Now the relation between the points takes in this case a very 
simple form ; for we have 

(ABOO'I •= IA'B'0'0), 
or AOBO^ A Q. BO 

Aa*BO ' AOBO' 
let O' be at an infinite distance, and this equation becomes 

OAOA'^OBOB'; 

or, the product of the distances firom the centre of any two conjugate 
points is constant. It is plain that the construction given in this 
Article enables us, "being given two pairs of points of a system 
in involution, to find the centre." 

333. Some writers have founded their definition of involution 
on the property just proved, and have defined a system of points 
in involution as a series of points so taken that 

OA . O A' = OB . OB' = &c. = c^ 

It can at once then be proved that the anharmonic ratio of any 

four points of such a system is equal to that of their four conju- 

(r-r') (r" - r"\ 
gates, since the anharmonic ratio ) _ "\( ' ^ '"\ (where r is the 

distance of any of the points from O) remains unchanged, if we 
substitute for each of the distances r, its reciprocal. 

334. A point which coincides with its conjugate has been 
called by Mr. Davies (see The Mathematician^ vol. i. pp. 169, 
243) 9, focus of the system of points in involution. It is plain 
that there are two foci equidistant firom the centre on either side 
of it, and whose common distance is given by the equation 
0F2 = O A . O A. When A and A' both lie on the same side 
of the centre we have OF* = + c^, and the foci are real ; but if A 
and A' lie on different sides of the centre OF* = - cS and the foci 
are imaginary. 

Any two conjugate points of the system^ together with the two 
focij form four points of a line cut harmonically. For the relation 
{AFF'A') = {A'FFA} gives us 

AFAF AFA'F FA FA' 
AA'- FF ~ AA- FF" FA " FA" 
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or the distance between the foci FF' is divided internally and ex- 
ternally at A and A' into parts which are in the same ratio. 

Cor. When one focus is at infinity, the other bisects the 
distance between two conjugate points, and it follows hence that 
in this case the distance AB between any two points of the sys- 
tem is equal to A'B', the distance between their conjugates. 

335. Given two pairs of points of the systemy we can find the 
foci: either by first finding the centre (Art. 332), or directly as 

follows : — Since F is conjugate to itself, we have 

(AFBA) = {ATBA}, 
or AF.BA ^ AFBA 

ATBA ~ AFB'A 
Hence AF^: A'F*:: AB- AB': AB- AB'; 

or F is the point where the line AA is cut, either internally or 
externally, in a certain given ratio. 

It is important to observe that the relation between six points 
in involution is of the class noticed in Art. 314, and is such that 
the same relations will subsist between the sines of the angles sub- 
tended by them at any point as subsist between the segments of 
the lines themselves. Consequently, if a pencil be drawn from 
any point to six points in involution^ any transversal cuts this pencil 
in six points in involution. Again, the reciprocal of six points in 
involution is a pencil in involution. 

336. We proceed to mention the most important application 
of these principles to the theory of conic sections. 

If a quadrilateral abed 
be inscribed in a conic sec- 
tion, and any transversal 
cut the conic in A, A', the 
sides flft, cdy in B, B', and 
the sides «</, be in C, C, 
thenthepoints A A'BB'CC 
are in involution, for by the anharmonic property of conic sections, 

[a^AdbM) = [C'AdbA')i 

but if we observe the points in which these pencils cut A A', we get 

{ACBA'} = {AB'C'A'j = (A'C'B'A). 
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Since two pairs of points BB', CC determine a system in invo- 
lution, the points EE', in which any other conic through the 
points abed meet the transversal, belong to the same system in 
involution. Hence a system of conies circumscribing the same qua-- 
drilaterat meet any transversal in a system of points in involution, 
Beciprocallyy if a system of comes be inscribed in the same 
quadrilateral^ the pairs of tangents drawn to them from any point 
will form a system in involution. 

337. Since the diagonals ac, bd may be considered as a conic 
through the four points, it follows as a particiJar case of the last 
Article that any transversal cuts the four sides, and the diagonals 
of a quadrilateral in points BB', CC, DD', which are in invo- 
lution. This property enables us, being given two pairs of points 
BB', DD' of a ^system in involution, to construct the point con- 
jugate to any other C. For take any point at random, a ; join 
aB, flD, aC ; construct any triangle bed, whose vertices rest on 
these three lines, and two of whose sides pass through B'D', then 
the remaining side will pass through C, the point conjugate to C. 
The point a may be taken at infinity, and the lines aB, aD, aC 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — " Through B, D, draw 
any pair of parallel lines Bft, De ; and through B'D' a diflferent 
pair of parallels D'6, Be; then be will pass through the centre of 
the system." 

Ex. 1. If three conies circomscribe the same quadrilateral, the common tangent to 
any two is cut harmonically by the third. For the points of contact of this tangent are 
the foci of the system in involution. 

Ex. 2. If through the intersection of the common chords of two conies we draw a 
tangent to one of them, this line will be cut harmonically by the other. For in thb case 
the points D and D' in the last figure coincide, and will therefore be a focus. 

Ex. 8. If two conies have double contact with each other, or if they have a contact 
of the third order, any t-angent to the one is cut harmonically at the points where it 
meets the other, and where it meets the chord of contact. For in this case the common 
chords coincide, and the point where any transversal meets the chord of contact is a 
focus. 

Ex. 4^. To describe a conic through four points abed to touch a given right line. 
The point of contact must be one of the foci of the system BB'CC, &c., and these points 
can be determined by Art. 334. This problem, therefore, admits of two solutions. 
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Ex. 5. If a parallel to an asymptote meet the curve in G, and any inficribed quadri- 
lateral in points abed ; Ca . €c = C6 . Cd, For C is the centre of the system. 

Ex. 6. Solve the examples, p. 273, &c., as caaes cf involution. 

In Ex. 1, K is a focus : in Ex. 2, T is also a focus : in Ex. 3, T is a centre, &c. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes are equal. 
For in this case one focus of the system is at infinity (Art. 335). 

338. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies. 

Ex. 1. To prove Mac Laurin*s method of generating conic sections (p. 230), viz., — 
To find the locus of the vertex V of a triangle whose sides pass through the points 
A, B, C, and whose base angles move on the fixed lines Oflf, 06. 

Let us suppose four such triangles drawn, then since the pencil [C-aaa^a'"} b the 
same pencil as {C. bb'b"b"']y we have 

{aa'a'a"} = {lb'b"b"'}y 
and, therefore, 

{A.aaaa"'} = {B,bb'b"b"] ; 
or, from the nature of the question, 

{A.VVV'V'"} = {B.WVV"'} ; 
and therefore A, B, V, V, V", V" lie on the 
same conic section. Now if the first three 
triangles be fixed, it is evident that the 
locus of V" is the conic section passing through ABW'V". 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side aft, 
instead of passing through the fixed pomt C, touch any conic which touches 0«, 06, for 
then any four positions of the base cut 0«, 06, so that ^ 

{aa'a'a'"} = {66'6"6"'} (Art 274), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton's method of generating conic sections: — Two angles of constant 
magnitude move about fixed points P, Q; the intersection of two of their sides traverses 
the right line AA' ; then the locus of V, the A A' A' A' 

intersection of their x)ther two sides, will be 
a conic passing through P, Q. 

For, as before, take four positions of the 
angles, then 

{P.AA'A"A"} = {Q.AA'A"A'"} ; 
but {P. AA'A'A'"} = {P.W'V'V'"}, 
{Q.AA'A"A"'} = {Q.VW'V"'}, 
since the angles of the pencils are the same ; 
therefore {P.W'V'V"} = {Q.VW'V"} ; 

and, therefore, as before, the locus of V" is a conic through P, Q, V, V, V". 

Ex. 4. M. Chasles has extended this method of generating conic sections, by supposing 

2 o 
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the point A, instead of moving on a right line, to movft on any conio passing through 
the points P, Q, for we shall still have 

{P.AA'A''A"'} = {Q.AA'A"A"'}. 

Ex. 6. The demonstration would be the same if, in place of the angles APV, AQV 
being constant, APV and AQV cut off constant intercepts each on one of two fixed lines, 
for we should then prove the pencil 

{P.AA'A-A'"} = {P.VW'V'"}, 
because both pencils cut off mtercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the sides on any fixed 
line, we can prove that the locus of vertex is a conic section. 

Ex. 6. We may also extend ^x. 1, by supposing the extremities of the line ab to 
move on any conic section passmg through the poiilts AB, for, taking four positions of 
the triangle, we have, by Art 275, 

{aa'a'a.'"] = [bb'b"h"'}; 
therefore, [A, aa'a'a "] = {B.bb'b"b"']f 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through 0^ the intersection of common tangents 
to two c(Hiic sections ; the extremities of the base ab lie one on each of the conic sections, 
while the sides pass through fixed pointe AB, one on each of the tonics : the locus of the 
vertex is a conic through A, B. 

The proof proceeds exactly as before, depending now on the last theorem proved, 
Art. 275. 

We may mention that the theorem of Art 275 admite of a simple geometrical proof. 
Let the pencil {O.ABCD} be drawn fh>m pointe corresponding to {o.ctbcd}. Now, the 
Imes OA, oa^ intersect at r on one of the common chords of the conies ; in like manner, 
BO, 5o, intersect in r on the same chord, &c. ; hence [rr'r'r'"} measures the anharmonic 
ratio of both these pencils. 

Ex. 8. In Ex. 6 the base, instead of passing through a fixed point G, may be sup- 
posed to touch a conic having double contact with the given conic (see Art 278). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 
fixed points, the envelope of that side will be a conic having double contact with the 
given one. 

For, take any four positions of the polygon, then, if a, (, c, &c, be the vertices of 
the polygon, we have 

{aa'a'a"] = {bb'b'b'"} = {ccc'c"), &c 

The problem is, therefore, reduced to that of Art 278, — " Given three pairs of points, 
aa'a", dd'd", to find the envelope of a"'(r', such that 

{aa'a"a"'} = {dd'd''d"'}.'' 

Ex. 10. To inscribe a polygon in a conic section, all whose sides pass through fixed 
points. 

If we assume any point (a) at random on the conic for the vertex of the polygon, 
and form a polygon whose sides pass through the given points, the point z, where the 
last side meets the conic, will not, in general, coincide with a. If we make four such 
attempts to inscribe the polygon, we must have, as in the last example, 

{aa'a'a"} = {zz*z'z"']. 
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Now, if the last attempt were successful, the point a" would coincide with z'\ and the 
problem is i-educed to, — " Given three pairs of points, ««'«", zzz\ to find a point K such 

Now, if we make at*a'zd'z the vertices of an inscribed hexagon (in the order here given, 

taking an a and z alternately, and so that as, a'sr, aV, E^-— - 

may be opposite vertices), then either of the points in c^^-^ — tT^^ 

which the line joining the intersections of opposite ^^1K / ' 

sides meets the conic may be taken for the point K. P^ \ \ / / 

For, in the figure, the points ACE are oaV, DFB are / 1 yss/ / / \ / 

sbV; and if we take the sides in the order ABCDEF, }d,..,Xmu^, .jWDML 

L, M, N are the intersections of opi>osite sides. Now,^ V \ //(^\ /\ 

rince {KPNL} measures both {D . KACE} and \l^ \ /\ \ 

{A.KDFB}, we have ^^"^^Z \\ 

{KACE} = {KDFB} Q. E. D.* JT-^^-.J^ 

It is easy to see, from the last example, that K is ® " 

a point of contact of a conic having double contact -with the given conic, to which 
az, az\ a^z" are tangents, and that we have therefore just given the solution of the 
question, *' To describe a conic touching three given lines, and having double contact with 
a given conic*' 

Ex. 11. The anharmonic property affords also a simple proof of Pascal's theorem, 
alluded to in the last example. 

We have { E . CDFB } = { A . CDFB } . Now, if we examine the segments made by 
the first pencil on BC, and by the second on DC, we have 

{CRMB} :={CDNS}. 
Now, if we draw a pendt from the point L to each of these points, both pencils will have 
the three legs, CL, DE, AB, common, therefore the fourth legs, NL, LM, must form one 
right line. 

Ex. 12. Pascal's theorem leads at once to Mac Laurin's method of generating conic 
sections, for if we suppose the five points ABCDE given, and F variable, then F will be 
the vertex of a triangle FMN, whose sides pass through the fixed points L, A, £, and 
whose base angles move on the fixed lines CD, CB. We see, therefore, that, given five 
points on a conic, we can determine as many other points on the conic as we please. 
By the same construction, given five points on a conic, ABCDE, we can determine the 
j)oint where any line AN through one of them meets the conic again. So also, given five 
points on a conic, we can find its centre. For we may draw parallels through A to BC, 
BD, and determine the points where they meet the conic again, and then find the centre 
by note, p. 128. 

* This construction for inscribing a polygon in a conic is due to M. Poncelet ( Traite 
des Propriety ProjeetiveSy p. 351). The demonstration here used, which was commu- 
nicated to me by Mr. Townsend, seems to me more simple than that employed by M. 
Poncelet The proof here used shows that Poncelet's construction will equally solve 
the problem, ^' To inscribe a polygon in a conic, each of whose sides shall touch a conic 
having double contact with the given conic." The conies touched by the sides may be 
all difierent. 
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Ex. 18. Givefi four points on a conic, ADFB, and two fixed lines through any one 
of them, DC, DE, to find the envelope of the line C£ joining the points where those 
fixed lines again meet the curve. 

The vertioes of the triangle OEM move on the fixed lines DC, DE, NL, and two of 
its sides pass through the fixed points, B, F, therefore, the third side envelopes a conic 
section touching DC, DE (hy the reciprocal of Mac Lauriu's mode of generatioD). 

Ex. 14. Given four points on a conic ABDE, and two fixed lines, AF, CD, passing 
each through a different one of the fixed points, the line CF joining the points where the 
fixed lines again meet the curve will pass through a fixed point 

For the triangle CFM has two sides pasang through the fixed points B, £, and the 
vertices move on the fixed lines AF, CD, NL, which fixed lines meet in a pointy there- 
fore (p. 255) CF passes through a fixed point. 

The reader will find, in the section on Projections, how the last two theorems are 
suggested by other well-known theorems. 

Ex. 15. To inscribe a triangle in a conic whose three sides pass through three given 
points. 

This is of course a particular case of Ex. 10, but our present object is to give a geo- 
metrical proof of the construction used at p. 280. 

If we consider the qua- 
drilateral of which E, L, N 
are vertices, and D, F the 
intersections of opposite 
sides; by the harmonic 
properties of a quadrilate- 
ral, ML, ME, MN, MD 
form a harmonic pencil, 
and therefore the line Bl 
is cut harmonically in the p M p 

points where it meets these four lines. But since B is the pole of MD, Bl is also cut 
harmonically in the points where it meets the conic and where it meets MD ; hence it 
appears that Bl and MN must intersect on the conic, or that 1, 2, Blie on one right line. 
In the same manner it is proved that 13 passes through A, and 32 through C. 

339. It was proved (Ex. 4, p. 244) that the anharmonic ratio 
of four points on a right line is the same as that of their polars 
with respect to any conic. A particular case of this theorem is, 
the anharmonic ratio of any four diameters is equal to that of their 
four conjugates. We might also prove this directly, from the 
consideration that the anharmonic ratio of four chords proceeding 
from any point of the curve is equal to that of the supplemental 
chords (Art. 183). 

A conic circumscribes a given qvadrilateral^ to find the locus 
of its centre. 

Draw diameters of the conic bisecting the sides of the quadr^- 
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lateral, their anharmonic ratio is equal to that of their four con- 
jugates, but this last ratio is given, since the conjugates are 
parallel to the four given lines ; hence the locus is a conic passing 
through the middle points of the given sides. If we take the 
cases wher6 the conies break up into two right lines, we see that 
the intersections of the diagonals, and also those of the opposite 
sides, are points in the locus, and, therefore, that these points lie 
on a conic passing through the middle points of the sides and of 
the diagonals. When the given quadrilateral has a re-entrant 
angle it is easy to see that such a quadrilateral cannot be inscribed 
in a closed .figure of the shape of the ellipse or parabola, and that 
the circumscribing conic must therefore be a hyperbola, which 
may have some of the vertices in opposite branches. But since 
the centre of an hyperbola is never at infinity, the locus of centres 
must in this case be an ellipse. Through four points not so dis- 
posed, in general, two parabolas can be drawn, for (Art. 255) 
this is a particular case of Ex. 4, p. 280. The locus of centres 
will in this case be a hyperbola^ having for asymptotes lines pa- 
rallel to the diameters of these two parabolae. The locus of 
centres will be a parabola when one of the given points is at an 
infinite distance ; that is, when it is required, " Given three points 
and a pandlel to an asymptote, to find the locus of centre." 

It is very easy to show, by the same method, that the locus 
of the pole of any given right line is a conic section. 

340. We think it unnecessary to go through the theorems, 
which are only the polar reciprocals of those investigated in the 
last examples; but we recommend the student to form the polar 
reciprocal of each of these theorems, and then to prove it directly 
by the help of the anharmonic property of the tow^e/if^ofaconic. 
A single example will suffice. 

Any transversal through a fixed point P meets two fixed lines 
OA, OB, in the points A, B, and portions of given lengths AC, 
BD, are taken on those lines: to find the envelope of CD. 

Take any four positions of the transversal, and we have 
{AAA"A'"i = {BB'B"B"j, 
but (AAA' A") = (CC'C'C"), and {BB'B'B") = {DD'D''D"j; 
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therefore, the four lines, CD, CD', CD", C"U\ cut the two 
lines OC, OD, so that 

{CCCC") -= {DD'D'D"), 

and, therefore, the envelope of CD is a conic touching O A, OB. 

341. Generally when the envelope of a moveable line is found 
by this method to be a conic section, it is useful to take notice 
whether in any particular position the moveable line can be alto- 
gether at an infinite distance, for if it can, the envelope is a para^ 
bola (Art. 255). Thus, in the last example the line CD cannot 
be at an infinite distance, unless in some position AB can be at 
an infinite distance, that is, unless P is at an infinite distance. 
Hence we see that in the last example if the transversal, instead 
of passing through a fixed point, were parallel to a given line, the 
envelope would be a parabola. In like manner, the nature of the 
locus of a moveable point is often at once perceived by observing 
particular positions of the moveable point, as we have exemplified 
in Art. 339. 

342. Given three points on a right line, a, 6, c, and three 
points on another right line. A, B, C, if we take dD so that 

{(d)cd} = (ABCD), 
it is evident, from the preceding Articles, that the envelope of rfD 
is a conic section, and that the lines pd^ PD, joining dD to two 
fi^ced points, will intersect on a conic passing through these points.* 
Let us examine the most general relation between d and D that 
this should be the case. If we denote the distances of abed from 
any fixed point o on the same line by r, r , r", r ", and the distances 
of ABCD from a fixed point O on the other right line by 
E, R', R", R'", we have 

(r,/)(/^~rO _ (R ~ RQ (R" - R") 
(r - r") (r'- r'") " (R - R") (R'- R"') ^ 

* We saw, p. 229, that it is also true, if ABCD, cibcdj be points on the same conic 
section, that Defwill envelope a conic if { ABCD } = {ahcd]^ and the intersection of PD, 
pd, will in this case be on a conic if P, jo be points on the conia Again, any two conies will 
be cut by four tangents to any conic having double contact with both, so that { ABCD } = 
{abed] (Art 278) ; but it will not be true conversely, that, if this relatiou holds, the 
envelope of Dd will be a conic, unless the points ABC, ahc, be so taken that Aa, Bb, Cc, 
may all touch the same conic having double contact with both. 
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and if we suppose r and R alone variable, this gives a relation of 
the form 

kRr + ZR + jwr + « = (compare Art. 278). 

This relation containing three independent constants is, there- 
fore, the most general connexion between od and OD if dD en- 
velope a conic touching arf, OD. 

If A; = 0, dD will envelope a parabola, since then R and r will 
become infinite at the same time. 

M. Chasles has given this relation in a diflferent form. Let 

there be given two other points e and E, then if A . -3 + u . ivfs = 1 > 

od {JD 

dD wilt envelope a conic ; for if the distances eo, EO, be called 

a, A, this relation may be written 

^ r- « R - A _ 

an equation included in the general form we have given. 

343. The distances from the origin of a pair of points on the 
axis being given by the equation Ax^ + 2Baj + C = 0, and those 
of another pair of points by the equation Ax^ + iB'x + C = 0, 
to find the condition that the four should form a harmonic 
system. 

The roots of the first equation being a, a', and of the second 
/3, j3', theirequired condition is 

O-a)(/3'-«') + O-a')(/3'-«) = 0, 
which, expressed in terms of the coefficients, is 
AC + A'C - 2BB' = 0. 
N. B. It can be proved that the condition that the anharmo- 
nic ratio of the system shall be given is, that (2BB' - AC- A'C)* 
shall be in a given ratio to (B^ - AC) (B'* - A'C). 

344. The pair of points given by any equation of the form 
(Ax^ + 2B^ + C) + /(A'a? + 2B'a; + C) = is in involution with 
the points given by Ax» + 2B» + C = 0, AV + 2B'a; + C « 0. 

For, let the foci of the system determined by the latter two 
pairs of points be given by the equation aaj* + 2&r + c = 0, then 
we must have (Art. 343) 

flC + cA^ 2ftB = 0, aC + cA' - 2ftB' = ; 
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and it is evident that when these conditions are fulfilled we must 
have a (0 + /C') + c(A + /A') - 2J(B + /B') = 0. 

345. To find the centre and the foci of the system just 
written. 

The foci are found, by solving for a, ft, c, from the equations 

aC + cA - 2ftB = 0, aC + cA - 2ftB' = 0, 
and substituting the resulting values in ax^ + 2fta; + c = ; when 
we get 

(AB' - BA) x^ + (AC - C A)a; + (BC ~ CB) = 0. 

This may be otherwise written, if we make the equation homo- 
geneous by introducing a new variable y, and write • 

U = Ai?2 + 2Bi:y + CyS V = Aar» + 2Bxy + Cy, 
then the equation which determines the foci is 

rfU ^_rfu^^^ 

dx dy dy dx 

The centre is got by determining / so that the equation U + / V == 

shall have one of its roots infinite, or shall have the coeflBcient of 

a:' = (Art. 131). The centre therefore is given by the equation 

2(BA' - B'A) X + (CA - C A) = 0. 

346. To find the locus of a point such that the tangents from 
it to two given conies shall form a harmonic pencil. 

For simplicity we shall take the equations of the conies, 
Ax"^ + Qy^ + Fz' = 0, A'a;« + Cy + Ysi^ = 0, which is equivalent 
to supposing (see Art. 281) that we have chosen for a:, y, z the 
three lines whose poles with regard to both conies are the same 
(Art. 318). Then the equation of the pair of tangents from any 
point to the first conic being 

(Ar* + Cy» + Fz^) {Ax'^ + Cy'^ + F/^) = {Axx' + Cyy + Yzz')\ 
if we make in this 2 = 0, the points where the line z is met by 
these tangents is given by the equation 

A(Cy2 + Fz'«)ar2 - ^ACodyxy + C(Aa?'« + Yz^)y'' = 0, 

and forming the condition (Art. 345) that this shall form a har- 
monic system with the corresponding pair of points for the second 
conic, we find for the equation of the locus. 
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AC'( A'rc^ + F^:^ (Cy» + ¥z^) + A'C (Ax^ + Fz^) (Cy + F^') 

= 2AA'CC'^y, 
or A A(CF+ CT>2 + CC'( AF+ ATy + FF(AC' + A'C)^* = 0. 

And it will be seen that this is identical with the equation (see 
Ex. 3, p. 268) of the conic F which passes through the eight 
points of contact of common tangents to the two conies. It is proved 
in like manner that if the anharmonic ratio of the tangents bcj 
given, the locus is a curve of the fourth degree, F* = ASS'. 

THE METHOD OF INFINITESIMALS. 

347. In the next Part we purpose to show how the differential 
calculus enables us readily to draw tangents to curves, and to de- 
termine the magnitude of their areas and arcs. We wish first, 
however, to give the reader some idea of the manner in which 
these problems were investigated by geometers before the inven- 
tion of that method. The geometric methods are not merely in- 
teresting in a historical point of view ; they afford solutions of 
somd questions more concise and simple than those furnished by 
analysis, and they have even recently led to a beautiful theorem 
(Art. 357), which had not been anticipated by those who have 
applied the integral calculus to the rectification of conic sections. 

If a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad irifinitum, the polygon will 
coincide with the curve, and the tangent at any point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circumscribing polygon is increased, the more nearly will its area 
and perimeter approach to equality with the area and perimeter 
of the curve, and the more nearly will the intersection of two of 
its adjacent sides (ipproach to the point of .contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing poly- 

2 p 
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gon of an indefinite number of sides; we may consider any tan- 
gent of the curve as the line joining two indefinitely near points 
on the curve, and any point on the curve as the intersection of 
two indefinitely near tangents. 

348. Ex. !• To find the direction of the tangent at any point 
of a circle. 

In any isosceles triangle AOB, either base angle OB A is less 
than a right angle by half the vertical angle ; but as the pointa 
A and B approach to coincidence, the 
vertical angle may be supposed less 
than any assignable angle, therefore 
the angle OBA which the tangent 
makes with the radius is ultimately AJf 
equal to a right angle. We shall fre- 
quently have occasion to use the prin« 
ciple here proved, viz., that two inde- 
finitely near lines of equal length are 
at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same i^umber of sides be inscribed in the 
circles, it is evident, by similar triangles, that the bases ai, AB, 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio ; and since this will be true, no matter how the num- 
ber of sides of the polygon be increased, the circumferences are 
to each other in the same ratio. 

Ex. 3. The area of a circle is equal to the radius multiplied by 
the semidrcumference. 

For the area of any triangle O AB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpendicu- 
lar on any side approach to equality with the radius, and the 
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difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semicircumference ; or = irr^. 

349. Ex. 1. To determine the direction of the tangent at any 
point on an ellipse. 

Let P and F be two indefi- 
nitely near points on the curve, 
then FP + PF = FF + FF ; or, 
taking FE = FP, F'R' = FF, we 
have FR = PR'; but in the tri- 
angles PRP; PRF, we have also 
the base PF common, and (by 
Ex. 1, Art. 348) the angles PRF, PR'F right ; hence the angle 
PFR = FPR'. Now TPF is ultimately equal to PFF, since 
their difference PFF may be supposed less than any given angle; 
hence TPF =» FPF, or the focal radii make equal angles with 
the tangent. 

Ex. 2. To determine the direction of the tangent at any point 
on a hyperbola. 

We have 

FF - FP = FF - FP, 
or, as before, 

FR = PR. 
Hence the angle 

PFR = PFR', 
or, the tangent is the internal bisector 
of the angle FPF. 

Ex. 3. To determine the direction of the tan- , 
gent at any point of a parabola. N 

We have FP = PN, and FF = FN' ; hence 
PR = FS, or the angle N'FP = FP'P. The 
tangent, therefore, bisects the angle FPN. d 

350. Ex. 1. To find the area of the parabolic 
sector FVP. 

Since PS = PR, and PN = FP, we have the 
triangle FPR half the parallelogram PSNN'. 
Now if we take a number of points FF', &c. 
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between V and P, it is evident that the closer we take them, the 
more nearly will the sum of all the parallelograms PSNN', &c.y 
approach to equality with the area D VPN, and the sum of all the 
triangles PFR, &c., to the sector VFP; hence idtimately the 
sector PFV is half the area DVPN, and therefore one-third of 
the quadrilateral DFPN. 

Ex. 2. To find the area of the segment of a parabola cut off by 
any right line. 

Draw the diameter bisecting it, then 
the parallelogram PR' is equal to PM', 
since they are the complements of paral- 
lelograms about the diagonal; but since 
TM is bisected at V, the parallelogram 
PN' is half PR'; if, therefore, we take a 
number of points P, F, P", &c., it follows that 
the sum of all the parallelograms PM' is 
double the sum of all the parallelograms 
PN', and therefore ultimately that the space V'PM is double 
VPN ; hence the area of the parabolic segment V'PM is to that 
of the parallelogram VNPM in the ratio 2:3. 

351 . Ex. 1. The area of an ellipse is equal to the area of a circle 
whose radius is a geometric mean between the semiaxes of the ellipse. 

For if* the ellipse and the 
circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : md : : m'i' : m'd :: b: a, 
the quadrilateral mbVm! is to 
mddm in the same ratio, and 
the sum of all the one set of qua- 
drilaterals, that is, the polygon 
B66'J"A inscribed in the ellipse 
is to the corresponding polygon 
Dddd'A inscribed in the circle, in the same ratio. Now this will 
be true whatever be the number of the sides of the polygon : if 
we suppose them, therefore, increased indefinitely, we learn that 
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the area of the ellipse is to the area of the circle as £ to a ; but 
the area of the circle being = ira\ the area of the eUipse = irab. 

Cor. It can be proved, in like manner, that if any two figures 
be such that the ordinate of one is in a constant ratio to the cor- 
responding ordinate of the other, the areas of the figures are in 
the same ratio. 

Ex. 2. Every diameter of a conic bisects the curve. 

For if we suppose a number of ordinates drawn to this diame- 
ter, since the diameter bisects them all, it also bisects the trapezium 
formed by joining the extremities of any two adjacent ordinates, 
and by supposing the number of these trapezia increased without 
limit, we see that the diameter bisects the curve. 

352. Ex. 1. The area of the sector of a hyperbola made by join- 
ing any two points of it to the centre^ is equal to the area of the 
segment made by drawing parallels from them to the asymptotes. 

For since the triangle PKC = QLC, the area PQC = PQKL. 
Ex. 2. Any two segments, 
PQKL, RSMN, are equal, if 

PK:QL::RM:SN. 
For 

PK:QL::CL:CK, 
but (Art. 202) 

CL = MT, CK = NT ; c^ ' icT"" "m""t""nV 

we have, therefore, 

RM: SN::MT':NT, 

and therefore QR is parallel to PT. We can now easily prove 
that the sectors PCQ, RCS are equal, since the diameter bisect- 
ing PS, QR will bisect both the hyperbolic area PQRS, and 
also the triangles PCS, QCR. 

If we suppose the points Q, R to coincide, we see that we can 
bisect any area PKNS by drawing an ordinate QL, a geometric 
mean between the ordinates at its extremities. 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

353. The tangent to the interior of two similar, similarly placed, 
and concentric conies cuts off a constant area from the exterior 
conic. 
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For we proved (p. 203) that this tangent is always bisected 
at the point of contact; now if we draw any two tangents, the 
angle AQA' will be equal to BQB; 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
AQ, A'Q approach to equality with the 
sides BQ, B'Q ; if, therefore, the two 
tangents be taken indefinitely near, the triangle AQA' will be 
equal to BQB', and the space AVB will be equal to A'VB' ; 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. 

Cor. 1. It can be proved, in like manner, that if a tangent to 
one curve always cut off a constant area from another, it will be 
bisected at the point of contact; and, conversely, that if it be 
always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will therefore evidently be least when 
this last conic passes through the ^ven point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point which 
cuts off the minimum or maximum area from any curve is bi- 
sected at that point. In like manner can be proved the following 
two theorems. I am indebted to the late Professor Mac Cullagh 
for my knowledge of all the theorems of this Article, and I do 
not remember having seen them elsewhere published. 

Ex. 1. If a tangent AB to one curve cut off a constant arc from 
another^ it is divided at the point of contact^ so that AP : PB in- 
versely as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB be of a constant lengthy and if the 
perpendicular let fall on AB from the intersection of the tangents 
at A and B meet AB in M, then AP will := MB. 
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354. Tojind the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the in- 
tersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two consecutive normals to the curve. 

Now, given any two triangles FPF, FFF, and PN, FN, 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PNP' = PFP' + PFF. 
(See figure, p. 291). 

Now, since the arc of any circle is proportional to the angle 
it subtends at the centre (Euc. VI. 33), and also to the radius 
(Art. 348), if we consider PP' as the arc of a circle, whose 

PF 

centre is N, the angle PNP' is measured by p^j^. In like man- 
PR 
ner, taking FR = FP, PFF is measured by pp, and we have 

2PF PR fr; 

PN " FP "^ FF ' 
but PR = P'R' = PF sin PFF ; 

therefore, denoting this angle by 0, PN by R, FP, FP, by /t>, p\ 
we have 2 11 

Rsin0""p p 
Hence it may be inferred that the. focal chord of curvature is double 
the harmonic mean between the focal radii. Substituting — for • 
sinO, 2a for p + /tx', and V^ for pp\ we obtain the known value, 

«■-;• 

ab 
The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p infinite, and the formula becomes 

2 1 

Rsind p 

I owe to Mr. Townsend the following investigation, by a dif- 
ferent method, of the length of the focal chord of curvature: 
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Draw any partdlel QR to the tangent at P, and describe a 

circle through PQR meeting the focal „ ^R 

chord PL of the conic at C. Then by 
the circle PS- SC = QS- SR, and by Q^ 
the conic (Ex. 2, p. 170) 

PSSLiQS SR::PL:MN; 

therefore, whatever be the circle, 
SC:SL::MN:PL; 

but for the drcle of curvature the points S and P coincide, there- 
fore PC:PL::MN:PL; 
or, the focal chord of curvature is equal to the focal chord of the 
conic draum parallel to the tangent at the point (p. 210). 

355. The radius of curvature of a central conic may otherwise 
be found thus : 

Let Q be an indefinitely near point 

on the curve, QR a parallel to the ^ >>T 

tangent, meeting the normal in S; 
now, if a circle be described passing 
through P, Q, and touching PT at P, 
since QS is a perpendicular let fall 
from Q on the diameter of this circle, 
we have PQ* = PS multiplied by the diameter; or the radius of 
PQ» 




curvature « Kp^* Now, since QR is always drawn parallel to 

the tangent, and since PQ must idtimately coincide with the tan- 
gent, we have PQ ultimately equal to QR ; but, by the property 
of the ellipse (if we denote CP and its conjugate by a\ b'\ 
V^ : a'^ : : QR» : PR . RP (= 2a'. PR), 

therefore ^^^ 2ft^.PR 
Klix* = 



Hence the radius of curvature = — 7 • =50 • 

a Jro 



Now, no matter how 



small PR, PS are taken, we have, by similar triangles, their 

^. PR CP a' „ ... ^ h'^ 

ratio .53 = 7^7=^ = — Hence radius of curvature = — 
iro \uJL p p 
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It is not difficult to prove that at the intersection of two con- 
focal conies the centre of curvature of either is the pole with re- 
spect to the other of the tangent to the former at the intersection. 

356. If two tangents be draton to an ellipse from any point of a 
confocal ellipsey the excess of the sum of these two tangents over 
the arc intercepted between them is constant.^ 

For, take an indefinitely near 
point T, and let fall the perpendicu- 
lars TR, TS, then (Art. 348) 
PT = PR = PF + P^ 
(for PR may be considered as the 
continuation of the line PP) ; in like 
manner, Q'T = QQ' + QS. 

Again, since, by Art. 194, the angle TTTl = TTS, we have 
TS = TR ; and therefore PT + TQ' = PT + TQ'. Hence, 
(PT + TQ) - (PT + TQ) = PP - QQ' = PQ - PQ'. 

Cor. The same theorem will be true of any two curves which 
possess the property that two tangents, TP, TQ, to the inner one, 
always make equal angles with the tangent TT to the outer. 

357. If two tangents be draton to an ellipse from any point of a 
confocal hyperbola^ the difference of the arcs PK, QK, is equal to 
the difference of the tangents TP, TQ,t 

For it appears, precisely as be- 
fore, that the excess of TP' - P'K 
over TP - PK = T'R, and that 
the excess of TQ' - Q'K over 
TQ - QK is TS, which is equal 
to TR, since (Art. 194) TT bi- 
sects the angle RT'S. The dif- 
ference, therefore, ^between the 
excess of TP over PK, and that 
of TQ over QK, is constant ; but 




* This beautiful theorem was discovered by Dr. Graves. See his Trantlathn of 
ChcuM9 Menunrg o» Comen and Spherical Conies, p. 77. 

t This extension of the preceding theorem was discovered by Mr. Mac Cuilagh. 
Dublin Exam, Papers^ 1841, p. 41; 1842, pp. 68, 83. M. Chasles afterwards indepen- 

2q 
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in the particular case where T coincides with K, both these ex- 
cesses, and consequently their difference, vanish ; in every case, 
therefore, TP - PK = TQ - QK. 

Cor. Fagnanis theorem^ " That an elliptic quadrant can be 
BO divided, that the difference of its parts may be equal to the 
difference of the semiaxes," follows immediately from this Article, 
since we have only to draw tangents at the extremities of the 
axes, and through their intersection to draw a hyperbola confocal 
with the given ellipse. The co-ordinates of the points where it 
meets the ellipse are found to be 

6« 



368. If a polygon circumscribe a conic^ and if all the vertices 
but one move on confocal conies^ the locus of the remaining vertex 
will be a confocal conic. 

In the first place, we assert that If the vertex T of an angle 
PTQ circumscribing a conic, move on a confocal conic (see fig. 
Art. 356) ; and if we denote by «, ft, the diameters parallel to 
TP, TQ; and by a, /3, the angles TPT^ TQ'T', made by each 
of the sides of the angle with its consecutive position, then aa = ft/3. 
For (Art. 356) TR = T'S ; but TR = TPa ; T'S = T'Q'jS, and 
(Art. 152) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = ftj3, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that TR = TS ; 
hence that TT' makes equal angles with TP, TQ, and therefore 
coincides with the tangent to the confocal conic through T ; and 
therefore that T' lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
a, ft, c, &c., that parallel to the last side being rf, we have aa = ft)3, 
because the first vertex moves on a confocal conic ; in like man- 
ner ft/3 = cy, and so on until we fipd aa = d^^ which shows that 
the last vertex moves on a confocal conic* 



dently noticed the same extension of Dr. Graves's theorem. Comptea Rendv*^ October, 
1843, torn. xvii. p. 838. 

• This proof is taken from a paper by Dr. Hart ; Cambridge and Dublin Math. 
Jour., iv. 193. 
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THE METHOD OF PROJECTIONS.* 

359. We have already several times had occasion to point out 
to the reader the advantage gained by taking notice of the num- 
ber of particular theorems often included under one general 
enunciation, but we now propose to lay before him a short sketch 
of a method which renders us a still more important servix5e, and 
which enables us to tell when from a particular given theorem 
we can safely infer the general one under which it is contained. 
The method of projections, indeed, as requiring some knowledge 
of the geometry of three dimensions, may seem scarcely admissible 
into a treatise on plane geometry ; yet, as it is only in laying 
down its principles that we shall have to use a few not very diffi- 
cult theorems of solid geometry, and as the applications of the 
method (the principles being once admitted) do not require any 
consideration of space of three dimensions, we feel that it could 
not with propriety be excluded from the present treatise. The 
reader will have less difficulty in following the demonstrations 
here ^ven, as in studying spherical trigonometry he has been 
already introduced to the consideration of space of three di- 
mensions. 

360. If all the points of any figure be joined to any fixed 
point in space (O), the joining lines will form a cone^ of which 
the point O is called the vertex^ and the section of this cone, by 
any plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone is cut is called the 
plane of projection. 

To any point of one figure will correspond a point in the other. 

For, if any point A be joined to the vertex O, the point a, in 
which the joining line O A is cut by any plane, will be the pro- 
jection on that plane of the given point A. 

A right line will always he projected into a right line. 

For, if all the points of the right line be joined to the vertex, 

* This method is the invention of M. Poncelet. See his Traite des Proprietes Pro- 
Jectives, published in the year 1822. I shall be glad if the slight sketch here given in- 
duces any reader to study a work, from which I have perhaps derived more information 
than from any other on the theory of curves. 
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the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so will 
also the corresponding lines on the projection. 

361. Any plane curve will always be projected into another 
curve of the same degree. 

For it is plain that, if the given curve be cut by any right line 
in any number of points. A, B, C, D, &c., the projection wiU 
be cut by the projection of that right line in the same number of 
corresponding points, a, ft, c, </, &c., but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ab will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same number of points, and any point com- 
mon to one pair, whether real or imaginary, must be considered 
as the projection of a corresponding real or imaginary point com- 
mon to the other pair. 

Any tangent to one curve will be projected into a tangent to the 
other. 

For, any line AB on one curve must be projected into the 
line ab joining the corresponding points of the projection. Now, 
if the points A, B, coincide, the points a, i, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

'362. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB, then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 



Digitized by LjOOQ IC 



THE METHOD OF PROJECTIONS. 301 

plane of projection. Conversely, amf system of parallel lines on 
the original plane is projected into a system qf lines meeting on a 
point in the line DF, where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projections then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
pass through a point in general at a finite distance ; and again, 
that all the points at infinity on any plane may be considered as 
lyifig on a right lincj since we have showed, that the projection of 
any point in which parallel lines intersect must lie somewhere on 
the right line DF in the plane of projection. 

363. We see now that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching cer- 
tain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, " if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projections shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal's and Brianchon's 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

364. Properties which, if true for any figure, are true for its 
projection, are called projective properties. Beside the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line, { ABCD ) being 
measured by the ratio of the pencil (O.ABCDj drawn to the 
vertex, must be the same as that of the four points [abed}, where 
this pencil is cut by any transversal. Again, if there be an equa- 
tion between the mutual distances of any number of points in a 
right line, such as 
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AB.CD.EF + A.AC.BE.DF + /.AD.CE.BF+&C. = 0, 
where in each term of the equation the same points are men- 
tioned, although in different orders, this property will be projec- 
tive. For (see Art. 314) if for AB we substitute 
OA.OB.sinAOB ^ 

OP '*^- 

each term of the equation will contain O A . OB . OC . OD . OE . OP 
in the numerator, and OP^ in the denominator. Dividing, then, 
by these, there will remain merely a relation between the sines 
of angles subtended at O. It is evident that the points A, B, C, 
D, E, F, need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that after the substitution, each term of 
the equation may contain in the denominator the same product, 
OP . OF. OF', &c. Thus, for example, " If lines meeting in a 
point and drawn through the vertices of a triangle ABC meet the 
opposite sides in the points a, 6, c, then Ab . Be . Ca = Ac . Ba . Cb" 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABC. Let 
us suppose the point C projected to an infinite distance, then 
AC, BC, Cc are parallel, and the relation becomes 

Ab .Be = Ac . Ba, 
the truth of which is at once perceived on making the figure. 

365. It appears from what has been said, that if we wish to 
demonstrate any projective property of any figure, it is sufiScient 
to demonstrate it for the simplest figure into which the given 
figure can be projected ; e. g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigate the harmonic proper- 
ties of a complete quadrilateral ABCD, whose opposite sides in- 
tersect in E, F, and the intersection of whose diagonals is G, we 
may join all the points of this figure to any point in space O, and 
cut the joining lines by any plane parallel to OEF, then EF is 
projected to infinity, and we have a new quadrilateral, whose 
sides abf cd intersect at e at infinity, that is, are parallel ; while 
ad^ be intersect in a point^at infinity, or are also parallel. We 
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thus see that any quadrilateral may be projected into a parallelo^ 
gram. Now since the diagonals of a parallelogram bisect each 
other, the diagonal ac is cut harmonically in the points a, y, c, 
and the point where it meets the line at infinity ef* Hence AB is 
cut harmonically in the points A, G, C, and where it meets EF. 

Ex. If two triangles ABC, A'B'C, be such that the points of intersection of AB, A'B' ; 
BC, B'C; CA, C'A' ; lie in a right line, then the lines AA', BB', CC meet in a point. 

Project to infinity the line in which AB, A'B', &c., intersect; then the theorem be- 
comes : " If two triangles ahc^ a'b'c have the sides of the one respectively parallel to the 
sides of the other, then the lines aa\ hh\ cc meet in a point." Bat the truth of this lat- 
ter theorem is evident, since aa\ hb' both cut cc in the same ratio. 

366. Before giving examples of the application of the method 
of projections to curves of the second degree, we wish to examine 
more particularly than in Art. 361 the nature of the section made 
by any plane in a cone standing on a circular base. We there 
proved that the projection of a circle must be always a curve of 
the second degree, and we wish now to show that the same circle 
may be projected into any of the three species of curves of the 
second degree. We commence by proving that any curve will be 
projected into a similar curve^ on a plane parallel to the plane of 
the original curve. 

For take any fixed point A in the plane of one of them, and 
the corresponding point a in the plane of the other, and let radii 
vectores be drawn from them to any corresponding points B, b ; 
now from the similar triangles OAB, Oaft, AB is to ab in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is in this constant ratio to the corresponding radius vector 
of the other, the two curves are similar (Art. 239). 

Cor. If a cone standing on a circular base be cut by any plane 
parallel to the base, the section will be a circle. This is evident 
as before : we may, if we please, suppose the points A, a the 
centres of the curves. 

367. The section by any plane of a cone standing on a circular 
base is a curve of the second degree. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called th^ axis of the cone. If this line be not per- 
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pendicular to the plane of the base, the cone is said to be oblique. 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
first find some difficulty in the conception of figures in space. 

Let a plane (OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the section, so that both the 
section MS^N and the base A SB are 
supposed to be perpendicular to the 
plane of the paper : the line BS, in 
which the section meets the base, is, 
therefore, also supposed perpendicu- 
lar to the plane of the paper. Let us 
first suppose the line MN, in which 
the section cuts the plane OAB to 
meet both the sides O A, OB, as in the ^Z^" 
figure, on the same side of the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. III. 35) the square 
of KS, the ordinate of the circle, = AB . BB, and in like manner 
rs^ = ar . rb. But from a comparison of the 
similar triangles ABM, arM ; BBN, 6rN, 
it can at once be proved that 

AB.BB:MB.BN::ar.rft:Mr.rN. 

Therefore 

BS»:r*^::MB.BN:Mr.rN. 

Hence the section MS*N is such that the 
square of any ordinate rs is to the rectangle 
under the parts in which it cuts the line 
MN in the constant ratio BS' : MB . BN. 
Hence it can immediately be inferred (Art. 
152) that the section is an ellipse^ of which A 
MN is the axis major, while the square of 
the axis minor is to MN* in the given ratio 

BS«:MB.BN. 
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Secondly. Let MN meet one of the sides OB, produced. The 
proof proceeds exactly as before, only that now we prove the 
square of the ordinate rs in a constant ratio to the rectangle 
Mr . rN under the parts into which it cuts the line MN produced. 
The learner will have no diflSculty in proving that the locus will 
in this case be 2k hyperbola^ consisting evidently of the two oppo- 
site branches N«S, M*'S'- 

Thirdly. Let the lineMN he parallel to 
one of the sides. In this case, since AR = ar^ 
and B.B irbii KN : rN, we have the square 
of the ordinate rs (=ar.rb) to the abscissa 
rN in the constant ratio 

RS^(=AR,RB):RN, 

The section is therefore a parabola.^ 




* Those ^o first treated of conic sections only considered the case when a right 
cone is cut by a plane perpendicular to a side of the cone : that is to say, when MN is 
perpendicular to OB. Conic sections were then divided into sections of a r^ht-angled, 
acute, or obtiAe-angled cone ; and according to Entochius, the commentator on Apollo- 
niuSi were called parabola, ellipse, or hyperbola, according as the angle of the cone was 
equal to, less than, or exceeded a right angle. (See the passage cited in full, Walton m 
Examples^ p. 42S.) It was ApoUonius who first showed that all three sections could be 
made from one cone ; and who, aoecxrding to Pappas, gave them the names parabola, 
ellipse, and hyperbola, for the reason stated, p. 170. The authority of Eutochius, who 
was more than a century later than Pappus, may not be very great, but the name para- 
bola was used by Archimedes, who was prior to Apollonius. 

It is worth mentioning, that if a sphere he inscribed in « right cone touching the 
plane ofang seeli&n, the point of contact will be afocua of that 
Mectionj and the corresponding directrix will be the intersection of 
the plane of the section toith the plane of contact of the cone with 
the sphere. (Bp, Hamilton s Conic Seetions, lib. iL prop. 37.) 

Let a sphere be both inscribed and exscribed between the 
cone and the plane of the section. Now, if any point P of the 
section be joined to the vertex, and the joining line meet the 
planes of contact in Dd, then we have PD = PF, since they 
are tangents to the same sphere, and, similarly, P</= PF, there- 
fore PF + PF = Drf, wliich is constant. The point (B) where 
FF meets AB produced, is a point on the directrix, for by the 
property of the circle NFMR is cut harmonically, therefore, R is a point on the polar of 
F. This is only a particular case of a more general theorem. 

It is not difficult to prove that the paramet^ of the section MPN is constant, if the 
distance of the plane from the vertex be constant. 

2 R 
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368. It is evident that the projections of the tangents at the 
points A, B of the circle are the tangents at the points M, N of 
the conic section (Art. 362) ; now in the case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
again led to the conclusion that every parabola has one tangent 
altogether at an infinite distance. 

369. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line OC, perpendicular to 
the plane of the circle AQSB. Now let 
the section meet the base in any line QS, 
draw a diameter LK bisecting QS, and 
let the section meet the plane OLK in the 
line MN, then the proof proceeds exactly 
as before ; we have the square of the ordi- 
nate RS equal to the rectangle LR . RK ; 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- 
ing it too complicated), we have the square * 

of any other ordinate, r*, equal to the corresponding rectangle 
lr,rk; and we then prove by the similar triangles KRM, krM ; 
LRN, ZrN, in the plane OLK, exactly as in the case of the right 
cone, that RS' : rs\ as the rectangle under the parts in which 
each ordinate divides MN, and that therefore the section is a 
conic of which MN is the diameter bisecting QS, and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, an hyperbola when it meets them on different sides 
of the vertex, and a parabola when it is parallel to either. 

In the proof just given QS is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB, any other parallel circle aft, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

370. If a circular section be cut by any plane in a line RS, the 
rectangle DR . RF of the segments of the diameter of the circle 
conjugate to QS is to the rectangle ^R . R^ under the segments of 
the diameter of the section conjtigate to QS as the square of the 
diameter of the section parallel to QS is to the square of the con- 
jugate diameter gk. 
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This has been proved in the last Article, in the case where 
QS meets the circle in real points, 
since rs^ ^dr .rf. Now, if the plane 
meet any other parallel plane in a 
line QS which does not meet the 
curve: First, we say that the dia- 
meters conjugate to QS with regard 
to the circle, and with regard to the 
other section, will meet QS in the 
same point R ; for, by Art. 366, the 
diameter df^ bisecting chords of any 
circular section parallel to q$^ will be projected into a diameter 
bisecting the parallel chords of any parallel section. The middle 
points, therefore, of all chords parallel to qs^ must lie in the 
plane Odf^ and, consequently, the diameter conjugate to QS, in 
the section gqhs^ must be the line gk^ in which it is met by the 
plane Odf. DF, therefore, and gh^ intersect in the point R, 
where QS meets the plane Odf. 

Now, since we have proved that the lines gk^ df DF, lie in 
one plane passing through the vertex, the points D, d^ are pro- 
jections of ^, that is, they lie in one right line passing through the 
vertex ; we have, therefore, by similar triangles, as in Art. 367, 
<fr.r/':DR.B,F::^r .rA.^R.RA; and, Auce dr .rfigr.rk^ as 
the squares of the parallel semidiameters, DR . RF :^R . RA in 
the same ratio. 

371. If a plane be drawn through the vertex parallel to the 
circular base meeting the section gqks in TL, it follows, as a par- 
ticular case of the preceding, that gJj .LA : OL'* in the ratio of the 
squares of the parallel diameters of the section. Hence we see 
that, given any conic section and a line, TL, in its plane, it is an 
indeterminate problem to find O the vertex of a cone such that 
the section of it, by any plane parallel to OTL, should be a circle. 
For, draw the diameter of the section conjugate to TL, then the 
distance of L from the vertex of the cone is determined by the 
present Article ; also OL must lie in the plane perpendicular to 
TL, since it is parallel to the diameter of a circle perpendicular 
to TL ; O may, therefore, be any point of a certain circle in a 
plane perpendicular to TL. 
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Hence, Given any conic section^ and any line TL in its plane 
not cutting it^ we can project it, so that the conic section may be-- 
come a circle ; and the line may be projected to infinity^ for we 
have only to take any point O, such that the plane OTL may be 
parallel to the plaices of circular section, and then any plane pa* 
rallel to OTL will be a plane of projectifm fulfilling the required 
conditions. 

372. Given any conic section and a point in its plane^ we can 
project it into a circle^ ofwhidi the projection of that point is the 
centre^ for we have only to project it so that the projection of the 
polar of the given point may pass to infinity (Art. 157). 

Or again, Any two conic sections may be projected so as both to 
become circles^ for we have only to project one of them into a cir- 
cle so as that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 259, the projection of the se- 
cond conic passing through the same points at infinity as the 
circle must be a circle also. 

Any two conies which have double contact with each other may 
be projected into concentric circles. 

For we have only to project one of them into a circle so that 
its chord of contact with the other may pass to infinity (Art. 259X 

Strictly speaking, all these projections have only been shown 
to be possible when the line projected to infinity does not meet 
the conic in real points ; but it will be found in practice that this is 
a limitation which it is unnecessary to attend to, and that a pro- 
jective proposition once proved true for any state of a figure may 
become unmeaning^ but will never hecome false^ when certain 
lines in that figure have become imaginary. Thus, for example, 
although the method of projecting into concentric circles only 
directly proves properties of conies having double contact, whose 
chord of contact is imaginary y we shall not think it necessary to 
seek for an independent proof of the same properties in the case 
where the chord of contact is real. 

373. We shall now give some examples of the method of de- 
riving properties of conies from those of the circle, or from other 
more particular properties of conies. 

Ex. 1. '* A line through any point is cut hanuouicaOy by the curve and the polar «f 



Digitized by LjOOQ IC 



THE METHOD OF PROJECTIONS. 309 

that point" This property and iU reciprocal are projective properties (Art. 364), and 
both being true for the circle, are true for every conic. Hence all the properties of the 
circle depending on the theory of poles and polars are tme for all the conic sections. 

Ex. 2. The anharmonic properties of the points and tangents of a conic are projective 
properties, which, when proved for the circle, as in Art. 313, are proved for all the conies. 
Hence, eveiy property of the circle which resolta from dtber of its anharmonic properties 
Is tme also for all the conic sections. 

Sz. 8. Camot's theorem (Art 314), that if a conic meet the sides of a triangle, 
Ab . Ab'. Be . Be'. Cfl . Ca' = Ac . Ac'. Ba . B«'. Cft . C6', 
is a projective property which need only be proved in the case of the circle, in which 
case it is evidently true, since A6 . Ab' = Ac . Ac', &c. 

The theorem is evidently true, and can be proved in like manner for any polygon. 

Ex. 4. From Camofs theorem, thus proved, could be deduced the properties of Art. 
151, by supposing the point C at an infinite distance ; we then have 

Ab.Ab' _Ba.Ba' 
Ac.Ac "BcBc" 
where the line Ab is parallel to B^. 

Ex. 5. Given two concentric circles, Given two conies having double contact 

any chord of one which touches the other with each other, any chord of one which 
is bisected at the point of contact touches the other is cut harmonically at 

the point of contact, and where it meets 
the chord of contact of the conies. (Ex. 3, 
p. 280.) 

For the line at infinity in the first case is projected into the chord of contact of two 
conies having double contact with each other. Ex. 4, p. 203, is only a particular case of 
this theorem. 

Ex. 6. Given three concentric circles, Given three conies all touching each 

any tangent to one is cut by the other two other in the same two points^ any tangent 
in four points whose anharmonic ratio is to one is cut by the other two in four points 
const^mt. whose anharmonic ratio is constant 

The first theorem is obviously true, since the four lengths are ccmstant The second 
may be considered as an extension of the anharmonic property of the tangents of a conic. 
In like manner, the theorems (in Art. 278) with regard to anharmonic ratios in conies 
having double contact are immediately proved by projecting the conies into conoentrie 
circles. 

Ex. 7. We mentioned already, that it was sufficient to prove Pascal's theorem for the 
case of a circle, but by the help of Art. 362 we may still further simplify our figure, for 
we may suppose the line joining the intersection of AB, DE, to that of BC, EF, to pass 
off to infinity ; and it is only necessaiy to prove that, if a hexagon be inscribed in a 
circle having the side AB parallel to DE, and BC to EF, then CD will be parallel to 
AF ; but the truth of this can be shown from elementary considerations. 

Ex. 8. A triangle is inscribed in any conic, two of whose sides pass through fixed 
points, to find the envelope of the third (p. 229). Let the line joining the fixed points 
be projected to infinity, and at the same time the conic into a circle, and this property 
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becomes, — " A trUngle is inscribed in a drcie, two of whose sides are parallel to fixed 
lines, to find the enyelope of the third." But this envelope is a concentric circle, since 
the vertical angle of the triangle is given ; hence, in the general case, the envelope is a 
conic touching the given conic in two points on the line joining the two given points. 

Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a conic. 
Let the conic be projected into a circle, and the quadrilateral into a parallelogram (Art. 
865). Now the intersection of the diagonals of a parallelogram inscribed in a circle is 
the centre of the circle ; hence the intersection of the diagonals of a quadrilateral in- 
scribed in a conic is the pole of the line joining the intersections of the opposite sdes. 
Again, if tangents to the circle be drawn at the vertices of this parallelogram, the dia- 
gonals of the quadrilateral so formed will also pass through the centre, bisecting the 
angles between the first diagonals ; hence, *^ the diagonals of the inscribed and corre- 
sponding circumscribing quadrilateral pass through a point, and form an harmonic 
pencil" 

Ex. 10. Given four points on a conic. Given four points on a conic, the locus 

the locus of its centre is a conic through of the pole of any fixed line is a conic pass- 
the middle points of the sides of the given iug through the fourth harmonic to the 
quadrilateral. point in which this line meets each side of 

the given quadrilateral. 

Ex. 11. The locus of the point where If through a fixed point O a line be 

parallel chords of a circle are cut in a given drawn meeting the conic in A, B, and on it 
ratio is an ellipse having double contact a point Pbe taken, such that {GAB?} 
with the circle. (Art. 166.) may be constant, the locus of P is a conic 

having double contact with the given conic. 

374. We may project several properties relating to foci by 
the help of the definition of a focus given, page 233. 

Ex. 1. The locus of the centre of a circle If a conic be described through two 

touching two given circles is a hyperbola, fixed points, and touching two conies which 
having the centres of the given circles for also pass through those points, the locus of 
foci. the pole of the line joining those points is 

a conic inscribed in the quadrilateral formed 
by joining the two given points to the poles 
of the same line with regard to the given 
conies. 
We give this example as worth the learner's study, because it illustrates the different 
principles that all circles pass through two fixed points at infinity (Art. 259) ; that the 
centre is the pole of the line joining them (Art. 157) ;' that a focus is the intersection of 
tangents passing through these fixed points (Art 282) ; and that we are safe in extend- 
ing our conclusion from imaginary to real points (Art. 372). 

Ex. 2. Given the focus and two points Given two tangents, and two points on 
of a conic section, the intersection of tan- a conic, the locus of the intersection of tan- 
gents at those points will be on a fixed line. gents at those points is a right line. 
(Art. 196.) 

Ex. 3. Given a focus and two tangents Given four tangents and a fixed point 

to a conic, the locus of the other focus is a on each of two of them, the locus of the 
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right line. (This follows from Art. 194.) intersection of tangents from these points is 

a right line. 
For, the two points at infinity on any circle lie one on each of the tangents from one 
focus, and the intersection of the other tangents from these two points is the other focus. 

Ex. 4. Given three tangents to a para- Given four tangents to a conic, and two 

bola, the locus of the focus is the circum- fixed points on one of them, the locus of 
scribing drcle. (p. 1 87.) intersection of the other tangents from these 

points is a conic passing through the two 
points, and circumscribing the triangle 
formed by the other three tangents. 
For every parabola has one tangent at infinity, and the two points through which 
every circle must pass lie on this tangent. 

Ex. 5. The locus of the centre of a Given one tangent^ and three points on 

circle passing through a fixed point, and a conic, the locus of the intersection of tan- 
touching a fixed line, is a parabola of which gents at any two of these points is a conic 
the fixed point is the focus. inscribed in the triangle formed by those 

points. 

Ex. 6. Given four tangents to a conic, Given four tangents to a conic, the locus 

the locus of the centre is the line joining of the pole of any line is the line joining 

the middle points of the diagonals of the the fourth harmonics of the points where 

quadiilateraL the given line meets the diagonals of the 

quadrilateral. 
It follows from our definition of a focus, that if two conies have the same focus, this 
point will be an intersection of common tangents to them, and will possess the properties 
mentioned in Art. 265. Also, that if two conies have the same focus and directrix, they 
may be considered as two conies having double contact with each other, and may be 
projected into concentric circles. 

375. Since angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given,* 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a; = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is a;'* + y' = 0, or 
X -^yV- 1 = 0, X - yy/- I = 0. 

* Some particular cases where constant angles are projected into constant angles 
have been treated of by M. Poncelet, Traite des Proprietes ProjecHveSj p. 267 ; and by 
Mr. Mulcahy, Modern Geometry, p. 116; who have thus deduced by projection properties 
relating to angles subtended at the foci of conies from properties of the circle. As these 
theorems, however, may be more simply obtained otherwise, we have thought it belter 
not to occupy space with this method of obtaining them, and have substituted the gene- 
ral theory of projection of angles given in the text. 
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Hence (Art. 55) these four lines form an harmonic pencil. Hence, 
given four points, A, B, C, D, of a line cut harmonically, where 

A, C may be real or imaginary, if these points be transferred by 
a real or imaginary projection, so that A, C may become the two 
imaginary points at infinity on any circle, then any lines through 

B, D will be projected into lines at right angles to each other. 
Conversely, any two lines at right angles to each other will he pro- 

jected into lines which cut harmonically the line joining the two 
fixed points which are the projections of the imaginary points at 
infinity on a circle. 

Ex. 1. The t&ngent to a circle is at Any chord of a conic is cut harmoni- 

right angles to the radios. cally by any tangent, and by the line join- 

ing the point of contact of that tangent to 
the pole of the given chord. (Art. 147.) 

For the chord of the conic is supposed to be the projection of the line at infinity on 
the plane of the circle; the points where the chord meets the conic will be the projections 
of the imaginary points at infinity on the circle; and the pole of the chord will be the 
projection of the centre of the circle. 

Ex. 2. Any right line drawn through Any right line through a point, the line 

the focus of a conic is at right angles to the joining its pole to that pdnt, and the two 
line joining its pole to the focus. (Art. tangents from the point, form an harmonic 
197.) pencil (Art 149.) 

It is evident that the first of these properties is only a particular case of the second, 
if we recollect that the tangents from the focus are the lines joining the focus to the two 
imaginary points in any circle (Art 282). 

Ex. 8. Let us apply Ex. 6 of the last Article to determine the locus of the pole of a 
given line with regard to a system of confocal conies. Being given the two foci, we are 
given a quadrilateral circumscribing the conic (Art 282), one of the diagonals of this 
quadrilateral is the line joining the foci, therefore (Ex. 6) one point on the locus is the 
fourth harmonic to the point where the given line cuts the distance between the focL 
Again, another diagonal is the line at infinity, and since the extremities of this diagonal 
are the points at infinity on a circle, by the present Article the locus is perpendicular to 
the given line. The locus is, therefore, completely determined. 

Ex. 4. Two confocal conies cut each If two conies be inscribed in the same 

other at right angles. quadrilateral, the two tangents at any d 

their points of intersection cut any diagonal 
of the circumscribing quadrilateral har- 
monically. 
The last theorem is a case of the reciprocal of Ex. 1, p. 280. 

Ex. 6. The locus of the intersection of If from any two points B, D, which cut 

two tangents to a central conic, which cut a given line AC harmonically, tangents be 
at right angles, is a circle. drawn to a conic, the locus of their inter- 

section O is a conic through the points 
A, C. 
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The last theorem may, by Art. 149, be stated otherwise thus : ^^ The locos of a point 
O, such that the line joining O to the pole of AG may paas through C, is a conic through 
A, C ;" and the truth of it is evident directly, by taking four positions of the line, when 
we see, by Art. 339, that the anharmonic ratio of four lines, AG, is equal to that of four 
coiresponding lines, CO. 

Ex. 6. The locus of the intersection of If in the last example AC touch the 

tangents to a parabola, which cut at right given conic, the locus of O will be the line 
angles, is the directrix. joining the points of contact of tangents 

from A, C. 

Ex. 7. If from any point on a conic If a harmonic pencil be drawn through 

two lines at right angles to each other be any point on a conic, two legs of which are 
drawn, the chord joining th^ extr^nities fixed, the chord joining the extremities of 
passes through a fixed point (p. 160.) the other legs will pass through a fixed 

point. 

In other words, given two points, a, c, on a conic, and [ahcd] an harmonic ratio, bd 
will pass through a fixed point, namely, the intersection of tangents at a, c. But the 
truth of this may be seen directly : for let the line ae meet &<i in K, then since {a, ahcd] 
is a harmonic pencil, the tangent at a cuts hd in the fourth harmonic to K : but so like- 
wise must the tangent at c, therefore these tangents meet bd in the same point. As a 
particular case of this theorem we have the fi>Ilowing : *' Through a fixed point on a conic 
two lines are drawn, making equal angles with a fixed line, the chord joining their extre- 
mities will pass through a fixed point.** 

376. A system of pairs of riff ht lines drawn throtyh a point, 
every two of which make equal angles mth a fixed line, cut the line 
at infinity in a system of points in involution, of which the two points 
at infinity on any circle form one pair of conjugate points. For 
they evidently cut any right line in a system of points in involu- 
tion, the foci of which are the points where the line is met by the 
^ven internal and external bisector of every pair of right lines. 
The two points at infinity just mentioned belong to the system, 
since they also are cut harmonically by these bisectors. 

The tangents from any point to a sys- The tangents from any point to a sys- 

tem of confocal conies make equal angles tem of conies inscribed in the same quadri- 
with two fixed lines. (Art. 194.) lateral cut any diagonal of that quadrila- 

teral in a system of points in involution of 
which the two extremities of that diagonal 
are a pair of conjugate points. (Art. 336.) 

377. Two lines diverginff from a fixed pointy which contain a 
constant angle, cut the line joining the two points at infinity on a 
circle, so that the anharmonic ratio of the four points is constant. 

For the equation of two lines containing an angle 6 being 

^ = 0, y = 0, the direction of the points at infinity on any circle is 

determined by the equation 

2 s 

Digitized by LjOOQ IC 



314 



THB METHOD OF PROJECTIONS. 



a?» + y* + 2^0089 = 0; 
and, separating this equation into factors, we see, by Art. 55 j that 
the anharmonic ratio of the four lines is constant if be constant. 

Ex. 1. ** The angle contained in the same segment of a circle is constant" We see, 
by the present Article, that this is the form assumed hy the anhannonic property of four 
points on a circle when two of them are at an infinite distance. 

Ex. 2. The enyelope of a chord of a 
conic which subtends a constant angle at 
the focus is another conic hayiug the same 
focus and the same directrix. 



If tangents through any point O meet 
the conic in T, T, and there be taken on 
the conic two points A, B, such that 
{O.ATBT'} is constant, the envelope of 
AB is a conic touching the given conic in 
the points T, T*. 

If in Art. 376, Ex. 6, the points B, D 
be so taken that { ABCD} is constant, the 
locus of O is a conic touching the given 
conic at the pomts of contact of tangents 
from A, C. 

If a variable tangent to a conic meet 

two fixed tangents in T, T, and a fixed 

line in M, and there be taken on it a point 

P, such that {PTMT } may be constant, 

the locus of P is a conic passing through 

the points where the fixed tangents meet 

the fixed line. 

A particular case of this theorem is : ^' The locus of the point where the intercept of 

a variable tangent between two fixed tangents is cut in a given ratio, is a hyperbola 

whose asymptotes are parallel to the fixed tangents." 

Ex. 6. If from a fixed point O, OP be Given the anharmonic ratio of a pencil 

drawn to a given circle, and the angle three of whose legs pass through fixed 



Ex. 8. The locus of the intersection of 
tangents to a parabola which cut at a given 
angle is a hyperbola having the same focus 
and the same directrix. 

Ex. 4. If from the focus of a conic a 
line be dravm making a given angle with 
any tangent, the locus of the point where 
it meets it is a circle. 



TPO be constant, the envelope of TP is a 
conic having O for its focus. 



points, and whose vertex moves along a 

given conic, passing through two of the 

points ; the envelope of the fourth leg is a 

conic touching the lines joining these two 

to the third fixed pomt. 

A particular case of this is : *^ If two fixed points A, B, on a conic be joined to a 

variable point P, and the intercept made by the joining chords on a fixed line be cut in 

a given ratio at M, the envelope of PM is a conic touching parallels through A and B 

to the fixed line." 



Ex. 6. If from a fixed point O, OP be 
drawn to a given right line, and the angle 
TPO be constant, the envelope of TP is a 
parabola having O for its focus. 



Given the anharmonic ratio of a pencil, 
three of whose legs pass through fixed 
points, and whose vertex moves along a 
fixed line, the envelope of the fourth leg is 
a conic touching the three sides of the tri- 
angle formed by the given points.* 



♦ The method of projections can equally be used in obtaining from properties of plane 
curves properties of other curves not plane, e. g. curves on the surface of a sphere. Mr. 
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378. We shall conclude this chapter with a brief account of 
the method of orthogonal projection^ which, before the publication 
of M. Poncelet's treatise, was the only method of projection much 
used by geometers. If from all the points of any figure perpen- 
diculars be let fall on any plane, their feet will trace out a figure 
which is called the orthogonal projection of the given figure. 
The orthogonal projection of any figure is, therefore, a right sec- 
tion of a cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their orthogonal 
projections on any plane. 

For (see fig. p. 4) MM' represents the orthogonal projection 
of the line PQ, and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected^ are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it. 

7%e area of any figure in a given plane is in a constant ratio 
to its orthogonal projection on another given plane. 

For, if we suppose ordinates of the figure and of its projection 
to be drawn perpendicular to the intersection of the planes, since 
every ordinate of the projection is to the corresponding ordinate 
of the original figure in the constant ratio of the cosine of the 

Mulcahy, some years ago, gave the following method of obtaining the properties of 
angles subtended at the focus from those of small cirdes on a sphere. The method de- 
pends on the following principle: the locus of the vertices of all the right cones from 
which a given ellipse can be cut is a hyperbola passing through the foci of the ellipse. 
For, see note, p. 305, the difference of MO and NO is constant, being equal to the diffe- 
rence of MF and NF'. 

Now, let us take any property of a small circle of a sphere, e. g. if through any point 
P, on the surface of a sphere, a great circle be drawn, cutting the small circle in the points 
A, B, then tan ^AP tan ^BP is constant. Now, let us take a cone whose base is the 
small di^le, and whose vertex is the centre of the sphere^ and let us cut this cone by any 
plane, and we learn that '^ if through a point /?, in the plane of any conic, a line be drawn 
cutting the conic in the points a, 6, then the product of the tangents of the halves of tlie 
angles which op, bp subtend at the vertex of the cone will be constant ; this property will 
be true of the vertex of any right cone, out of which the section can be cut, and, there- 
fore, since the focus is a point in the locus of such vertices, it must be true that tan lafp 
tan Ibjpis constant (see p. 191). 
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angle between the planes to unity; by Art. 35 1, Cor., the areas 
of the figures will be in the same ratio. 

Any ellipse can be orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the planes 

e -, then every line parallel to the axis minor will be unaltered 

by projection, but every line parallel to the axis major will be 
shortened in the ratio A: a, the projection will, therefore (Art. 166), 
be a cirde, whose radius is 6. 

379. We shall apply the principles laid down in the last Ar- 
ticle to investigate the expression for the radius of a drcle cir- 
cumscribing a triangle inscribed in a conic, given Ex. 6, p. 199.* 

Let the sides of the triangle be a, j3, 7, and its area A, then, 
by elementary geometry, 

^~4A- 

Now let the ellipse be projected into a circle whose radius is 6, 
then, since this is the circle circumscribing the projected triangle. 



we have ''->' ' 



But, since parallel lines are in a constant ratio to their projec- 
tions, we have a : a : : 6 : 6', 

^':j3::6:6% 

y'lyixbiV"; 

and, since (Art. 378) A' is to A as the area of the circle (= irA*) 
to the area of the ellipse (= 7ra6), we have 

A' : A : : 6 : a. 

Hence ^^,^7,,^,^, 

4A 4A 

and, therefore, hV'h" 

ab 



* This proof of Mr. Mac CuUagh's theorem \& due to Dr. Graves. 
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Pascal's Theorem, Page 222. 

M. Steiner was the first who (in Oergonn^a Annates) directed the 
attention of geometers to the complete figure obtained by joining in 
every possible way six points on a conic M. Steiner's theorems were 
corrected and extended by M. Pliicker {CrdU^a Journal, vol. v. p. 274), 
and the subject has been more recently investigated by Messrs. Cay ley 
and Kirkman, the latter of whom, in particular, has added several new 
theorems to those already known. We shall in this note give a slight 
sketch of the more important of these, and of the methods of obtaining 
them. The greater part are derived by joining the simplest principles 
of the theory of combinations with the following elementary theorems 
and their reciprocals : *^ If two triangles be such that the lines joining 
corresponding vertices meet in a point (which we shall call the pole of 
the two triangles), the intersections of corresponding sides will lie in 
one right line (which we shall call their arm)." " If the intersections 
of opposite sides of three triangles be for each pair the same three points 
in a right line, the poles of the first and second, second and third, third 
and first, will lie in a right line." 

Now let the six points on a conic be a, 5, c, cf, e^f, which we shall 
call the points P. These may be connected by ^«6n right lines, ah, aCy 
&c., which we shall call the lines G. Each of the lines C (for example 
ab) is intersected by the fourteen others ; by four of them in the point 
a, by four in the point 5, and consequently by six in points distinct 
from the points P (for example the points ab^ cd\ &c) These we shall 
call the points />. There are forty-five such points ; for there are six 
on each of the lines G. To find then the number of points p, we 
must multiply the number of lines C by 6, and divide by 2, since two 
lines C pass through every pointy. 
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If we take the sides of the hexagon in the order ahcdef^ Pascal's 
theorem is, that the three j) points, (oJ, cfe), (cd, ^a), (6c, «/*), lie in one 
right line, which we may call either the Pascal ahcdefy or else we may 

denote as the Pascal { ' *^ j, a form which we sometimes prefer, 

as showing more readily the three points through which the Pascal 
passes. Through each point p four Pascals can be drawn. Thus 
through (a5, de) can be drawn abcdef^ dbfdec^ cibcedfy ahfedc. We then 
find the total number of Pascals by multiplying the number of points p 
by 4, and dividing by 3, since there are three points p on each Pascal. 
We thus obtain the number of Pascal's lines = 60. We might have 
derived the same directly by considering the number of different ways 
of arranging the letters abcdef. 

Consider now the three triangles whose sides are 

a5, cd, ef, (1) 
de, fa, be, (2) 
c/, he, ad. (3) 

The intersections of corresponding sides of 1 and 2 lie on the same 
ipascal, therefore the lines joining corresponding vertices meet in a 
point, but these are the three Pascals, 

(ah.de.cf^ rcd.fa.he ^ fef.bc.adl 
Xcd.fa.beJ' lef.bcadJ' \ab.de.cfJ 

This is Steiner's theorem (p. 222) ; we shall call this the ff point, 

fab.de.cf ] 
< cd.fa.he ^ 
^ef. bead J 

The notation shows plainly that on each Pascal's line there is only one 

g point ; for given the Pascal -{ ' ' ^ | the g point on it is found 

by writing under each term the two letters not already found in that 
vertical line. Since then three Pascals intersect in every point g, the 
number of points g = 20. If we take the triangles 2, 3 ; and 1,3; the 
lines joining corresponding vertices are the same in all cases: therefore, 
by the reciprocal of the second preliminary theorem, the three axes of 
the three triangles meet in a point. This, however, is plainly only the 

{ab.cd.ef 1 
de.fa.bc ?, and therefore leads us to no new theorem. 
cf.be. ad J 
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Let us now consider the triangles, 

cib cd ef (1) 

ah,ce.df^ cd.hf.ae^ ef,hd.ac^ . 

de.bf.acr af,ce.hdr hc.ae.d/y ^^ 
ab,ce ,df^ cd,hf,ae^ ef ,bd,ac^ . 

cf.bd.aer be.ac.dfr ad,ce .h/r ^^ 
Now the intersections of corresponding sides of 1 and 4 are three points 
which lie on the same Pascal ; therefore the lines joining corresponding 
vertices meet in a point. But these are the three Pascals, 
ab.ce.df') cd.b/.ae^ ef.ac.bd^ 
cd.bf.aer ef.ac.bdr ab.df.ce J' 

ah.ce.df) 
We may denote the point of meeting as the h point, cdibf.ae ? • 

ef.ac.bd) 
The notation differs from that of the g points in that only one of the 
vertical cglumns contains the six letters without omission or repetition. 
On every Pascal there are three h points, viz., there are on 

ah.cd,ef^ ^'<^^r^f\ ab.'cd.ef)^ db.cdT^')^ 
de. 



cd ef^ ab.cd.ef\ ab,cd*ef\ db.cd.ef^ 
af 6c J ' de.af.beV^ de.af.bcr* de. af. be 
c/.bd.aej acbe.d/j bf.ce.ad^ 



where the bar denotes the complete vertical column. We obtain then 
Mr. Kirkman's extension of Steiner's theorem: — The Pascals intersect 
three by tkree^ not ordy in Steiner^s twenty points g^ but also in sixty other 
points h. The demonstration of Art. 269 applies alike to Mr. Kirkman's 
and to Steiner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines join- 
ing corresponding vertices are the same as for 1 and 4; therefore the 
corresponding sides intersect on a right line, as they manifestly do on a 
Pascal. In the same manner the corresponding sides of 4 and 5 must 
intersect on a right line, but these intersections are the three h points, 

ab.ce.dfl^ ae.cd.bf'\ ac,bd,ef^ 
de.bf.ac >^ bd.af.ce p df.ae.bc V- 
cf.ae.bdj ac.be.dfj ce.bf.adj 
Moreover, the axis of 4 and 5 must pass through the intersection of 

ab.cd.ef^ 
the axes of 1, 4, and 1, 5, namely, through the ^ point, de.af.bc >. 

cf.be.adj 
In this notation the g point is found by combining the complete 
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vertical colamns of the three h points. Hence we have the theorem: 
'* There are twenty lines Xy each of which passes through oneg and three h 
points** The existence of these lines was observed independently by 
Mr. Cayley and myself. The proof here given is Mr. Cayley's. 

Again, let us take three Pascals meeting in a point h. For instance, 
de.hf.ac\ cf.ae.hd^ 



ah.ce.df^ 
de.hf.acy 



de.bf.ac^ €f.ae,oa^ 
cf.ae.bdj'* ab.df.cej 



We may, by taking on each of these a point />, form a triangle whose 
vertices are (df, ac)^ (6/, ae\ {bdy ce\ and whose sides are, therefore, 
ac.bf.de^ h/.ce.adi hd.ac.ef^ 
df.ae.cbr ae.hd.cfy ce.d/.abr 
Again, we may take on each a point A, by writing under each of the 
above Pascals a/, cd. be^ and so form a triangle whose sides are 

achf.de^ cf,ae,bdi df.ab.cei 
be.cd.afJ' be.cd.afy be.cd.afy 
But the intersections of corresponding sides of these triangles, which 
must therefore be on a right line, are the three g points, 

be.cd.a/^ be.cd.afy be.cd.af'^ be.cd.af^ 
ac.bf.de >, cf,ae.bd>y df.ab.ce >, cf.ab.de }^. 
df.ae.bcj ad.bf.cej ac.ef.bdj ad.ef.bcj 
I have added a fourth g point, which the symmetry of the notation 
shows must lie on the same right line; these being all the g points into 
the notation of which be . cd .afc&n enter. Now there can be formed, 
as may readily be seen, fifteen different products of the form be.cd. af\ 
we have then Steiner's theorem. The g points lie four by four on fifteen 
right lines I. 

My limits do not allow me to do more than add the enunciations of 
a few more theorems (principally Mr. Kirkman's), but the preceding 
examples are sufficient to show how they may be demonstrated, and how 
any reader who chooses to prosecute the study of the figure may find 
other theorems in great abundance: ^^ The twenty lines x pass four by 
four through fifteen points y." The four lines x whose g points in the pre- 
ceding notation have a common vertical column will pass through the 
same point. " There are sixty lines J, each of which passes through one 
point p and two points A." ** The lines J again pass three by three through 
sixty points j, three of which lie on each of the lines xV Mr. Kirkman calls 
points m the intersections of two Pascals, corresponding to hexagons 
which have four common sides, no opposite pairs being the same for 
both ; for example, abcdef abcfed ; and points r, those corresponding 
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to hexagons which have three common sides, two of which are con- 
tiguous ; for example, abcdef^ abcefd, *^ The ninety points m lie three by 
three on sixty lines M." *^ There are sixty lines R, each containing six 
points r, and also one of the six points P, and which pass in threes through 
twenty points ^." (See Cambridge and Duhlin Math, Jour,^ vol. v. p. 185). 



Art. 296, Page 250. 
Dr. Boole*s method (p. 143) may be applied to find the relations 
between the coefficients of the equations of two conies, which remain 
unaltered when we transform from one set of trilinear co-ordinates to 
another. Thus, if we form the condition that A;S + S' = shall repre- 
sent two right lines, it is plain that the values of k determined by put- 
ting this condition = 0, must be the same no matter in what system of 
co-ordinates S is expressed. Jlence then the ratio between any two 
coefficients in the cubic for k (Art. 296) remains unaltered when we 
transform from one set of trilinear co-ordinates to another. Several 
theorems may hence be easily proved. For instance, let us define a 
sdf-conjugate triangle, one such that any side is the polar of the oppo- 
site vertex with regard to a given conic ; and let it be required to prove 
that the vertices of any two selfconjttgate triangles all lie on the same conic 
(see Ex. 2, p. 195). Let the sides of the first triangle be x^y^z; those 
of the second UjVyW\ then supposing these quantities to include con- 
stants implicitly, the equation of the conic can (Art. 281) be expressed 
in either of the forms x* + y* + -e' = 0, or m* + v* + m;* = 0. And let 
the equation of any other conic expressed in terms of the sides of the 
first triangle be 

Aaj2 + Ay + A''^« + 2Byz + 2B'zx + 2B^^xy = 0, 
and of those of the second be 

att* + av^ + a'^iv^ + 2bvw + 2b' wu + 2b"uv = ; 
then we have 

Aaj«+ &c. + ^(ar^ + ^' + £^) = au^ + &c. + ifc(tt»+ t?^ + w^). 
Forming then the discriminant of each side of this equation, and 
equating corresponding coefficients of ^, we find 
A + A'+A'' = a + a' + a"; 
(AA'-B"0+(A' A'- B*) + (A''A- B'2)=(aa'- 6''*)+ (a'a''- ¥)^ (o^'a- b% 
If now a conic be described passing through three vertices of the first 
triangle and two of the second, we must have tlie five quantities 
A, A', A", a, o', all = 0, and therefore by the first equation a'' = 0. 
Again, if a conic be described to touch the three sides of the first 
triangle and two of the second, we must have five of the six members 

2 T 
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of the second equation = 0, and therefore also the sixth, or the six sides 
o/tJie two triangles all touch the same conic. In the same manner it is 
proved that if two triangles be both inscribed in the same conic, their 
sides will touch the same conic, and vice versd. 



On the Pboblem to describe a Conic under certain Conditions. 

We saw (p. 119) that five conditions determine a conic ; we can, 
therefore, in general describe a conic being given m points and n tan- 
gents where m + n = 5. We shall not think it worth while to treat 
separately the cases where any of these are at an infinite distance, for 
which the constructions for the general case only require to be suitably 
modified. Thus to be given a paraUd to an asymptote is equivalent to 
one condition, for we are then given a point of the curve, namely, the 
point at infinity on the given paralleL If, for example, we were re- 
quired to describe a conic, given four points and a parallel to an 
asymptote, the only change to be made in the construction (p. 283) is 
to suppose the point E at infinity, and the lines DE, ME therefore 
drawn parallel to a given line. 

To be given an asymptote is equivalent to two conditions, tor we are 
then given a tangent and its point of contact, namely, the point at in- 
finity on the given asymptote. To be given that the curve is aparabola 
is equivalent to one condition, for we are then given a tangent, namely, 
the line at infinity. To be given that the curve is a circle is equivalent 
to two conditions, for we are then given two points of the curve at in- 
finity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (p. 233), or we may see otherwise 
that the focus and any three conditions will determine the curve ; for 
by taking the focus as origin, and reciprocating, the problem becomes, 
to describe a circle, three conditions being given ; and the solution of 
this, obtained by elementary geometrj'^, may be again reciprocated for 
the conic. Again, to be given the pole, with regard to the conic, of any 
given right line^ is equivalent to two conditions ; for three more will de- 
termine the curve. For (see figure, p. 132) if we know that P is the 
polar of E'E^', and that T is a point on the curve, T', the fourth har- 
monic, must also be a point on the curve: or if OT be a tangent, OT' 
must also be a tangent; if then, in addition to a line and its pole, we 
are given three points or tangents, we can find three more, and thus 
determine the curve. Hence, to be given the centre (the pole of the line 
at infinity) is equivalent to two conditions. It may be seen likewise 
that to be given a point on the polar of a given point is equivalent to 
one condition. For example, when we are given that the curve is an 
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equilateral hyperbola, this is the same as saying that the two points at 
infinity on any circle lie each on the polar of the other with respect to 
the curve. 

Oiven Jive points. — We have shown (Ex. 12, p. 283) how by the 
ruler alone we may determine as many other points of the curve as we 
please. We may also find the polar of any given point with regard to 
the curve ; for by the help of the same Example we can perform the 
construction of Ex. 2, Art. 149. Hence too we can find the pole of 
any line, and therefore also the centre. 

Five tangents. — We may either reciprocate the constructions of 
Ex. 12, p. 283, or reduce this question to the last by Art. 266. 

Four points and a tangent. — ^We have already given one method of 
solving this question, p. 280. As the problem admits of two solutions, 
of course we cannot expect a construction by the ruler only. We may 
therefore apply Carnot's theorem (Art. 314), 

Ac . Ac". Ba . Bo'. Cb . Cb' = Ab . M\ Be. B&. Ca.Ca\ 
Let the four points a, a', 5, b' be given, and let AB be a tangent, the 
.points c, cf will coincide, and the equation just given determines the 
ratio Ac* : Be*, everything else in the equation being known. This 
question may also be reduced, if we please, to those which follow ; for 
given four points, there are (Art. 318) three points whose polars are 
given ; having also then a tangent, we can find three other tangents 
immediately, and thus have four points and four tangents. 

Four tangents and a point. — This is either reduced to the last by re- 
ciprocation, or by the method just described ; for given four tangents, 
there are three points whose polars are given (p. 134). 

Three points and two tangents. — It is a particular case of Art. 337 
that the two points where any line meets a conic, and where it meets 
two of its tangents, belong to a system in involution of which the point 
where the line meets the chord of contact is one of the foci. If, there- 
fore, the line joining two of the fixed points a, ft, be cut by the two 
tangents in the points A, B, the chord of contact of those tangents 
passes through one or other of the fixed points F, F', the foci of the 
system (a, ft, A, B), (see Art. 264). In like manner the chord of con- 
tact must pass through one or other of two fixed points G, G' on the 
line joining the given points a, c. The chord must therefore be one or 
other of the four lines, FG, FG', F^G, F'G'; the problem, therefore, 
has four solutions. 

Two points and three tangents. — The triangle formed by the three 
chords of contact has its vertices resting one on each of the three given 
tangents ; and by the last case the sides pass each through a fixed point 
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on the line joining the two given points: therefore this triangle can be 
constructed. 

To be given two points or two tangents to a conic is a particular 
case of being given that the conic has double contact with a given conic. 
For the problem to describe a conic having double contact with a given 
one, and touching three lines, or else passing through three points, see 
p. 283. Having double contact with two, and passing through a given 
point, or touching a given line, see p. 237* Having double contact 
with a given one, and touching three other such conies, see p. 257. 

We have already alluded (p. 252) to the problem, **to describe a 
conic through four points to touch a given conic** Let the required 
conic be S + kS\ which is to touch S". Then the polar of the point of 
contact, with regard to S'^, is the tangent at the point, and is also its 
polar for S + ^S', and therefore passes through the intersection of the 
polars with regard to S and S\ Now let it be required to find the locus 
of a point such that its polars, with regard to S, S', S'', should meet in 
a point. If f , 37, ^ be the current co-ordinates, we have to eliminate 
these between the equations of the three polars, 
dS dS ^dS ^ ^dS' <?S' ^dS' ^ dS" dS" dS'' ^ 

and the result is, 

dx \dy ' dz dz ' dy ) dy \dz * dx dx ' dz J 

^/^ dS^ dS^ ^N 
dz \dx ' dy dy ' dx J ' 
a curve of the third degree, whose intersections with S" give the six 
solutions sought. 

If S, S^ S^' all pass through the same two points A, B, the locus 
reduces to a line and a conic: for the line joining those points must be 
a factor in the locus, since the polar of any point C on that line must 
pass through D, the fourth harmonic to A, B, C. If S, S', S'' repre- 
sent circles, the equation just written represents the circle cutting all 
those at right angles. 

The locus will also break up into a line and conic, if one of the 
quantities S' be a perfect square L'; since L will then be a factor in 
the locus. Hence we can describe a conic to touch a given conic S at 
two given points (S, L), and also touching S" ; for the intersection of 
the locus with S" determines the points of contact with S'' of conies 
of the form S + L\ 



THE END. 
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Miss Acton's Modem Cookery for Private 

Families, reduced to a System of Easy Prac- 
tice in a Series of carefully-tested Receipts, 
in which the Principles of Baron Liebig and 
other eminent Writ-ers have been as much as 
|>0B8ible applied and explained. Newly-re- 
yised and enlarged Edition ; with 8 Plates, 
comprising 27 Figures, and 150 Woodcuts. 
Fcp. 8vo. 7s. 6d. 

Acton's Englisli Bread-Book for Do- 
mestic Use, adapted to Families of every 
grade: Containing the plainest and most 
minute Instructions to the Learner, and 
Practical Receipts for many varieties of 
Bread ; with Notices of the present System 
of Adulteration and its Consequences, and 
of the Improved Baking Processes and 
Institutions established Abroad. Fcp. 8vo. 
price 4s. 6d. cloth. 

Aikin.— Select Works of the British 

Poets, from Ben Jonson to Beattie. With 
Biographical and Critical Prefaces by Dr. 
Aixiif. New Edition, with Supplement by 
LiTOY AiKiK ; consisting of additional Selec- 
tions from more recent Poets. 8vo. price 18s. 

Arago (F.)— Biographies ofDistinguished 

Scientific Men. Translated by Admiral 
W.H.Smtth,D.C.L.,F.R.S.,&c.5 the Rev. 
Baden PowBLii,M.A.; andRoBjBBX Q-bant, 
M.A., F.RA.S. 8vo. 18s. 

Arago's Meteorological Essays. With an 
Introduction by Babon Humboldt. Trans- 
lated under the superintendence of Lieut.- 
Colonel E. Sabine, R,A., Treasurer and 
V.P.R.S. 8to. 188. 

Arago'8 Popular Astronomy. Tnmfllated and 
edited by Admiral W. H. Smtth, D.C.L., 
F.R.S. ; and Robeet aBANT,M.A.,F.R.A.S. 
In Two Volumes. VoL I, 8vo. with Plates 
and Woodcuts, 21s» 

Arnold.— Poems. By Matthew Arnold. 

Third Edition of the Rrst Series. Fcp. 
8vo. price 5s. 6d. 

Arnold.— Poems. By Matthew Arnold. Seeond 
Series, about one-third new ; the rest finally 
selected from the Tolumes of 1849 and 1862, 
now withdrawn. Fcp. 8to. price 58. 



Lord Bacon's Works. A New Edition, 

revised and elucidated ; and enlarged by the 
addition of many pieces not printed before 
Collected and Edited by Robebt Lesi^ib 
Elms, M.A., Fellow of Trinity College, 
Cambridge; James Speddino, M.A. of 
Trinity College, Cambridge j and Douglas 
Dbnon Heath, Esq., Barrister-at-Law, and 
late Fellow of Trinity College, Cambridge. — 
The publication has commenced with the 
Division of the Fhilosophical JTorkSy to be 
completed in 5 vols., of which Ypls. I. to 
III. in 8vo., price 18s. each, are now ready. 
Vols. IV. and V. are in the press. 

Joanna Baillie's Dramatic and Poetical 

Works : Comprising the Plays of the Pas- 
sions, Miscellaneous Dramas, Metrical Le- 
gends, Fugitive Piecee, and Ahalya Baee. 
Second Edition, with a Life of Joanna 
Baillie, Portrait, and Vignette. Square 
crown 8vo. 21b. doth ; or ^s. bound in 
morocco by Hayday. 

Baker. — The Rifle and the Hound in 

CevUm. By S. W. Bakbb, Esq. New 
Edition, with 13 Illustrations engraved on 
Wood. Fcp. 8vo. 48. 6d. 

Baker. — Eight Years* Wanderings in Ceylon. 
By S. W. Bakeb, Esq. With 6 coloured 
Plates. Svo. price 15s. 

Barth. — Travels and Discoveries in 

North and Central Africa : Being the Jour- 
nal of an Expedition undertaken under 
the auspices of Her Britannic Majesty's Q-o- 
vemment in the Years 1849—1856. By 
Henbt Babth, Ph.D., D.C.L., Fellow of the 
Royal Geographical and Asiatic Societies, 
&o. Vols, I. to III., with 11 Maps, 100 
fingravings on Wood, and 36 Illustrations 
in tinted Lithography, price 63s. — Vols. IV. 
and v., completing the work, are in the press, 

Bayldon's Art of Valuing Bents and 

Tillages, and Claims of Tenants upon 
Quitting Farms, at both Michaelmas and 
Lady-Day ; as revised by Mr. Donaldson. 
Seventh Litton, enlarged and adapted to the 
Present Time : With the Principles and 
Mode of Valuing Land and other Property 
for Parochial Assessment and Enfranchise- 
ment of Copyholds, under the recent Acts of 
Parliament. By Bobebt Baeeb, Land- 
Agent and Vainer. Svo. lOs. 6d. 
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NEW WOBKS AXD NEW EDITIOJN'S 



A Month in the Forests of France. By 

the Hon. Gbantlet F. Bebkelit, Author 
of Reminiscences of a Huntsman, 870. with 
2 Etchings by John Leech (1 coloured). 
[Nearly ready. 

Black's Practical Treatise on Brewing, 

bafled on Chemical and Economical Princi- 
ples : With Formuls for Public Brewers, and 
Instructions for Private Families. New 
Edition, with Additions. 8yo. IDs. 6d. 

Blaine's Encyclopsedia of Rural Sports ; 

or, a complete Account, Historical, Prac- 
tical, and Descriptiye, of Hunting, Shooting, 
Fishing, Racing, and other Field Sports and 
Athletic Amusements of the present day. 
New Edition, revised by Hasbt Hisotbs, 
Efhbhsiu, and Mr. A. Gbaham. With 
upwards of 600 Woodcuts. %jo. 6O1. 

Blair's Chronological and Historical 

Tables, from the Creation to the Present 
Time : With Additions and Corrections from 
the most authentic Writers ; including the 
Computation of St. Paul, as connecting the 
Period from the Exode to the' Temple. 
Under the revision of Sib Hbkbt Ellib, 
K.H. Imperial 8vo. 31s. 6d. half-morocco. 

Bloomfield. — The Greek Testament, 

with copious English Notes, Critical, Phi- 
lological, and Explanatory. Especially 
adapted to the use of Theological Students 
and Ministers. By the Bev. S. T. Bloom- 
FiELD, D.D., F.S A.. Ninth Edition, revised. 
2 ToU. 8vo. with Map, price £2. Ss. 

Dr. Bloomfield's College and School 

Edition of the Greek Testament: With 
brief English Notes, chiefly Philological and 
Explanatory, especially formed for use in 
CoUeges and the PubUc Schools. Seventh 
Edition, improved ; with Map and Index. 
Fcp. 8vo. 7s. 6d. 

Dr. Bloomfield's College and School 

Lexicon to the Greek Testament. New 
Edition, carefully revised. Fcp. 8vo. price 
IDs. 6d. cloth. ^ 

Bourne. — A Treatise on the Steam-En- 

gine, in its Application to Mines, Mills, 
Steam-Navigation, and Railways. By the 
Artisan Club. Edited by John BorBNB,C.E. 
New Edition ; with 83 Steel Plates and 349 
Wood Engravings. 4to. price 278. 

Bourne's Cateohism of the Stdam-Engine in 
its various Applications to Mines, Mills, 
Steam-Navigation, Railways, and Agricul- 
ture: With Practical Instructions for the 
Manufacture and Management of Engines 
of every class. Fourth Edition, enlarged ; 
with 89 Woodcuts. Fcp. 8vo. 6s. 



Bourne.— A Treatise on the Screw Pro- 
peller: With various Suggestions of Im- 
provement. By John Boubks, C.E. New 
Edition, thoroughly revised and corrected. 
With 20 large Plates and numerous Wood- 
cuts. 4to. price 38s. 

Boyd. — A Manual for Naval Cadets. 

Published with the sanction and approval 
of the Lords Commissioners of the Admi- 
ralty. By John M*Neill Boyd, Captain, 
B.N. With Compass-Signals in Colours, 
and 236 Woodcuts. Fcp. 8vo. lOs. 6d. 

Brande.— A Dictionary of Science, Litera- 
ture, and Art : Comprising the History, 
Description, and Scientific Principles of 
every Branch of Human Knowledge ; with 
the Derivation and Definition of all the 
Terms in general use. Edited by W. T. 
Bbandb, F.R.S.L. and E. ; assisted by Db. 
J. Cattvin. Third Edition, revised and cor- 
rected ; with numerous Woodcuts. 8vo. 60s. 

Professor Brando's Lectures on Organic 

Chemistry, as applied to Manufactures ; 
including Djeing, Bleaching, Calico-Print- 
iug, Sugar-Manufiicture, the Preservation 
of Wood, Tanning, &c. ; delivered before the 
Members of the Boyal Institution. Arranged 
by permission from the Lecturer's Notes by 
J. ScoFPEBN, M.B. Fcp. 8vo. with Wood- 
cuts, price 7s. 6d. 

Brewer. — An Atlas of History and Geo- 
graphy, from the Commencement of the 
Christian Era to the Present Time : Com- 
prising a Series of Sixteen coloured Maps, 
arranged in Chronological Order, with Illus- 
trative Memoirs. By the Bev. J. S. Bsewes, 
M.A., Professor of English History and 
Literature in King's College, London. 
Second Edition, revised and corrected. 
Royal 8vo. 12s. 6d. half-bound. 

Brodie. — Psychological Inquiries, in a 

Series of Essays intended to illustrate the 
Influence of the Physical Organisation on 
the Mental Faculties. By Sm Benjamin C. 
BsODiEyBart. Third Edition. Fcp.8vo.63. 

Bull. ~ The Maternal Management of 

Children in Health and Disease. By 
T. Bull, M.D., Member of the Boyal 
College of Physicians ; formerly Physician- 
Accoucheur to the Finsbury Midwifery 
Institution. New Edition. Fcp. 8vo. 5s. 

Dr. T. Bull's Hints to Mothers on the Manage- 
ment of their Health during the Period of 
Pregnancy and in the Lying-in Boom : With 
an Exposure of Popular Errors in connexion 
with those subjects, icc.j and Hints upon 
Nursing. New Edition. Fcp. 8vo. 5s. 
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Buckingham.— Autobiography of James 

Silk Buckingham : Including his Yoyages, 
Travels, Adventures, Speculations, Suc- 
cesses and Failures, frankly and faithfully 
narrated; with Cliaracteristic Sketches of 
Public Men. Vols. I. and 11. post 8vo. 2l8. 

Bunsen. — Christianity and Mankind, 

their Beginnings and Prospects. By 
Christian Chaeles Josias Bunsen, D.D., 
D.O.L., D.Ph. Being a New Edition, cor- 
rected, remodelled, and extended, of JSip- 
polyttis and his J^e, 7 vols. 8vo. £5. 6s. 

*«* This Second Edition of the Hippolytta it composed 
of three distinct works, which may be had separately, as 
follows :— 

1. Hippolytos and his Aee; or, the Beguwin^s ar.d 
Prospects of Christianity. 2 vols. 8vo. price £1 . lOs. 

2. Outline of the Philosophy of Universal History rp- 
plied to Language and Religion: Containing an/c* 
count of the Alphabetical Conferences. 2 vJs. 8vo. 
price £1. ISs. 

S. Analecta Ante-Nictsna. S vols. 8vo. price X2. 28. 

Bunsen.— Lyra Gennanica: Hymns for 

the Sundays and chief Festivals of tlie 

Christian Year. Translated from the 

German by Cathekine WiNKWOBTn. 

Third Edition. Fcp. 8vo. Ss. 

•** This selection of German Hymnp. has been made from 
a collection published in Germany by the C hevalier Bus sjBir ; 
and forms a companion volume to 

Theologia Germanica: 'WMch setleth forth 
many fair lineaments of Divine Truth, and 
saith very lofty and lovely things touching 
a Perfect Life. Translated Dy Susanna 
WiNKWOHTH. With a Preface by the Rev. 
Ohables KiNGSiJsr ; and a Letter by Cheva- 
lier Bfnsen. Third Edition. Fcp. 8vo. 6s. 

BuDsen. — Egypt's Place in Universal 

History: An Historical Investigation, in 
Five Books. By 0. C. J. Bunsen, D.D., 
D.C.L., D.Ph. Translated from the Ger- 
man by C. H. COTTEELL, Esq., M.A. 
With many Illustrations. Vol. I. 8vo. 28s. j 
Vol. IL 8vo. 308. 

Burton (J. H.)— The History of Scotland 

from the Revolution to the Extinction of the 
Last Jacobite Insurrection (1689-1748). By 
John Hill Bubton. 2 vols. 8vo. 26s. 

lishop S. Butler's General Atlas of 

Modern and Ancient Geography ; compris- 
ing Fifty-two full-coloured Maps 5 with 
complete Indices. New Edition, nearly aU 
re-engraved, enlarged, and greatly improved. 
Edited by the Author's Son. Boyal 4to. 
24!8. half-bound, 

!The Modern Atlas of 28 ftiU-ooloxired Mapf. 
The Ancient At^^^f 24 'fliU-coloured Mapi. 
Royal 8vo. price 128. 

Bishop S. Butler's Sketch of Modem and 
Arcient Geography. New Edition, tho- 
roughly revised, with such Alterations intro- 
duced as continually progressive Discoveries 
and the latest Information have rendered 
necessary. Post 8vo. price 7s. 6d. 



Burton.— First Footsteps in East Africa ; 

or, an Exploration of Harar. By Kichabd 
F. BuETON, Captain, Bombay Army. With 
Maps and coloured Plates. 8vo. 18s. 

Burton. — Personal Narrative of a Pil- 
grimage to El Medinah and Meccah. By 
RiCHAED F. BUBTON, Captain, Bombay 
Army. Second Edition^Tt^isQdii with coloured 
Plat«s and "Woodcuts. 2 vols, crown 8vo. 
price 248. 

The Cabinet Lawyer: A Popular Digest 

of the Laws of England, Civil and Criminal ; 
with a Dictionary of Law Terms, Maxims, 
Statutes, and Judicial Antiquities ; Correct 
Tables of Assessed Taxes, Stamp Duties, 
Excise Licenses, and Post-Horse Duties; 
Post-Office Begulations ; and Prison Disci- 
pline. 17th Edition, comprising the Public 
Acts of thcSession 1857. Fcp. 8vo. 10s. 6d. 

The Cabinet Gazetteer: A Popular Expo, 
sition of AU the Countries of the World : 
their Government, Population, Bevenues, 
Commerce, and Industries; Agricultural, 
Manufactured, and Mineral Products ; Be- 
Ugion, Laws, Manners, and Social State; 
With brief Notices of their History and An- 
tiquities. By the Author of The Cabinet 
Lawyer, Fcp. 8vo. lOs. 6d. cloth ; or 139. 
bound in calt 



" The author has neglected 
no modern sources of inform- 
ation, and all his sliort, suc- 
cinct, and neat descriptions 
of the different places are 
quite conformable to present 
knowledge. Sarawak, for 
example, in Borneo, is not 
omitted, and of San Fran- 
cisco there is quite a detailed 
de8cri;^)tion. The work is 
complied with considerable 
care, and in the 912 pages 



that it contains there is a 
vast amount of geographical 
and topographical mrorma- 
tion pleasantly condensed. 
'Jhe Cabinet Gazetteer^ 
though not intended to 
Buiiersede more elaborate 
works, will, to some extent, 
have that effect ; but it will 
be sure to find a large and 
permanent circulation of its 
own." 

Economist. 



Calendar of English State Papers, Do- 
mestic Series, of the Keigns of Edward VI., 
Mary, Elizabeth, 1547 — 1580, preserved in 
the State Paper Department of Her Ma- 
jesty's Public Record Office. Edited by 
RoBEET Lemon, Esq., F.S.A., under the 
direction of the Master of the RoUs, and 
with the sanction of Her Majesty's Secre- 
tary of State for the Home Department. 
Imperial 8yo. 15s. 

Calendar of English State Papers, Do- 
mestic Series, of the Reign of James I., 
1603—1610 (comprising the Papers relating 
to the Gunpowder Plot), preserved in tlie 
State Paper Department of H.M. Public 
Record Office. Edited by Mabt Anne 
EVEEETT Geben, Author of T/ie Lives of the 
Princesses of England^ &c., under the direc- 
tion of the Master of the Rolls, and with 
the sanction of H.M. Secretary of State for 
the Home Department. Imperial 8vo. 15s. 
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Calvert. -- The Wife's Manual ; or, 

Prajen, Thoughts, and Songs on Several 
Occasions of a Matron's Life. Bj the Bev. 
W. Calveet, M.A. Ornamented from De- 
signs by the Author in the style of Queen 
Elizabeth*t Fra^er-Book. Second Edition. 
Grown 8to. lOs. 6d. 

Carlisle (Lord).— A Diary in Tnrkisli and 

Greek Waters. By the Bight Hon. the 
Eabl of Cabusle. Fifth Edition. Post 8vo. 
price IDs. 6d. 

CaUow.— Popular Conchology; or, the 

Shell Cabinet arranged according to the 
Modern System : With a detailed Account 
of the Anmials, and a complete Descriptive 
List of the Families and Genera of Becent 
and Fossil Shells. By A&nes Catlow. 
Second Edition, much improved ; with 405 
Woodcut Illustrations. Post 8vo. price 148. 

Cecil. — The Stud Farm; or, Hints on 

Breeding Horses for the Turf, the Chase, and 
the Boad. Addressed to Breeders of Bace- 
Horses and Hunters, Landed Proprietors, 
and especially to Tenant Farmers. By 
Cecil. Fcp. 8vo. with Frontispiece, 58. 

Cecil's Stable Praotloe; or, Hints on Training 
for the Turf, the Chase, and the Boad; 
with Observations on Bacing and Hunt- 
ing, Wasting, Bace-Biding, and Handi- 
capping : Addressed to Owners of Bacers, 
Hunters, and other Horses, and to all who 
are concerned in Bacing, Steeple-Chasing, 
and Fox- Hunting. Fcp. 8vo. with Plate, 
price 58. half-bound. 

Chapman. — History of Gustavus Adol- 

phus^and of the Thirty Years' War up to the 
King's Death : With some Accoimt of its 
Conclusion by the Peace of Westphalia, in 
1648. By B. Chapman, M-A., Vicar of 
Letberhead. Svo. with Plans, 12s. 6d. 

Chevreul On the Harmony and Contrast 

of Colours, and their AppHcations to the 
Arts : Including Painting, Literior Decora- 
tion, Tapestries, Carpets, Mosaics, Coloured 
Glazing, Paper-Staining, Calico-Piinting, 
Letterpress-Printing, Map-Colouring,Dre6s, 
Landscape and Flower-Gardening, &c. &c. 
Translated by Chablbb Mabtel. Second 
Edition; with 4 Plates. Crown Svo. 
price lOs. 6d. 

Connolly.— History of the Royal Sappers 

and Miners : Including the Services of the 
Corps in the Crimea and at the Siege of 
Sebastopol. By T. W. J. Connolit, Quar- 
termaster of the Boyal Engineers. Second 
Edition, revised and enlarged ; with 17 co- 
loured plates. 2 vols. Svo. price 30s. 



Conybeare and Howson.—The Life and 

Epistles of Saint Paul : Comprising a com- 
plete Biography of the Apostle, and a 
Translation of his Epistles inserted in 
Chronological Order, By the Bev. W. J. 
CoNYBpABE, M.A.; and the Rev. J. S. 
HowsoN, M.A. Second Edition, revised and 
corrected; with several Maps and Wood- 
cuts, and 4 Plates. 2 vols, square crown 
Svo. 3l8. 6d. cloth. 

%* The Original Edition, with mwe numeroiu Dlastra- 
tlraiB, in 2 toIs. 4to. price 48b.— may also be had. 

Conybeare.— Essays, EocLenastioal and Social : 

Reprinted, with Additions, from the 
Edinburgh Review. By the Rev. W. J. 
CoNTBEABE, M.A., late Fellow of Trinity 
College, Cambridge. Svo. 128. 

Dr. Copland's Dictionary of Practical 

Medicine: Comprising General Pathology, 
the Nature and Treatment of Diseases, 
Morbid Structures, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to the different Epochs of Life ; with nume- 
rous Improved Formula of the Medicines 
recommended. Vols. I. and II. 8vo. price 
£3 J and Parts X. to XVHI. 4s. 6d. each. 
%* Part XIX., oompleting the work, is nearly ready. 

Cotton.— Instrnctions in the Doctrine 

and Practice of Christianity. Intended 
chiefly as an Introduction to Confirmation. 
By G. E. L. CoTTOir, M.A. 18mo. 2s. 6d. 

Cresy's EncyclopsBdia of Civil Engi- 
neering, Historical, Theoretical, and Prac- 
tical. Illustrated by upwards of 8,000 
Woodcuts. Second Edition, revised and 
brought down to the Present Time in a 
Supplement,compri^ngMetropo]itan Water- 
Supply, Drainage of Towns, Railways, 
Cubical Proportion, Brick and Iron Con- 
struction, Iron Screw Piles, Tubular Bridges, 
&c. Svo. 63s. cloth. — The Suppuehsnt 
separately, price lOs. 6d. doth. 

The Cricket-Field ; or, the Science and 

History of the Gkme of Cricket. By the 
Author of Principles of Scientific Baiting. 
Second Edition, greatfy improved; with 
Plates and Woodcuts. Fcp. Svo. price 5s. 

Crosse.'— Memorials, Scientific and Li- 
terary, of Andrew Crosse, the Electrician. 
Edited by Mrs. Ckosse. Post Svo. 9s. 6d. 

Cmikshank. — The Life of Sir John 

Falstaff, illustrated by Q-eorge Cruikshank. 
With a Biography of the Knight, from au- 
thentic sources, by Robeet B. Bboitoh, 
Esq. Eoyal Svo. — In course of publication 
monthly, and to be completed in 10 Num- 
bers, each containing 2 Plates, price Is. 
GDhe first 6 Numbers are now ready. 
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JLady Cast's Invalid's Book. — The In- 

yalid'a Own Book : A OoUection ^ Beoipes 
^m TBiioufl Booki und various Countries. 
By the Honourable Labt Oust. Second 
Edition, J*cp. 8vo. price 28. 6d. 

Dale.— The Domestic liturgy and Paanily 

Chaplain, in Two Parts : Pabt I. Church 
Serviees adapted for Domestic tJbe, with 
Prayers for Every Day of the Week, selected 
from the Book of Common Prayer ; Part 
II. an appropriate Sermon for Every Sunday 
in the Year. By the Bev. Thomas DaIiE, 
M.A., Canon Besidentiary of St. Paul's. 
Second Edition. Post 4to. 21s. cloth; 
Sis. 6d. calf ; or £2. lOs. moroooo. 
f Thb Faiolt Chi^ioim-, 1«8. 
Separately Xxhb Doiotsxio LixvaeY, lOa. 6d. 

Davy (Dr. J.) — The Angler and his 

Friend j or. Piscatory Colloquies and Pish- 
ing Excursions. By John Davx, M.D., 
I\B.S., &0. Pep. 8vo. price Ss. 

The Angler in the Lake District : Or, Piflcatory 
Colloquies and Pishing Excursions in West- 
moreland and Cumberland. By John 
Davy, M.D., F.B.S. Pep. 8vo. 68. 6d. 

Delabeche.— Report on the Geology of 

Cornwall, Devon, and West Somerset. By 
Sib H. T. Delabeche, F.E.S. With Maps, 
Plates, and Woodcuts. 8vo. price 148. 

DelaBlve.— A Treatise on Electricity 

in Theory and Practice. By A. Db ul Bive, 
Professor in the Academy of Geneva. Trans- 
lated for the Author by C. V. Walkbe, 
P.B.S. In Three Volumes; with numerous 
Woodcuts. VoL 1. 8vo. price 18s. j VoL II. 
price 28s. — Vol. IIL is in the press. 

De Vere.— May Carols. By Aubrey de 

Vbbe, Author of The Search after ProeperinCi 
Ac. 'Fap. Svc 68. 

Discipline. By the Author of ** Letters 

to my Unknown Friends," &o. Second 
Edition, enlarged. 18mo. price 28. 6d. 

Dodd.— The Food of London: A Sketch 

of the chief Yarietiea, Sources of Supply, 
probable Quantities, Modes of Arrival, Pro- 
oeBses c^ Manufacture, suspected Adultera- 
tion, and Machinery of Distribution of the 
Food for a Community of Two Millions and 
a Half. By Geob&b Dodd, Author of 
Briiitk MantifactKres, &e. Post 8vo. lOs. 6d. 

Estcourt.— Music the Voice of Harmony 

in Creation. Selected and arranged by 
Mary Jane Estcourt. Fcp. 8vo. 7s. 6d. 



The Eclipse of Faith ^ or, a Visit to a 

Beligious Sceptic SthSditwH, Fep.avo.6s. 

Defence of T!m SidipM of Faifh, by its 
Author: Being a Kcjoinder t-o Professoz 
Kewmata's Mepiy : Inchiduig a fuU Exami- 
nation of that Writer's CMtioism on the 
Character of Christ ; and a Chapter on the 
A^>ect8 and Pretensions of Mocbm Deism. 
Second Edition, revised. Post 8vo. 58. 6d. 

The Englishman's Greek Concordanoe of 

the New Testament : Being an Attempt at a 
Verbal Connexion between the Gbeek and 
the English Texts ; including a Concordance 
to the Proper Names, with Indexes, Greek- 
English and English-Oreek. New Edition, 
with a new Index. Boyal 8vo. price 42s. 

The Englishman's Hebrew and Chaldee Con- 
cordance of the Old Testament : Being an 
Attempt at a Verbal Connexion between 
the Original and the English GDranslations ; 
with Indexes, a List of the P»)per Names 
and their Occurrences, &o. 2 vols, royal 
870. £8. ISs. 6d. s luge paper, £4. L48. 6d. 

Ephemera's Handbook of Angling; 

teaching Fly-Fishing, Trolling, Bottom- 
Fishing, Salmon-Fislmig : With the Natural 
History of River-Fish, and the best Modes 
of Catching them. Third Edition, corrected 
and improved; with Woodcuts. Fcp.8vo.5s. 

Ej^emera.— The Book of the Salmon: Com- 
prising the Theory, Principles, and Prac- 
tice of Fly-Fishing for Salmon: Lists of 
good Salmon Flies for every good River in 
the Empire ; the Natural History of the 
Salmon, its Habits described, and the best 
way of artificially Breeding it. By Efhe- 
KEBA ; assisted by Andbbw YoiTNa. Fcp. 
8vo. with coloured Plates, price 148. 

Fairbaim.~Useful Information for En- 
gineers : Being a Series of Lectures delivered 
to the Working Engineers of Yorkshire and 
Lancashire. With Appendices, oontaining 
the Results of Experimental Inquiries into 
the Strength of Materials, the Causes of 
Boiler Explosions, &c. By William 
Faibbaibn, F.R.S., F.<3^.S. Second Edition ; 
with numerous Plates and Woodcuts. Crown 
8vo. price 10s. 6d« 

The Faiiy Family : A Series of Ballads 

and Metrical Tales illustrating the Fairy 
Mythology of Euk^. With Frontispiece 
and Pictorial Titk. Oown 8vo. lOs. 6d. 

Flemish Interiors. By the Writer of 

A Glance behind the Onlles of Religious 
Houses in France, Fcp. 8vo. 7s. 6d. 
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Forester.— TravelB in the Islands of Cor- 

siotL and Sardinia. Bj Thoscas Fobesteb, 
Author of Rambles in Norway, With nume- 
rous coloured Illustrations and Woodcuts, 
from Sketches made during the Tour by 
Lieutenant- Colonel M. A. BroDTTLFH, B.A. 
Imperial Sto. [In tktpreu, 

Garratt— Marvels and Mysteries of In- 
stinct ; or, Curiosities of Animal Life. By 
Oeobge 0ABBATT. Second Edition^ revised 
and improved ; with a Frontispiece. Fcp. 
8to. 4s. 6d. 

Gilbart— A Practical Treatise on Bank- 
ing. By Jakes Wiluam Gilbabt, F.B.S., 
Gteneral Manager of the London and West- 
minster Bank. Sixth Edition^ revised 
and enlarged. 2 vols. 12mo. Portrait, IGs. 

Gilbart. — Logic for the Million: A 

Familiar Exposition of the Art of Reasoning. 
By J. W. Gilbabt, F.E.S. 5th Edition ; 
with Portrait of the Author. 12mo. Ss. 6d. 

The JPoetical Works of Oliver Goldsmith. 

Edited hy Boltok Cobney, Esq. Illustrated 
by Wood Engravings, from Designs by 
Members of the Etching Club. Square 
crown 8ro. cloth, 21s. ; morocco, £1. 16s. 

Gosse. — A Naturalist's Sojourn in 

Jamaica. By P. H. GosflX, Esq. With 
Plates. Post 8vo. price 14s. 

Green.— Lives of the Princesses of Eng- 
land. By Mrs. Mabt Anne Evbbett 
Gbeek, Editor of the Letters of Boyal and 
Illustrious Ladies, With numerous Por- 
traits. Complete in 6 vols, post 8vo. price 
10s. 6d. each. — Any Volume may be had 
separately to complete sets. 

Mr. W. R. Greg's Essays on Political 

and Social Science, contributed chiefly to the 
Edinburgh Revievj, 2 vols. Svo. price 248. 

Greyson. — Selections from the Corre- 
spondence of B. E. H. Gbeyson, Esq. 
Edited by the Author of The Eclipse of 
EaUh, 2 vols. fcp. Svo. price 12s. 

Grove, — The Correlation of Physical 

Forces. By W. R. Gbotb, Q.C., M.A., 
F.R.S., &o. Third Edition, Svo. price 7s. 

Gumey.— St. Louis and Henri IV. : Being 

a Second Series of Historical Sketches. 
By the Bev. John H. Gttbnet, M. A., Eector 
of St. Mary's, Marylebone. Fcp. Svo. 6s. 

Evening Becreations ; or, Samples from the 
Lecture-Boom. Edited by the Bev. J. H. 
GUBNET, M.A, Crown Svo. 5s, 



Gwilt's Encyclopedia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Gwilt. With more than 1,000 
Wood Engravings, from Designs by J. S, 
GwiLT. Third Edition. Svo. 42s, 

Halloran.— Bight Months' Journal kept 

on board one of H.M. Sloops of War, during 
Visits to Loochoo, Japan, and Pootoo. By 
Alpbed L. Halloban, Master, R.N. With 
Etchings and Woodcuts. Post Svo. 7s. 6d. 

Hare (Archdeacon).— The Life of Luther, 

in Forty-eight Historical Engravings. By 
GusTAV KoNio. With Explanations by 
Abchdbacon Habe and Sitsanna Wnnt- 
WOBTH. Fcp. 4to. price 2Ss. 

Harford.— Life of Michael Angelo Buon- 
arroti: With Translations of many of his 
Poems and Letters ; also Memoirs of Savo- 
narola, Baphael, and Vittoria Colonna. By 
John S. Habpoed, Esq., D.O.L., F.R.S., 
Member of the Academy of Paintnig of 
St. Luke, at Bome, and of the Roman Arch- 
aeological Society. With Portrait and 
Plates. 2 vols. Svo. 25s. 

niostrationfl, Arohitectnral and Pictorial, of 
the Genius of Michael Angelo Buonarroti. 
With Descriptions of the Plates, by the 
Commendatore Canina ; C. R. Cockebell, 
Esq., BA. ; and J. S. Habpobd, Esq., 
D.C.L., F.B.S. FoUo, 73s. 6d. haif-bound. 

Harrison.— The Light of the Forge; or, 

Counsels drawn from the Sick-Bed oi E. M. 
By the Bev. W. Habbison, M.A., Domestic 
Chaplain to H.B.H. the Duchess of Cam- 
bridge. Fcp. Svo. price 5s. 

Harry Hieover.— Stable Talk and Table 

Talk ; or. Spectacles for Young Sportsmen. 
By Habbt Hieoyeb. New Edition, 2 vols. 
Svo. with Portrait, price 24s. 

Harry Hieover.— The Hunting-Field. SyHany 
HiEOVEB. With Two Plates. Fcp. Svo. 
5s. half-bound. 

Harry Hieover. — Practical Horsemanship. 
By Habby Hieoyeb. Second Edition-, with 
2 Plates. Fcp. Svo. 5s. half-bound. 

Harry Hieover.— The Pocket and the Stad; or, 
Practical Hints on the Management of the 
Stable. By Habbt Hiboveb. Second 
Edition ; with Portrait of the Author. Fcp. 
Svo. price 58. half-bound. 

Harry Hieover.— The Stnd, for Practical Pur- 
poses and Practical Men: Being a Guide 
to the Choice of a Horse for use more than 
for show. By Habbt Hieoyeb. With 2 
Plates. Fcp. Svo. price 6s. half-bound. 
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Hassall.— Adulterations Detected; or, 

Plain Instructions for tlio Discovery of 
Frauds in Food and Medicine. By Aethttb 
Hill ^asball, M.D. Lond., Analyst of The 
Lancet Sanitary Comniissioni and Author of 
the Reports of that Commission published 
under the title of ¥oqA and its Adulterations 
(which may also be had, in 8vo. price 289.) 
With 225 Illustrations, engraved on Wood. 
Crown Sto. 17s. 6d. 

Hassall.— A History of the British Fresh 

Wat«r Algse : Including Descriptions of the 
Desmideffi and Diatomaceee. With upwards 
of One Hundred Plates of Figures, illus- 
trating the various Species. By Abthus 
Hill Hassall, M.D., Author of Miero- 
scopic Anatomy <f the Human Bodij^ &e. 2 
vols. Svo. with 103 Plates, price £1. ISs. 

Col. Hawker's Instructions to Toung 

Sportsmen in all that relates to G-uns and 
Shooting. lOth Edition, revised and brought 
down to the Present Time, by the Author's 
Son, Major P. W. L. Haweeb. With a 
Portrait of the Author, and numerous 
Plates and Woodcuts. Svo. 21s. 

Haydn's Book of Dignities : Containing 

Rolls of the Official Personages of the British 
Empire, Civil, Ecclesiasticsd, Judicial, Mili- 
tary, Naval, and Municipal, from the Earliest 
Periods to the Present Time. Together 
with the Sovereigns of Europe, from the 
Foundation of their respective States ; the 
Peerage and Nobility of Oreat Britain ; &c. 
Being a New Edition, improved and conti- 
nued, of Bcatson's Political Index. Svo. 
26s. half-bofund. 

Sir John HerscheL—Essays from the 

Edinburgh and Quarterly ReviewSy with Ad- 
dresses and other Pieces. By Sir John 
F. W. Heeschel, Bart., K.H., M.A. Svo. 
price 18s. 

Sir John HerscheL—Oatlines of Astro- 
nomy. By Sib John F. W. Heeschel, 
Bart., K.H., M.A. New Edition; with 
Plates and Woodcuts. Svo. price ISs, 

Hill.— Travels in Siberia, By S. S. Hill, 

Esq., Author of Travels on ike Shores of 
the Baltic, With a large Map of European 
and Asiatic Russia. 2 vols, post Svo. 24s. 

Hinchliff.— Summer Months among the 

Alps : With the Ascent of Monte Kosa. 
By Thomas W. Hiuchliep, of Lincoln's 
Inn, Barrister-at-Law. With 4 tinted 
Views and 3 Maps. Post Svo. price lOs. 6d. 

Hints on Etiquette and the Usages of 

Society: With a Glance at Bad Habits. 
New Edition, revised (with Additions) by a 
Lady of Bank. Fcp.Svo. price Half-a-Chrown. 



Holland. —Medical Notes and Reflec- 
tions. By Sib Heney Holland, Bart., 
M.D., F.B..S., Ac, Physician in Ordinary 
to the Queen and Prince Albert. Third 
Edition. Svo. 18s. 

Holland.- Chapters on Mental Physiology. By 
Sib Henbt Holland, Bart., F.B.S,, &c. 
Founded chiefly on Chapters contained in 
the First and Second Editions of Medical 
Notes and Reflections by the same Author, 
Svo. price IDs. 6d. 

Hook.--The Last Days of Our Lord's 

Ministry: A Course of Lectures on the 
principal Events of Passion Week. By 
the Bev. W. F. Hook, D.D. New Edition. 
Fcp. Svo. price 68. 

Hooker.— Kew Gardens ; or, a Populajr 

Guide to the Boyal Botanic GKtrdens of 
Kew. By Sib William Jackson Hookeb, 
K.H., &c., Director. New Edition; with 
many Woodcuts. 16mo. price Sixpence. 

Hooker. — Masextm of Economic Botany; or, a 
Popular Guide to the Useful and Bemark- 
able Vegetable Products of the Museum 
in the Boyal Gardens of Kew. By Sib W. J. 
Hookeb, K.H., Ac., Director. With 29 
Woodcutf. 16mo. price Is. 

Hooker and Amott.-«-The British Flora ; 

comprising the Phsenogamous or Flowering 
Plants, and the Ferns. Seventh Edition, 
with Additions and Corrections ; and nu- 
merouB Figures illustrative of the Umbelli- 
ferous Plants, the Composite Plants, the 
Grasses, and the Ferns. By Sib W. J, 
Hookeb, F.B.A. and L.S., &c. ; and G. A. 
WALKBB-AitHOTT, LL.D., F.L.S. 12mo. 
with 12 Plates, price 148. ; with the Plates 
coloured, price 21b. 

Home's Introdnction to the Critical 

Study and Knowledge of the Holy Scrip- 
tures. Tenth Edition^ revised, corrected, 
and brought down to the present time. 
Edited by the Rev. T. Haetwell Hobnb, 
B.D. (the Author) ; the Bev. Samuel 
Davidson, D.D. of the University of Halle, 
and LL.D. ; and S. Pbideattx Tbeqelleb, 
LL.D. With 4 Maps and 22 Vignettes and 
Facsimiles. 4 vols. Svo. £3. ISs. 6d. 

%* The Four Volumes may also be had separately as 
follows :— 

VoZi. I.— A Snmmaiyof the Evidence for the Genuineness, 
Authenticity, Unoorrupted Preservation, and Inspiration of 
the Holy Scriptures. By the Rev. T. H. Home, B.D. . Svo. 15s . 

Vol. II.— The Text ofthe Old Tettantent considered : With 
a Treatise on Sacred Interpretation ; and a brief Introduc- 
tion to the Old Testament Books and the Jpocrj/pha. By S. 
Davidson, D.D. (Halle) and LL.D Svo. 25e. 

Vol. III.— a Summary of Biblical Geography and Anti- 
quities. By the Rev. T. H. Homo, B.D Svo. 18s. 

Vol. IV.— An Introduction to the Textual Criticism of the 
New Testament. By the Rev. T. H. Home, B.D. The 
Critical Part re-written, and the remainder revised and 

edited by S. P. Tregelles, LL.D. Svo. ISs. 
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NEW WOBKS Am NEW EDITIONS 



Home. — A CompendiouB Introduction ' 

to the Study of the Bible. By the Bev. 
T. Habtwill HoBin, B.D. New Edition, 
with Maps and niostrationB. ISmo. 9s. 

Hoskyns.— Talpa ; or, the Chronicles of 

a Clay Farm : An Agridultural Fragment. 
By Chandos Wbxn Hoskyns, Esq. Fourth 
Edition. With 24 Woodcuts from the 
original Designs by GsosOB Ctlutkbmask, 
16mo. price 6s. 6d. 

How to Norse Sick Children : Intended 

especially as a Help to the Nurses in the 
Hospital for Sick Children ; but containing 
Directions of service to all who have the 
charge of the Young. Fcp. Syo. Is. 6d« 

Howitt (A. M.) — An Art-Stndent in 
Munich. By AvvA Masy Howitt. 2 
yoIb. post 8to. price 1^. 

Howitt— The Children's Year. By Mary 

Howitt. With Four Dlustraiions, from 
Designs by A. M. Howitt. Square 16mo. 6s . 

Howitt— Tallangetta, the Squatter's 

Home: A Story of Australian Life. By 
WnjJAM Howitt, Author of Two Tgart in 
Vietoria, &o, 2 vols, post 8to. price 18b. 

Howitt— Land, Labour, and Gold; 

or, Two Years in Victoria : With Visit to 
Sydney and Van Diemen's Land. By 
WIIJ.IAK Howitt. 2 vols, post 8vo. 21s. 

Howitt.— Visits to Remarkable Places : 

OldHaUs, Battle-Fields, and Scenes illustra- 
tive of Striking Passages in English Histoir 
and Poetry. By William Howitt. With 
about 80 Wood Engravings. Neto Edition, 
2 vols, square crown 8vo. price 25s. 

William Hewitt's Boy's Country Book: Being 
the Beal Life of a Country Boy, written 
by himself; exhibiting all the Amusements, 
Pleasures, and Pursuits of Children in the 
Country. New Edition; with ^ Wood- 
cuts. Fcp. 8vo. price 6s. 

fiowitt.— The Bnral Life of England. By 
William Howitt. New Edition, cor- 
rected and revised; with Woodcuts by 
Bewick and Williams. Medium 8vo. 21s. 

Hue- Christianity in China, Tartary, 

and Thibet, By M. I'Abb^ Hue, formerly 
Missionary Apostolic in China ; Author of 
The Chinese Empire^ &c. 2 vols. Svo. 21s.. 

Hac.— The Chinese Empire : A Sequel 

to Hue and Gabet's Journey through Tartary 
and Thibet, By the Abbe Hue, formerly 
Missionary Apostolic in China. Second 
Edition ; with Map. 2 vols. Svo. 249. 



Hudson's Plain Directions for Making 

Wills in conformity with the Law : With a 
clear Exposition of the Law relating to the 
distribution of Personal Estate in the case 
of Intestacy, two Forms of Wills, and much 
useful information. New and enlarged Edi- 
tion ; including the Provisions of the Wills 
Act Amendment Act. Fcp. Svo. 2s. 6d. 

Hudson's Executor's Guide. New and 

improved Edition; with the Statutes 
enacted, and the -Judicial Decisions pro- 
nounced since the last Edition incorporated, 
comprising the Probate and Administration 
Acts for England and Ireland, passed in the 
first Session of the New Parliament. Fcp. 
Svo. \Juit ready, 

Hudson and Kennedy.— Where there 's 

a Will there 's a Way : An Ascent of Mont 
Blanc by a New Boute and Without Guides. 
By the Bev. C. Hxtdsoit, M.A., St. John's 
College, Cambridge ; and E. S. Kxhotepy, 
B.A., Caius College, Cambridge. Second 
Edition^ with Two Ascents of Monte Rota ; a 
Plate, and a coloured Map. Post Svo. 5s. 6d. 

Humboldt's Cosmos. Translated, with 

the Author's authority, by Mbs. Sabinb. 
Vols. I. and II. 16mo. HiJf-a-Oown each, 
sewed ; 3s. 6d. each, doth : or in post Svo. 
12s. each, doth. Vol. HE. post Svo. 
12s. 6d. cloth: or in 16mo. Part L 2s. 6d. 
sewed, 3s. 6d. doth $ and Part 11. 3s. sewed, 
4i. cloth. 

Humboldt's Aspects of Natore. Translated, 
with the Author's authority, by Mss.Sabhte. 
16mo. price 6s. : or in 2 vols. 3s. 6d. each, 
cloth ; 2s. 6d. each, sewed. 

Humphreys. — Parables of Our Lord, 

illuminated and ornamented in the style of 
the Missals of the Benaissance by H^bt 
Noel Httmphbets. Square fcp. Svo. 2l6. 
in massive carved covers ; or 30s. bound in 
morocco by Hayday. 

Hunt — Researches on Light in its 

Chemical Belations ; embracing a Con- 
sideration of all the Photographic Processes. 
By BoBSBT HrKX, F.KS. Second Edition, 
with Plate and Woodcuts. Svo. 10s. 6d. 

Hutton.— A Hundred Years Ago: An 

Historical Sketch, 1755 to 1756. By Jahxs 
Hutton. Post Svo. 

Idle.— Hints on Shooting, Fishing, ftc, 

both on Sea and Land, and in the Erosh- 
Water Lochs of Scotland : Being the Expe* 
rienoes of C. Isle, Esq. Fop. Svo. 6s. 
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ISis. Jameson's Lege&ds of the Saints 

and Martyrs, as represented in Christian 
Art : Forming the First Series of Sacred and 
Legendary Art, Third Edition, revised and 
improyed; with 17 Etchings and upwards 
of 180 Woodcuts, many of which are new 
in this Edition. 2 vols, square crown 8vo. 
31s. 6d. 

Mrs. Jameson's Xegends o^ the Konastio 
Orders, as represented in Christian Art. 
Forming the Second Series of Sacred and 
Legendary Art, Second Edition, enlai^d ; 
with 11 Etchings hy the Author, astd 88 
Woodcuts. Square crown 8vo. price 28s« 

Urs. Jeaneson's Legenda of the XaAonna, 
as represented in Christian Art : Forming 
the Third Series of Sacred and Legendary 
Art, Second Edition, revised and improved : 
with numerous Etchings from Drawings by 
the Author, and upwards of 150 Woodcuts. 
Square crown 8vo. ^Nearly ready^ 

Mrs. Jameson's Commonplace-Book of 

Thoughts, Memories, and Fancies, Original 
and Selected. Fart I. Ethics and Character ; 
Part II. Literature and Art. Second Edit, 
revised and corrected; with Etchings and 
Woodcuts. Crown 8va. I8s. 

Krs. Jameson's Two Lectures on the Employ- 
ment of Women. 



1. SiSTBBs of Chasitt, GalAiolic and , 

Abroad and at Home, aeoond BdUion, with ntw 
PrefEioe. F(!p. 8vo. 48. 

2. The CoHMxrjrzoK of Laboitb : A Second Lecture ou 

the Social Employments of Women. Fcp. 8vo. Ss. 

Jaquemet's Compendium of Chronology : 

Containitig the most important Dates of 
Gheneral History, Political, Ecclesiasticfd, 
and Literary, from the Ch*eation of the 
World to the end of tlie Year 1854, Edited 
by the Bev. J. Aloobn, M.A. Second 
Edition. Post 8vo. price 7s. 6d. 

Lord Jeffrey's Contributions to The 

Edinburgh Beview. A New Edition, com- 
plete in One Volume, with a Portrait en- 
graved by Henry Robinson, and a Vignette. 
Square crown 8vo. 21b. cloth ; or 80s. calf. 
— Or in 3 vols. 8vo. price 42s. 

Bishop Jeremy Taylor's Entire Works : 

With Life by Bishop HebeA. Bevised and 
corrected by the Bev. Chables P^kas Edek, 
Fellow of Oriel College, Oxford. Now 
complete in 10 vds. 8vo. lOs. 6d. each. 

Johns.— The Land of Silence and the 

Land of Darkness. Being Two Essays on 
the Blind and on the Beaf and Dumb. By 
the Bev. B. Q-. Johks, Chaplain of the 
Blind School, St. George's Fields, South- 
wark. Fcp. 8vo. price 4s. 6d. 



Johnston.— A Dictionary of Geography, 

Descriptive, Physical, Statistical, and Histori- 
cal: Forming a complete Q-eneral Gazetteer 
of the World. By A. Keith Johnston, 
P.B.S.E., F.B.G.S., F.G.S., Geographer at 
Edinburgh in Ordinary to Her Majesty. 
Second Edition, thorougldy revised. In 1 
vol. of 1,360 pages, comprising about 50,000 
Names of Places. 8vo. 36b. doth; or half- 
bound in russia, 41b. 

Eemhle.— The Saxons in England: A 

History of the English Commonwealth till 
the Norman Conquest. By John M. Kxk- 
B£E, M.A., &c. 2 vols. 8vo. 28s. 

Kesteven.— A Manual of the Domestic 

Practice of Medicine. Bv W. B . Ejbsteten, 
Fellow of the Boyal College of Surgeons of 
Bngkuid, &o« Squave post 8vo. 7b. 6d. 

Eirby and Spenoe's Introduction io 
Entomology $ or, Elements of the Natural 
B[istory of Insects : Comprising an Account 
of Noxious and Useful Lueots. of their Meta- 
morphoses, Food, Stratageml, Habitattoos, 
Societies, Motions, Noises, Hybernation, 
Instinct, &c. Seventh Edition^ with an Ap- 
pendix relative to the Origin and Progress 
of the work. Crown 8vo. 5s. 

Mrs. R. Lee's Elements of Natural His- 
tory; or. First Principles of Zoology : Com- 
prising the Principles of Classification, inter- 
spersed with amusing and instructive Ac< 
counts of the most remarkable Animals. 
New Edition; Woodcuts. Pep. 8vo. 7s. 6d. 

Letters to my Unknown Friends. By 

a Lady, Author of Letters on Hajppineis, 
Fourth Edition. Fcp. 8vo, 6s. 

Letters on Happines8| addressed to a Friend. 
By a Lady, Author of Letters io my Vriknown 
IHende. Fcp. 8vo. 68. 

L.E.L.— The Poetical Works of Letitia 

Elizabeth Landon ; comprising the ImprO' 
vieatrice, the Feiietian Bracelet^ the Golden 
Violety the Troubadour^ and Poetical Bemains. 
New Edition ; with 2 Vignettes by B. Boyle. 
2 voIb. 16mo. lOs. cloth ; morocco, 2l8. 

Dr. John Lindley's Theory and Practice 

of Horticultuxe ; or, an Attempt to explain 
the principal Operations of Gardening upon 
Physiological Grounds : Being the Second 
Edition of the Theory of Horticulture, much 
enlarged j with 98 Woodcuts. 8vo. 21s. 

Dr. John Lindley's Introduction to 

Botany. New Edition, with Corrections and 
copious Additions. 2 vols. 8vo. with Six 
Plates and numerous Woodcuts, price 24s. 
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NEW WORKS Aim NEW EDITIONS 



LARDNER'S CABINET CYCLOPEDIA 



Of Hlftorj, Biography, Literature, the Arts and Sciences, Katnral History, and Mannftiotnrea> 

A Series of Original Works by 

Thomas Keightlby, 
John Forstbr, 
Sir Waltbr Scott, 
Thomas Moorb, 

AND OTHBR EmINBNT WrITBRS. 

Complete in 1S9 yoIs. fcp. 8vo. with Vig^nette Titles, price, in cloth. Nineteen Guineas. 
The Works separatetp, in Sets or Series, price Three Shillings and Sixpence each Volnme. 



Sir John Hbrschbl, 
Sir Jambs Macbintosh, 
Robbrt South by. 
Sir Dayid Brbwstbr, 



Bishop Thirlwall, 
Thb Rby. G. R. Glbio, 
J. C. L. Db Sismondi, 
John. Phillies, F.ILS., G.9. 



A lAtt qf the Works eompoting the Cabinkt CTCLOPiSDiA: — 

84. Lardner on Heat 1 vol. 3s. 6d. 

85. Lardner'B Hydrostatics and Pnenmatics 1 toL 8b. 6d. 

86. Lardner and Walker's Electricity and 
Magnetism 2tq1b.7s. 

37. Mackintosh, Forster. and Coartenay's 

Lives of British Statesmen 7 yoIs. Sis. Gd. 

88. Mackintosh, Wallace, and BeU's History 
of England 10 Yds. SSs. 

89. Montgomery and Shelley's eminent Ita- 
lian. Spanish, and Portuguese Authors 8 vols. lOs. Gd. 

40. Moore's History of Ireland 4 vols. 14b. 

41. Nioolss's Chronology of History 1 vol. 8b. 6d. 

48. PhiUips's Treatise on Geology 2vols.7s. 

48. Powell's History of Natoral Philosophy 1 vol. 8s. Sd. 

44. Porter's Treatise on the Manofiictare of 
Silk lvoLSs.6d. 

45. Porter's Manufiactares of Poicelidn and 
' Ghws lvol.8s.6d, 

46. Rosooe's British Lawyers lvol.8S.6d. 

47. Scott's History of Scotland 2vols.7s. 

48. Shelley's lives of eminent French 
Authors 2vols.78. 

40. Shuckard and Swainson's Insects 1 vol. 8s. 6d. 

50. Southey's Lives of British Admirals .... 5 vols. 17s. 6d. 

51. Stebbing's Church History 2vq1s.7s. 

68. Stebbing's History of the Reformation. . 2 vols. 7s. 

53. Swainson's Discourse on Natural History 1 tqI. 8s. 6d. 

54. Swidnson's Natural History and Glassi- 
flcation of Aniinals 1 voL 3s. 6d. 

55. Swainson's Habits and Instincts of 
Animals 1 voL Ss. 6d. 

56. Swainson's Birds 2 vols. 7a. 

57. Swainson's Fish, Reptiles, &c 2 vols. 7s. 

58. Sw^nson's Quadrupeds 1 voL 8s. 6d. 

50. Swsiuson's Shells and Shell-Fish 1 voL Ss. 6d. 

60. Swainson's Animals in Menageries 1 v(d. 86. 6d. 

61. Swainson's Taxidermy and Biography of 
Zoologists lvol.8S.6d. 

62. Tliirlwall's History of Greece 8 Yols. 28s. 



1* BeU's History of Rossia 8 vols. lOs. 6d. 

2. Bell's Lives of BritlshPoets 2 vols. 7s. 

3. Brewster's Optics 1vol. 8b. 6d. 

4. Cooley's Maritime and Inland Discovery 8 vols. lOs. 6d. 

5. Crowe's History of France 8 yoIs. lOs. 6d. 

6. De Morgan on Probabilities 1 vol. Ss. 6d. 

7. De Sismondi's History of the Itslian 

Republios 1 vol. 8s. 6d. 

8. De Sismondi's Fall of the Roman Empire 2 vols. 7s. 

9. Donovan's Chemistry 1 vol. 8b. 6d. 

10. Donovan's Domestic Economy 2 vols. 78. 

11. Dunham's Spain and Portngal 5 vols. 17s. Gd. 

12. Dunham's History of Denmark, Sweden, 

and Norway 8 vols. 10s. 6d. 

18. Dunham's History of Poland 1 vol. Ss. 6d. 

14. Dunham's Germauio Empire 8 vols. 10s. 6d. 

15. Dunham's Europe during the Middle 

Ages 4 vols. 14s. 

6. Dunham's British Dramatists 2 vols. 7s. 

17. Dunham's Lives of Early Writers of 

Great Britabi 1 vol. Ss. 6d. 

18. Fergus's History of the United States . . 2 vols. 78. 

19. Fosbroke's Grecian ft Roman Antiquities 2 vols. 7s. 

20. Forster's Lives of the Statesmen of the 

Commonwealth 5 vols. 178. 6d. 

21. Gleig^s Lives of British Military Com- 

manders 8 vols. 10s. 6d. 

22. Orattan's History of the Netherlands .. . 1 vol. 8s. 6d. 

28. Henslow's Botany 1 vol. Ss. 6d. 

24. Herschel's Astronomy 1 vol. 8b. 6d. « 

25. Herschel's Discourse on Natural Philo- 

sophy 1 Yol. Ss. 6d. 

26. History of Rome 2vols.7s. 

27. History of Switzerland 1 vol. 8s. 6d. 

18. Holland's Manufactures in Metsl 8 vols. 10s. 6d. 

29. Jsmes's Lives of Foreign Statesmen .... 5 vols. 17s. 6d. 

80. Eater and Lardner's Mechanics 1 vol. 8s. 6d. 

81. Eeightley's Outlhies of History 1 vol. 88. 6d. 

82. Lardner's Arithmetic 1 vol. Ss. 6d. 

83. Lardner's Geometry lvul.Ss.6d. 



Linwood.—Anthologia Oxoniensis, sive 

Florilegium e Lusibus poeticis dlYersonim 
Oxoniensium Grsecis et Latinis decerptum. 
Ourante Gulielko Linwood, M.A., JE6^ 
Christi Alamno. 8yo. price 14s. 

Lorimer's (C.) Letters to a Toong Master 

Mariner on some Subjeots connected with 
his Galling. New Edition. Fcp. 8yo. 6s. 6d. 

Loudon's Encyclopsdia of Gardening: 

Comprising the Theory and Practice of Hop- 
ticnlture, Floriculture, Arboriculture, and 
Landscape- Ghirdening. With many hundred 
Woodcuts. New Edition, corrected and 
improYed by Mbs. Lousoir. 8vo. 50s, 



Loudon's Encyclopsedia of Trees and 

Shrubs, or Arboretum et FnUicetum Britan- 
aicvm abridged: Containing the Hardy Trees 
and Shrubs of Great Britain, Native and 
Foreign, Scientifically and Popularly De- 
scribed. With about 2,000 Woodcuts. 
8vo. 50s. 

Loudon's Encyclopsedia of Agriculture : 

Comprising the Theory and Practice of the 
Valuation, Transfer, Laying-out, Improye- 
ment, and Management of Landed Property, 
and of the Cultivation and Economy of the 
Animal and Vegetable Productions of Agri- 
culture. New and cheaper Edition; with 
1,100 Woodcuts. 8vo. 31s. 6d. 
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Loudon's Encyclopedia of Plants: Com- 

prifling the Specific Character, DeBcription, 
Culture, History, Application in the Arts, 
and cYery other desirable Particular respect- 
ing all the Plants found in Great Britain. 
New Edition, corrected by Mes. Loudoit. 
With upwards of 12,000 Woodcuts. 8vo. 
£3. 18s. 6d. — Second Supplement, 21s. 

London's Encyclopedia of Cottage, 

Farm, and Yilla Architecture and Furniture. 
NewBdition, edited by Mrs. Loudon ; with 
more than 2,000 Woodcuts. Syo. 638. 

London's Self-Instraction for Toung 

Gardeners, Foresters, BaiMs, Land Stew- 
ards, and Farmers; in Arithmetic, Book- 
keeping, Geometry, Mensuration, Practical 
Trigonometry, Mechanics, Land-Surreying, 
Levelling, Planning and Mapping, Architec- 
tural Drawing, and 'Isometncal Projection 
and Perspectiye. 8to. Portrait, 78. 6d. 

London's Hortns Britannicns; or, Cata- 
logue of all the Plants found in Great 
Britain. New Edition, corrected by Mbs. 
LorDOK. Syo. 31s. 6d. 

Mrs. London's Lady's Country Compa- 
nion; or. How to Enjoy a Country Life 
Bationally. Fourth Edition, with Plates 
and Woodcuts. Fcp. Sro. 6s. 

Mrs. London's Amatenr Gardener's 

Calendar, or Monthly Gtude to what should 
be avoided and done in a Gkrden. 16mo. 
with Woodcuts, 78. 6d. 

Low'sElements of Practical Agriculture; 

comprehending the Cultivation of Plants, the 
Husbandry of the Domestic Animals, and 
the Economy of the Farm. New Edition $ 
with 200 Woodcuts. Svo. 21s. 

Macaulay.— Speeches of the Bight Hon. 

Lord Macaulay. Corrected by Hihsblf. 
8to. price 12s. 

Macaulay. — The History of England 

from the Accession of James 11. By 
the Bight Hon. Lobi> Maoaxtlat. New 
Edition. Tols. I. and II. Syo. price 82b. ; 
Vols III. and IV. price 868. 

Lord Macaulay's Critical and Historical 

Essays contributed to The Edinburgh 
Beview. Four Editions, as follows : — 

1. A Ldsaby Editiov (the Eiffhth\ in 8 vols. 8to. 

price 96e. 

2. Complete in Okb Volumb, with Portrait and Vig- 

nette. Square crown 8yo. price 218. cloth: or 
80a.calt 

8. Another Kxw Editxov, in 8 vols. fcp. 8to. price 
2l8. cloth. 

4. The PsopLs's Esinov, in 2 voIb. crown 8vo. price 
8b. cloth. 



Macaulay.— Lays of Ancient Rome, with 

Ivry and the Armada. By the Bight 
Hon. LoBD Maoaulay. New Edition. 
16mo. price 46. 6d. cloth; or lOs. 6d. 
bound in morocco. 

Lord Macaulay's Lays of Ancient Rome. 

With numerous Illustrations, Original and 
from the Antique, drawn on Wood by 
QreoTge Scharf, jun., and engraved by Samuel 
Williams. New Edition. Fcp. 4to. price 
21s. boards j or 42s. bound in morocco. 

Mac Donald. — Poems. By George 

Mao Donald, Author of Within and Witk" 
out, Fcp. 8vo. 78. 

MacDonald.— Within and Without: A 
Dramatic Poem. By Gbobgb Mao Donatd. 
Second Edition^ revised % fcp. 8vo. 46. 6d« 

Macdonald. — Villa Yerocchio; or, the 

Youth of Leonardo da Vinci : A Tale. By 
the late Miss D . L. Macdonald. Fcp. 8vo. 
price 68. 

MacDougaU.--The Theory of War illus- 
trated by numerous Examples from His- 
tory. By Lieutenant -Colonel MAoDoxraALL, 
Superintendent of Studies in the Boyal 
Military College, Sandhurst. Post 8vo. with 
10 Plans of Battles, price lOs. 6d. 

M'Dougall.— The Eventftil Voyage of 

H,M, Discovery Ship Besolute to the Arctic 
Beffions in Search of Sir John Franklin and 
the Mitting Crews of H.M. Discovery Ships 
Erebus and Terror, 1852, 1853, 1854. To 
which is added an Account of her being 
fallen in with by an American Whaler, after 
her abandonment in Barrow Straits, and of 
. her presentation to Queen Victoria by the 
G-overnment of the United States. By 
Gbobgb F. M'Dougall, Master. With a 
coloured Chart ; 8 Illustrations in tinted 
Lithography ; and 22 Woodcuts. 8vo. price 
21s. cloth. 

Sir James Mackintosh's Miscellaneous 

Works : Including his Contributions to The 
Edinburgh Beview. Complete in One 
Volume ; with Portrait and Vignette. 
Square crown 8vo. 21s. cloth ; or SOs. bound 
in calf: or in 8 vols. fcp. 8vo. 21s. 

Sir James Mackintosh's History of England 
from the Earliest Times to the final Esta- 
blishment of the Beformatiou. Libraiy Edi- 
tion, revised. 2 vols. 8vo. 21s. 

Macleod.— The Theory and Practice of 

Banking: With the Elementary Principles 
of Currency, Prices, Credit, and Exchanges. 
By Hbnby DxTKNiNGh Maclbod, ot the 
Inner Temple,Esq., Barrister-at-Law. 2 vols, 
royal 8vo. price SOs. 
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MacnaHght— Tbe D^ctruie of Inspira- 
tion : Being an Inquiry concerning the In- 
fallibility, Inspiration, and Authority of 
Holy Writ, By the Eev. Johk Mac- 
KAUQHT, M.A. Second Edition^ revised. 
Crown 8vo. price 4s. 6d. 

M'Culloch's Dictionary, Practical, Theo- 
retical, and Historical, of Commerce and 
Commercial Navigation. Illustrated with 
Maps and Flans. New Edition, corrected 
to the Present lime ; witli a Supplement. 
8vo. price 508. cloth ; half-russia, 55s. 

M'Culloch's Dictionary, Geographical, 

Statistical, and Historical, of the various 
Countries, Places, and principal Natural 
Objects in the World. Illustrated with Six 
large Maps. New Edition, revised; with a 
Supplement. 2 vols. 8vo. price 63e. 

Magoire.— B^me; its Euler and its In- 
stitutions. By John Feancis MAatriBE, 
M.P. With a Portrait of Pope Pius IX. 
Post 8vo. price IDs. 6d. 

Maltland.— The Church in the Cata- 
combs : A Description of the Primitive 
Church of Home. Illustrated by its Sepul- 
chral Bemains. By the Bev. Cha&lss 
Maitlans. New Edition ; with several 
Woodcuts. 8vo. price 14s. 

Oat-of-Doors Drawing.— Aphorisms on 

Drawing. By the Bev. S. C. MaIiAN, M.A. 
of Balliol College, Oxford ; Vicar of Broad- 
windsor, Dorset. Post 8vo. 3s. 6d. 

Mrs. Marcef s Conversations on Chemis- 
try, in which the Elements of that Science 
are familiarly explained and illustrated by 
Experiments. New Edition, enlarged and 
improved. 2 vols. fcp. 8vo. price 14s. 

Mrs. Marcet's ConYersatiens on Natural Phi- 
losophy, in which the Elements of that 
Science are familiarly explained. New Edi- 
tion, enlarged and corrected ; with 23 Plates. 
Ecp. 8vo. price 10s. 6d. 

Martineau.— Endeavours afber the Chris- 
tian Life : Discourses. By James Mab- 
TuraATT. 2 vols, post 8vo. 7s. 6d. each. 

Martineaa.— Symas for tli« Ohristiaa Church 

and Home. Collected and edited by Jamss 
Maetineaxt. Eleventh Edition, 32mo. 3a. 6d. 
cloth, or 5s. calf ; Fifth Edition^ 32mo. Is. 4d. 
cloth, or Is. 8d. roan. 

Martineau.— MisceUanies : Comprising Essays 
on Dr. Priestley, Arnold's Idfe and Corre- 
jtpandence. Church and State, Theodore 
Parker's Discourse of Religion^ "Phases of 
Eaith," the Chiurch of England, and the 
Battle of the Churches. By Jahxs Mab- 

TINEAF. Post 8V0. 9s. 



M annder's Scientific «»d Literal^ Trea- 
sury? A new and popular Encych^iedia of 
Scienoe and tlie Bdles-IietTti'^e ; inckiding 
all brancfaes of SoifiBoe, and every subject 
connected with Ltterstune and Axt, New 
Edition. Fcp. 8yo. price lOs. doth ; bound 
in roan, 12b. ; calf, 12s. 6d. 

Mannder's Biographical Treasury ; con- 
sisting of Memoin, Sketdies, and brief 
Notices of above 12,000 EmJneiit P^'sohb of 
All Ages and Nations, from the Eaxliest 
Period of Hist(»y : Fonning a new and com- 
plete Dictionary of Universal Biography. 

. Ninth Edition, revised throi]^hout. Fcp.Svo. 
10s. doth ; bound inroan, 1^. ; oall^ 12s. 6d. 

Mannder's Treasury of Eiiowledge, and 

library of Beference. Comprising an Eng- 
lidi Dictionary and G-rammiar, a Universal 
Gazetteer, a cSassie4l Dicti(Hury, a Chrono- 
logy, a Law Didionaary, a SynopMS of the 
Peerage, numerous useful Tables, &c. New 
Edition, carefully revised and corrected 
throughout : With Additions. Fcp. 8vo. 
lOs. cloth ; bound in roan, 128. ; cal^ 12s. 6d. 

Mannder's Treasury of Natural BBstory ; 

or, a Popular Dictionary of Animated 
^STature : In which the Zoological C9iaracter- 
istios that distinguish the dSPerent Cbieses, 
Oenera, and Species, sm combined with a 
variety of interesting Infomatian illu^teative 
of the Habits, Instincts, and General Eco- 
Bomy of the Animai Kingdom. With 900 
Woodcuts. New Editioa. Fcp. 870, price 
iOs. cloth; roan, 12a.; cal^l28.6d. 

Mannder's Historical Treasury; com- 
prising a Oeneral Introdootoiy Outline of 
Universal History, Ancient and Modem, 
and a Series of separate Histories of every 
prindpal Nation that exists ; their Bise, 
Progress, and Present Condition, the Moral 
and Social Character of their respective In- 
habitants, their Beligion, Manners mnd Cus- 
toms, &c. New Edition ; revised through- 
out, with a new Genebaii Index. Fcp. 8vo. 
lOs. cloth; roan, 12s. ; calf, 12s. 6d. 

Mannder's Geographical Treasuiy.— 

The Treasury of Geography, Physical, His- 
torical, Descriptive, and Political ^ contain- 
ing a succinct Account of Every Country in 
the World : Preceded by an Introductory 
Outline of the History of Geography ; a 
Familiar Inquiry into the Varieties of Stace 
and Language exhibited by different Nations; 
and a View of the Belations of Geography 
to Astronomy and the Phydcal Sciences. 
Commenced by the late Saicttel Matjndeb ; 
completed by WiLUAic HuctHES, F.B.G.S., 
late Professor of Geography in the College 
for Civil Engineers. New EdiHon ; with 7 
Maps and 16 Sfeel Plates. Fcp. 8vo. 10s. 
cloth ; roan, 12s. 5 calf, 12s. Qdu 
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Melville.— Tbe Confidence-Man: His 

Masquerade. By Hekbcait Meivillb, Au- 
thor of T^pee, OmoOf &c. *Fop. Svo. Ss. 

Merivale. — A History of the Bomans 

under the Empire. By the Bev. Chables 
Hbsiyalk, B.D., late Fellow of St. John's 
"College, Cambiidge. 8to. with Maps. 

Vols. I. and II. oomprising the HJustory to the Fall of 
Jtdius Q(Bsar. Second Edition 288. 

Vol. III. to the establishment of the Monarchy by Attr 
guattu. Second Edition Ms. 

Vols. lY. and Y. firom Auguttm to Claudiu*, b.o. 27 to 
A.D. 54 828. 

Merivale.— The Fall of the BomanBepub- 

lic : A Short History of the Last Century of 

' the Commonwealth. By the Bev. C. Mxbi- 

TALB, B.D., late Fellow of St. John's College, 

Cambridge. New Edition. 12mo. 78. 6d. 

XeriTsle.— An Aceonnt of tiie lift and Letters 
of Cicero. Translated from the Oerman of 
Abseen ; andTEdited by the Ber. Chablbs 
Mbbiyaue, B J). 12mo. 9s. 6d. 

Merivale (L. A.)-'Christian Becords: A 

Short History of Apostolic Age. By L. A. 
Mbbitalb. Fop. 8yo. 7s. 6d. 

Miles.— The Horse's Foot, and How to 

Xeep it Sound. Eighth JBdiHon ; with an 
Appendix on Shoeing in general, and Hunters 
in particular, 12 FlAtes and 12 Woodcuts. 
By W. Mrus, Bs^. Imperial 8^. 12s. 6d. 

%* Two Casts or Models of Off Fore Feet. No. 1. Bkodjbr 
AU PuTPOtett No. 2, Shod vith Leather^ on Mr. MiUbs'b plan, 
may be nad, price Ss. eaoh. 

Xiles.— A Plain I^atise on Horfe-Slioeing. 
By William Milbs, Esq. With Fktes and 
Woodcuts. Small 4to. price 6s. 

Milner's History of the Church of Christ. 

With Additions by the late Ber. Isaao 
HiLKBB, D.B., F.B.S. A New Edition, 
revised, with additional Notes by the Bey. 
T. -Gbantham, B.D. 4 Tola. 8to. prioe 62s. 

Montgomery.— Memoirs of the Life and 

Writings of James Montgomery : Including 
Seleotions from his Correspondence, Bemains 
in Prose and Terse, and CouTersations. By 
John Holland and JambbEybbbtt. With 
Portraits and Vignettes. 7 Yols. post 870. 
price £3. 13s. 6d. 

James Montgomery's Poetical Works: 

Collective Edition ; with the Author^s Auto- 
biographical Pre&oes, complete in One 
Tolume ; with Portrait and Vignette. Square 
crown 8yo. price lOs. 6d. doth; morocco, 
21s.— Or, in 4 vois. fcp. 8yo. with Portrait, 
and 7 other Plates, price 14b. 



Moore.— The Power of the Sonl over l&e 

Body, considered in relation to Health and 
Morals. By Obobgb Moobb, M.D. Rfth 
Edition. Fcp. 8vo. 6s. 



*'It shows that unless 
the inward principle be 
disciplined, purified, and 
eultg^htened, vainly must 
we look for that harmony 



between mind and body 
90 necessary to human 

enjoyment We would 

say, jRead the book." 
Athenjzum. 



Xoore.— Kan and hii XotlYti. By George 
MoOBB,M.D. Third EdUion. Fcp. 8yo. 6s. 

Moore.-Th6 Use of the Body in relatioii to tho 
Mind. By Gbobob Moobb, M.D. IMrd 
Edition, Fcp. 870. 6s. 

Moore.— Memoirs, Journal, and Corre- 
spondence of Thomas Moore. Edited by 
the Bight Hon. Lobd John Eussbll, M.P. 
With Portraits and Vignette Tllnttrations. 
8 Yols. post 8yo. price IDs. 6d. each. 

Thomas Moore's Poetical Works : Com- 
prising the Author's recent Introductions 
and Notes. The Travellet's Edition^ com- 
plete in One Volume, printed in Buby Type ; 
with a Portrait. Crown 8vo. 128. 6a. cloth j 
morocco by Hayday, 21a. — Also the Library 
Edition complete in 1 Yol. medium 8yo< with 
Portrait and Vignette, 21b. cloth ; morocco 
by Hayday, 42s. — And the First collected 
Edition, in 10 Yols. fcp. 8yo. with Portrait 
and 19 Plates, price 35s. 

Moore. — Poetry and Pictures from 

Thomas Moore: Being Selections of the 
most popular andadmired of Moore*s Poems, 
copiously illustrated with highly^finished 
Wood Engravings from originid Designs by 

G. W. COPB, B.A. F. B. PiCEBBSaiLL, BJL. 

E. C. CoBBOULD, S. Read, 

J. Cbopsby, 6. Thomas, 

E. "DUTXCkS, F. TOPHAM, 

BiBKBT FO8TSB, H. WaBRBIT, 

J. C. HoBSLBT, AJK.A. Habbisok Wbib, and 
H. Le Jbuitb, p. Wtbvbd. 

Fcp. 4to., printed on toned paper, and ele- 
gantly bound. [Nearlff ready, 

Moore's Epicurean. Hew Edition^ with 

the Notes from the collective edition of 
Moore^s Poetical Works ; and a Vignette en- 
graved on Wood from an original Design by 
D. Maousb, B.A. 16mo. 5s. cloth; or 
12s. 6d. morocco by Hayday. 

Moore's Song^s, Ballads, and Sacred 

Songs. New Edition, printed in Buby 
Type; with the Notes from the collective 
editioii of Moore's Poetical JToriSf and a 
Vignette from a Deaign by T. Cieswick, B.A. 
82mo. 28. 6d. — ^An Edition in 16mo. with 
Vignette by B. Doyle, prioe 6b. ; or 128. 6d. 
morocco by Hayday. 
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NEW WORKS AMD NEW EDITIONS 



Moore's Lalla Rookh: An Oriental 

Bomanoe. With 13 highlj-finished Steel 
Plates from Original Designa by Corbould, 
Meadowt, and Stephanoff, engraved under 
the saperintendenoe of the late Charles 
Heath. New Edition. Square crown 870. 
price 15s. cloth 1 morocco, 288. 

ICoore's LaUa BooUl Kew EditioxL, printed 
in Euby Type; with the Preface and 
Notes from the coUectiye edition of Moorii 
Poetical IfbrkSf and a Frontispiece from a 
Design by Kenny Meadows. 82mo. 28. 6d. 
—An Edition in 16mo. with Vignette, 5s. ; 
or 12s. 6d. morocco by Hayday. 

Moore's Irish Melodies. A New Edi- 
tion, with 13 higlily-finished Steel Plates, 
from Origincd Designs by 



c. W. Copx, B.A. 
T. Gbbswick, R.A. 
A. L. Ego, A.B.A. 
W. P. Peith, R.A. 
W. E. Fkobt, A.R.A. 
J. C. U0B8LXT, 



D. Haclxss, B.A. 

J. E. MiiiLAiB, A.B^ 

W. MUULBASY, B.A. 

Jf. Saitt, 

F. Stoks, A.B.A. ; and 

E. M. Wasd, B.A. 



Square crown 8vo. price 2l8. cloth j or Sls.Gd. 
handsomely bound in morocco. • 

Xoore^B Irish Melodies, printed in Buby Type 1 
with the Preface and Notes from the col- 
lective edition of Moore^s Poetical Works, the 
Advertisements originally prefixed, and a 
Portrait of the Author. 32mo. 28. 6d. — 
An Edition in 16mo. with Vignette, 5b.; 
or 128. 6d. morocco by Hayday. 

Xoore's Irish Helodies. mnstrated by D. 
Maclise, B.A. New Edition; with 161 
Designs, and the whole of the Letterpress 
engraved on Steel, by P. P. Becker. Super- 
royal 8vo. sis. 6d. boards ; £2. 12s. 6d. 
uiorocco by Hayday. 

Moore's Irish Melodies, the Music with 

the Words; the Symphonies and Accom- 
paniments by Sir John Stevenson, Mus. Doc. 
Complete in One Volume, small Music size, 
convenient and legible at the pianoforte, but 
more portable than the usual form of Mu- 
sical publications. Imperial Bvo. Sis. 6d. 
cloth ; or 42g. half-bound in morocco. 

Moore.— The Grosses, Altar, and Orna- 
ments in the Churches of St. Paul's, Enights- 
bridge, and St. Barnabas, Pimlico : A con- 
cise Beport of the Proceedings and Judg- 
mejQts in the Cases of Westerton v. Liddell, 
Home, and others, and Beal v. Liddell, 
Parke, and Evans ; as heard and determined 
by the Consistory Court of London, the 
Arches Court of Canterbury, and the Ju- 
dicial Committee of H.M. Most Hon. Privy 
Council. By Edhund F. Moobb, Esq., 
M.A., Barrister-at-Law. Boyal 8vo. price 
12s. cloth. 



MoreU.— Elements of Psychology: Part 

I., containing the Analysis of the Intellectual 
Powers. By J. D. Mobell, M. A., One of 
Her Majesty's Inspectors of Schools. Post 
Bvo. 7s. 6d. 

Morning Clonds. [A book of practical 

ethics, in form of letters of counsel, en- 
couragement, and sympathy, specially ad- 
dressed to young women on their entrance 
into life.] Post 8vo. price 7s. 

Moseley.— The Mechanical Principles of 

Engineering and Architecture. By H. 
MOBBLEY, MA., P.B.S., Canon of Bristol, 
&c. Second Edition, enlarged ; with nu- 
merous Corrections and Woodcuts. Bvo. 24s. 

Memoirs and Letters of the late Colonel 

Aemine S. H. Mountain, C.B., Aide-de- 
Camp to the Queen, and Adjutant- General 
of Her Majesty's Forces in India. Edited 
by Mrs. Mountain. With a Portrait drawn 
on Stone by B. J. Lane, A.E.B.A. Post 
Bvo. Bs. 6d. 

More. — A Critic^ Histoiy of the Lan- 
guage and Literature of Ancient G-reece. 
By William Mubb, M.P. of CaldweH 
Second Edition. Vols. I. to III. Bvo. price 
36s. s Vol. IV. price 15s. ; Vol. V. price IBs. 

Murray's Encyclopsedia of Geography ; 

comprising a complete Description of the 
Earth : Exhibiting its Belation to the 
Heavenly Bodies, its Physical Structure, the 
Natural History of each Country, and the 
Industry, Commerce, Political Institutions, 
and Civil and Social State of All Nations. 
Second Edition ; with B2 Maps, and upwards 
of 1,000 other Woodcuts. Bvo. price 608. 

Neale. — The Closing Scene ; or, Chris- 
tianity and Infidelity contrasted in the Last 
Hours of Bemarkable Persons. By the 
Bev. Ebskine Neale, M.A. New Editions. 
2 vols. fcp. Bvo. price 6s. each. 

Oldacre.— The Last of the Old Sqnires. 

A Sketch. By Cedbio Oldacbs, Esq., of 
Sax - Normanbury, sometime of Christ 
Church, Oxon. Chrown Bvo. price 9s. 6d. 

Osbonu — Quedah ; or, Stray Leaves 

from a Journal in Malayan Waters. By 
Captain Sheeabd Osbobn, B.N., C.B., 
Author of Stray Leaves from an Arctic Jovr- 
tial, and of the Narrative of the Discovery of 
the North- West Passage. With a coloured 
Chart and tinted Illustrations. Post Svo. 
price IDs. 6d. 
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Osbom.— The Discovery of the North- 
West Passage by H.M.S. Investigator^ Cap- 
tain B. M'CiTJBE, 1850-1854. Edited by 
Captain Shbbabd Osbobn, C.B., from the 
Logs and Journals of Captain B. M'Clure. 
Second Edition, rerised ; "with Additions to 
the Chapter on the Hybernation of Animals 
in the Arctic Eegions, a Geological Paper 
by Sir Bodebice I. Mtjbchison, a Portrait 
of Captain M'Clure, a coloured Chart and 
tinted Illustrations. 8vo. price 15s. 

Owen.— Lectures on the Comparative 

Anatomy and Physiology of the Invertebrate 
Animals, deliyered at the Boyal College of 
Surgeons. By Bichaed Owen, E.B.S., 
Hunterian Professor to the CoUege. Second 
JJdition, with 235 Woodcuts. 8to. 21s. 

Professor Owen's Leotnres on the Comparative 
Anatomy and Physiology of the Vertebrate 
Animals, deliyored at the Boyal College of 
Surgeons in 1944 and 1846. With numerous 
Woodcuts. Vol. I. 8vo. price 148, 

Memoirs of Admiral Parry, the Arctic 

Navigator. By his Son, the Bev. E. Paeet, 
M.A. of Balliol College, Oxford ; Domestic 
Chaplain to the Lord Bishop of London. 
Third Edition ; with a Portrait and coloured 
Chart of the North- West Passage. Pep. 
8vo. price 6s. 

Dr. Pereira's Elements of Materia 

Medica and Therapeutics. Third Edition^ 
enlarged and improved from the Author's 
Materials, by A. S. Taylob, M.D., and 
Or, O. Bees, M.D. : With numerous Wood- 
cuts. Vo1.I.8to.28s.; Vol. II. Part I. 21s.; 
Vol n. Part II. 248. 

Dr. Pereira's Leotnres on Polarised Light, 
together with a Lecture on the Microscope. 
2d Edition, enlarged from Materials left by 
the Author, by the Bev. B. Powell, M.A., 
&c. Fcp. 8yo. with Woodcuts, Ts. 

Perry.— The Pranks, fSrom their First 

Appearance in History to the Death of King 
Pepin. By Walteb C. Pebbt, Barrister- 
at-Law, Doctor in Philosophy and Master 
of Arts in the University of Gottingen. 
8vo. price 12s. 6d. 

Feschers Elements of Physics. Trans- 
lated from the Gherman, with Kotes, by 
E. West. With Diagrams and Woodcuts. 
3 vols. fcp. 8vo. 2l8« 

Ida Pfeiflfer's Lad/s Second Journey 

round the World i Prom London to the 
Cape of Good Hope, Borneo, Java, Sumatra, 
Celebes, Ccram, the Moluccas &c., California, 
Panama, Peru, Ecuador, and the United 
States. 2 vols, post 8vo. 21s. 



Phillips's Elementary Introduction to 

Mineralogy. A New Edition, with extensive 
Alterations and Additions, by H. J. Bbooee, 
P.B.S., E.G.S. J and W. H. Millee, MA.., 
F.G.S. With numerous Wood Engravings, 
Post 8vo. 18s. 

Phillips.— A Guide to Geology. By John 
Phillips, M. A., F.B.S., F.G.S., &c. Fourth 
Edition, corrected to the Present Time; 
with 4 Plates. Fcp. 8vo. Ss. 

Phillips.— Figures and Descriptions of the 

Paleozoic Fossils of Cornwall, Devon, and 
West Somerset ; observed in the course 
of the Ordnance Geological Survey of that 
District. By John Phillips, F.B.S., F.G.S., 
&e. 8vo. with 60 Plates, price 98, 

Piesse's Art of Perfumery, and Methods 

of Obtaining the Odours of Plants : With 
Instructions for the Manufacture of Perfumes 
for the Handkerchief, Scented Powders, 
Odbrous Vinegars, Dentifrices, Pomatums, 
Cosmetiques, Perfumed Soap, &c. ; and an 
Appendix on the Colours of Flowers, Arti- 
ficial Fruit Essences, &c. Second Edition^ 
revised and improved j with 46 Woodcuts. 
Crown 8vo. 83. 6d. 

Captain Portlock's Beport on the Geology 

of the County of Londonderry, and of Parts 
of Tyrone and Fermanagh, examined and 
described under the Authority of the Master- 
General and Board of Ordnance. 8vo. with 
48 Plates, price 248. 

Powell.— Essays on the Spirit of the 

Inductive Philosophy, the Unity of Worlds, 
and the Philosophy of Creation. By the 
Bev. Baden Powell, M.A.,F.B.S.,F.B. A.S., 
F.G.S., Savilian Professor of CJeometry in the 
University of Oxford. Second Edition, re- 
vised. Crown 8vo. with Woodcuts, 12s. 6d. 

Pycroft's Course of English Reading, 

adapted to every taste and capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8vo. price Ss. 

Baikes.— A Portion of the Journal kept 

by Thomas Baiees, Esq., from 1831 to 1847: 
Comprising Beminiscences of Social and 
PoUtical Life in London and Paris during 
that period. Vols. I. and II. {Second Edi' 
tion\ post 8vo. 21s.; Vols. III. and IV. 
with IndeXi completing the work, price 21s. 

Beade. — The Poetical Works of John 

Edmund Beade. New Edition, revised and 
corrected; with Additional Poems. 4 vols, 
fcp. 8vo. price 20s. 
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JK'BW WO&ES Ain> l^EW EDITIONS 



Pr. Beece's Medical Guide rConQuisiiig 

a complete Modem DispeiiBator^, and a 
Traotical Treatise onthediBtingiiishing Symp- 
toms, Causes, Prewntion, Cure, and Pallia- 
tion of the Diseases incident to the Human 
Frame. Seventeenth Edition, corrected and 
enlarged by the Author^s Son, Dr. H. Bsboe, 
M.B.C.S., &c Sto. 12s. 

Slch's niustrated Ck)mpaiuoa to the 

Latin DictionaryandGhwek Lexicon: Form- 
ing a Glossary of all the Words representing 
Visible Objects connected with the Arts, 
Manufactures, and Eveiy-Day Life of the 
Ancients. With about 2,000 Woodcuts 
from the Antique. Post 8to. 21i . 

EichardsoiL — Fourteen Years' Expe- 
rience of Cold Water : Its Uses and Abuses. 
By Captain M. Richabdson, late of the 
4th Light Dragoons. Post 8vo. with 
Woodcuts, price 68 



The first object of 
Captain Richardson's 
book is to extend the use 
of the cold-water cure to 
the humbler classes, by a 
simpler mode of treat- 
ment. This simplicity 
principally consists in the 
Bobstitntion of wet ban- 
dagfes covered by dry ban- 
dag^esforthe wet sheet and 
other processes of estab- 
lished hydropathy. Cap- 



tain Richardson considers 
the bandage not only more 
beneficial medically than 
the sheet, but much more 
easily applied, while it 
does not mtcrruptaman's 
avocations, but can be 
worn even at work. The 
general expositions are 
followed by directions for 
the treatment of diseases 
under the Captain's sys- 
tem," Spectator. 



Horsemanship ; or, the Art of Riding 

and Managing a Horse, adapted to the Guid- 
ance of Ladies and Gentlemen on the Boad 
and in the Field: With Instructions for 
Breaking-in Colts and Young Horses. By 
Captain Richabdson, late of the 4th Light 
Dragoons. With 5 Phitea. Square crown 
8to. 14s. 

Honsehold Prayers for Four Weeks; 

With additional Prayers for Special Occa- 
sions. To which is added a Course of 
Scripture Beading for Every Day in the 
Year. By the Bev. J. E. Biddle, M.A., 
Incumbent of St. PhiUp's, Leckhampton. 
Crown 8vo. price 3b. 6d. 

Riddle's Complete Latin-English and 

English-Latin Dictionary, for tii© use of 
Colleges and Schools. New and cheaper 
Edition, reyised and oonedied. 6yo. ^Is. 

Separately { r|^| lS§n^iigiiflh Dictionary! 15b. 

Biddle'i Diamond Latia-English Ketioiiary. 
A Ouide to the Meaning, Quality, and 
right Aooentuation of Latin Classioal Words. 
Boyal samo. price 4b. 

Riddle's Copious and Critical Latin- 

English Lexicon, founded on the Gennan- 
Latin Dictionaries of Dr. William Fr^ind. 
STew and cheaper Edition. Post 4to. Sis. 6d. 



RiveR's Rose-Afinatoor's Guide ; contain* 

ing ample Deecriptiocs^f all the fine Isading 
Tazieties <^ Roses^ vegakiljr elassed in their 
respective Families ^ their Higtoiy and 
IDode of Culture. Fifth Edition, cocrected 
and improTcd. F<^ Sfou 3s. 6d. 

Dr. E. RoMnson's Greek and English 

Lazic<m to the Ofedk Xestament. A New 
Edition, revised and in,gB0Kt part ra-irritten. 
8to. price 18e. 

Mr. Henry Rogers's Essays selected from 

Contributions to the Edinburgh Review. 
Second and nheaperlRdJltian, with AdcQtions. 
3 Tols. fcp. 8vo. 2l8. 

Dr. Roget's Itiesanras of English Words 

and Phrases claesified and arranged so as to 
faciUtate the Expression of Ideas and assist 
in Literary Compoeitioa. Siz^ Edition, 
revised and improrred. Crown 8vo. lOs. 6d. 

Ronalds's Fly-Usher's Entomology : 

With coloured Bepresentations of the 
Natural and Artificial Insect, and a few Ob- 
servations and Instructions on Trout and 
Grayling Fishing. Fifth Edition, thoroughly 
revised by an Experienced Fly-!EHsher j with 
20 new coloxured Plates. 8vo. 14a. 

Rowton's Debater : A Series of complete 

Debates, Outlines of Debates, and Questions 
for Discussion; with ample Beferences to tho 
best Sources of Information. New Edition. 
Fcp. 8vo. 6s. 

The Saints our Examine. By the Author 

of Letters to my Unknovm Friends^ &c Fcp. 
8vo. price 7s. 

Scherzer.— Travels in the Free States of 

Central America : Nicaragua, Honduras, 

and San Salvador. ByDr. OaelSchebzeb. 

With a coloured Map. 2 toIs. post 8vo. 16s. 

metsofsasteboardandtinsel^ 
now swinging in a hammock 



"Central America is not 
m invtliing place for tiie 
lounging trav^ec. The 
roads are bad; there are no 
inns: food is scarce; the 
people are diBhonesfc; soounr 
drels swarm; neither life 
nor property Is safe. Br. 
Sohearser travelled with 
guides of doubtfiil fideCty, 
waslbircedlio keep his hand 
on his gnat ana revolver, 
sometimes compelled to eat 
a few black beans or starve 



barefooted soldiers witti \ 



in « fitthy hovel; anon re- 
ceiving the President of a 
State by the light of a candle 
Btackinab^tle. Altogether 
having a hard and hazardons 
life of it. But be does not 
complain. A cheerier and 
braver traveller selAoxn has 
made has way in oatlandish 
tracks &r beyond the limits 

of the dvilised world 

The Central AnMrican qaefr* 
tion will probably endow Dr. 
Scherzer s book with an ad- 



Qiiom. 



I^. L. Schmitz's Histor j of Greece, from 

the Earliest Times to the Takmg of Corinth 
hy the Bomans, B.C. 146^ mainly based upon 
Bishop Thirlwaire Histoy. Fourth EdUion^ 
^th Sof^emeBiiary Chapters on the Lite- 
rature and the Arts of Ancient Greece ; and 
illustrated wi<^ a Map of Athens and 137 
Woodcuts, designed from the Antique by 
a. Scharf, jun., F.S.A. 12mo. 7fc 6d. 
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Scrivenor's History of the Iron Trade, 

from the Earliest Becordfl to the Present 
Period. Kew Edition, corrected. 870. 
price 10s. 6d. 

Sir Edward Seaward's Narrative of his 

Shipwredc, and consequent Discovery of 
certain Islands in the Caribbean Sea. 
Third Edition. 2 vols, post 8vo. 21s.— An 
Abbid^icbnt, in 16mo. price 2s. 6d. 

The Sermon in the Mount. Printed by 

C. Whittingham, uniformly with the Thumb 
Bible i bound aiid clasped. 64mo. Is. 6d. 

Sewell.— Amy Herbert. By a Lady. 

Edited by the Rev. William Sewell, B.D., 
Eellow and Tutor of Exeter College, Oxford. 
IN^ew Edition. Fcp. 8vo. price 6s. 

Sewell.-The Earl's Daughter. By the 

Author oiAmy Herbert, Edited by theBev. 
"W. Sewell, 'B.D. 2 vols. fop. 8vo. 9s. 

Sewell. — Gertrude: A Tale. By the 

Author of Amy Herbert Edited by the Eev. 
"W. Sewell, B.D. Fcp. 8vo. price 6s. 

Sewell. —Margaret Percival. By the 

Author of Amy Herbert Edited by the Rev. 
"W. Sewell, B.D. 2 vols. fcp. 8vo. price 12s. 

By the tame Author, New Bdiiiom, 

Ivors. 2 vols. fcp. Svo. price 12i. 

deve HalL 2 vols. fcp. Svo. priee 12fl. 

Katharine Ashton. 2 vols. fop. Svo. 12fl. 

The Experience of life. Fcp. Svo. price 7i. 6d. 

LanetoxL Panonage : A Tale for Children, on 
the Practical Use of a portion of the Church 
Catechism. 2 vols. fcp. Svo. price 12s. 

Beadings for Every Day in Lent : Compiled 
from the Writings of Bishop Jebehy 
. Taylor. Fcp. 8vo. price &s. 

Seadings for a Month preparatory to G(»firma- 
tion : Compiled firom the Works of Writers 
of the Eariy and of the English Church. 
New and cheaper Edition. Pep. 8vo. 4s. 



Bowdler's Family Shak^eare: In^diich 

nothing is ad6ted to the Original Text ; but 
those words and expressions are omitted 
which cannot with propriety be read aloud. 
Illustrated with Thirty-six Vignettes en- 
graved on Wood from original Designs by 



e. COOKS, S.A. 
S. COOKB, 
S. -HOWABD, X.i.. 
E. SIirOLSTOK, 
B. BUIXKB, B.A. 



T. STOTHABS, B.A. 
H. THOXSOK, B.A. 
B. WB8TAU1, B.A. 
B. WOBOFOBDB, B.A« 



New Edition, printed in a more convenient 

form. 6 vols. fcp. Svo. price 30s. cloth; 

separately, Ss. each. 

*** The LiBBASY Edition, with the same UliiBtrationB, 
in One Volume, mediam Svo. price 21s. doth. 



Sharp's New British Gazetteer, or Topo- 
graphical Dictionary of the British Islands 
and Narrow Seas : Comprising concise De- 
scriptions of about Sixty Thousand Places, 
Seats, Katural Features, and Objects of Note, 
founded on the best authorities. 2 vols. 
Svo. price £2. 16s. 



•* We have already had oc- 
casion to mention tnis book, 
and a careful ezaminatiou or 
its contents has coi^yinced us 
of its sreat value. The re- 
markable clearness with 
which its condensations and 
abbreviations are made ap- 
pears to us its most ad- 
mirable feature. We have 
no book of similar bulk in 
the language containing any- 
thing like the amount of in- 
formation of various kinds 
BO well arranged and so easily 
aocessible as in tl'is new ga- 
zetteer. Every article bears 
the mark of studied, carefal, 
and exact compilation. It 
comprehends both the topo- 
graphy and the hydrography 
of the United Kingdom, and 



is constructed on the plan 
of fuilitating reference by 
bringing together as many 
articles as possible under 
distfaiet heads. .. .AU the po- 
sitions have been retaken 
f^om the maps; and not only 
the county out the quarter 
of the county given in which 
a name mignt be looked for. 
We must, in short, repeat 
with a liberal acqmescence 
what Mr. Sharp hmiself re- 
marks of his five years' dili- 
gent labour, that it will be 
found to oomprise, in a clear 
and legible type, more sub- 
stantial informanon, collect- 
ed from original sources, and 
put into a convenient form, 
'le bulkiest of its 
ExAMnrzB. 



Short Whist; its Eise, Progress, and 

Laws : With Observations to make any one a 
Whist-Player. Containing also the Laws of 
Piquet, Cassino, Eoart^ Cribbage, Back- 
gaxnmon. By Major A. New Edition ; to 
which are added, Precepts for l>fro8, by 
Mrs. B. Fcp. Svo. Ss. 

Sinclair. — The Journey of Life. By 

Cathebine Sinolaib, Author of The Bun- 
nest of Life, New Edition. Fcp. Svo. 5s. 

Sir Roger De Goverley. From the Spec- 
tator. With Notes and Illustrations, by 
W. Heitst Wielb j and 12 Wood Engrav- 
ings from Designs by F. Tatlbb. Second 
and cheaper Edition. Crown Svo. 10s. 6d. ; 
or 21s. in morocco by Hayday. — An Edition 
without Woodcuts, in lOmo. price Is. 

The Sketches: Three Tales. By the 

Authors of Amy Herbert, The Old Man*t 
Home, and Hawittone, The Third Edition ; 
with 6 Illustrations in Aquatint. Fcp. Svo. 
price 4jS. 6d, boards. 

Smee's Elements of Electro-MetaUorgy. 

Third Edition, revised, corrected, and con- 
siderably enlarged ; with Electrotypes and 
nimierous Woodcuts. Post Svo. 10s. 6d. 

Smith (G.) — History of Wesleyan Me- 
thodism : Vol. I. Wesley and his Times. 
By Geobge Smith, F.A.S., Member of the 
Boyal Asiatic Society, &c. ; Author of Sacred 
Annaitf or Betearchet into the History and 
Religion of Mankind, &c. Crown Svo. 
with 8 Facsimiles of Mei^dist Society 
Tickets, price lOs. 6d. cloth. 
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KEW WORKS AND NEW EDITIONS 



Smith (G.V.)— The Prophecies relating 

to Nineyeh and the AsByrians. Translated 
from the Hebrew, with Historical Intro- 
ductions and Notes, exhibiting the principal 
Kesults of the recent Diecoveries. By 
Geobge Vance Smith, B.A. Post 8to. 
with a Map, price 10s. 6d. cloth. 

Smith (J.) —The Voyage and Shipwreck 

of St. Paul : With Dissertations on the Life 
and Writings of St. Luke, and the Ships and 
Navigation of the Ancients. By Jahxs 
Smith, of Jordanhill, Esq., F.B.S. Second 
Edition ; with Charts, Views, and Wood- 
, cuts. Crown 8vo. Ss. 6d. 

A Memoir of the Rev. Sydney Smith. 

By his Daughter, Lady Holland. With 
a Selection from his Letters, edited by 
Mb8. Austin. Neto Edition. 2 vols. 870. 288. 

The Rev. Sydney Smith's Miscellaneous 

Works : Including his Contributions to The 
Edinbwgh Beriew. Three Editions : — 

1. A LiBEAST EDiTiGir (the Fourth\ in S toIb. 8to. 

with Portrait, Mb. 
8. Complete in Oirt Yolttics, with Portrait and Vijp- 

nrtte. Square crown 8vo. price 21s. doth ; or 80i. 

honndincalt 
S. Another Nxw EDmoir, in 8 vols. fcp. 8vo. price 21s. 

The Rev. Sydney Smith's Elementary 

Sketches of Moral Philosophy, delivered at 
the Boyal Institution in tho Years 1804, 
1805,andl806. Third Edition. Fcp.8vo.79. 

Snow.— A Two-Years' Cruise oflf Tierra 

del Fuego, the Falkland Islands, Patagonia, 
and the River Plate. A Narrative of Life 
in tho Southern Seas. By W. PAEKEtt 
Snow, late Commander of the Mission 
Yacht AUen Gardiner; Author of "Voyage 
of the Prince Albert in Search of Sir John 
Franklin." With 3 coloured Charts and 6 
tinted Illustrations. 2 vols, post 8vo. 24ss. 



" A Robinson-Crasoe style 
of narration, and a kind of 
ron^h and picturesqoe treat- 
ment, sustain the interest of 
the nautical descriptions 
more than might he sup- 
posed ; the wild and violent 
weather of the Falkland 



Islands, with the dangers of 
their navigation and the pe- 
culiar character of the Biver 
PUte, have a novelty beyond 
the common run of voyaging. 
The adventures in Tierra del 
Fuego are very interesting." 
Spbctatox. 



Robert Southey's Complete Poetical 

Works ; containing all the Author's last In- 
troductions and Notes. The Library Edi' 
iiotty complete in One Volume, with Por- 
trait and Vignette. Medium 8vo. price 2l8. 
cloth ; 428. bound in morocco. — Also, the 
Fint collected Edition, in 10 vols. fcp. 8vo. 
with Portrait and 19 Vignettes, price 358. 

Select Works of the British Poets ; from 

Chaucer to Lovelace inclusive. With 
Biographical Sketches by the late Bobbbt 
SouTHEY. Medium 8vo. price SOs. 



Southey's Correspondence. — Selections 

from the Letters of Bobert Southey, &c. 
Edited by his Son-in-Law, the Bev. John 
Wood Wabtee, B.D., Vicar of West 
Tarring, Sussex. 4 vols, post 8vo. price 42s. 

The life and Correspondence of the late Bobert 
Southey. Edited by his Son, the Bev. 
0. C. SOUTHBT, M.A., Vicar of Ardleigh. 
With Portraits and Landscape Illustra- 
tions. 6 vols, post 8vo. price 638. 

Sonthey's Doctor, complete in One 

Volume. Edited by the Bev. J. W. Wabtee, 
B.D. With Portrait, Vignette, Bust, and 
coloured Plate. Square crown 8vo. 2l8. 

Bouthey'i Commonplaee-Booki, complete in 

Four Volumes. Edited by the Bev. J. W. 

Wabteb, B.D. 4 vols, square crown 8vo. 

price £3. 18s. 

Each Commoimlaee-Sookt complete in itself, maj be 
had separately, as follows :— ^ 

FiBBX Skrizs— CHOICE PASSAGES, &e. 18b. 

Sicovi) SsRiES— SPECIAL COLLECTIONS. 18b. 

Thxks Sbbxks- ANALYTICAL READINGS. 2l8. 

FouBTH Sbxibs- ORIGINAL MEMORANDA, &c. Sis. 

Sonthey's Life of Wesley ; and Rise and 

Progress of Methodism. New Edition, with 
Kotes and A.dditions. Edited by the Eev. 
C. C. SouTHET, M.A. 2 vols. 8vo. with 
2 Portraits, price 28s. 

Spottiswoode.— A Tarantasse Journey 1 

through Eastern Russia, in the Autumn of 
1856. By William Spottiswoode, M.A., 
E.B.S. With a Map of Russia, several 
Wood Engravings, and Seven Illustrations 
in tinted Lithography from Sketches by the 
Author. Post 8vo. price 10s. 6d. 

Stephen.— Lectures on the History of I 
France. By the Right Hon. Sib Jambs I 
SrBPHBN,K.C.B.,LL.D.,Profes8or of Modem I 
History in the University of Cambridge. 
Third Edition. 2 vols. 8vo. price 248. 

I 

Stephen.— Essays in Ecclesiastical Bio- 
graphy ; from The Edinburgh Review. By I 
the Right Hon. SiB James Stephen, K.C.B., | 
LL.D., Professor of Modem History in 
the University of Cambridge. Third Edi- 
tion. 2 vols. 8vo. 248. j 

Stonehenge.— The Greyhound : Being a 1 

Treatise on the Art of Breeding, Rearing, 
and Training Greyhounds for Public Run- 
ning ; their Diseases and Treatment : Con- 
taining also Rules for the Management of 
Coursing Meetings, and for the Decision of 
Courses. By Stonehenge. With Frontis- 
piece and Woodcuts. Square crown 8vo. 
price 21s. half-bound. 
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Stow. — The Training System, Moral 

Training School, and Normal Seminary for 
preparing Schoolmasters and GovemeBses. 
By David Stow, Esq., Honorary Secretary 
to the Glasgow Normal Free Seminary. 
Tenth Edition ; with Plates and Woodcuts. 
Post 8vo. price 68. 

Strickland. — Lives of the Queens of 
England. By Agnes Stbiokland. Dedi- 
cated, by express permission, to Her Ma- 
jesty. Embellished with Portraits of every 
Queen, engraved from the most authentic 
sources. Complete in 8 vols, post Bvo. price 
7s. 6d. each. — Any Volume may be had 
sej^arately to complete Sets. 

Memoirs of Bear-Admiral Sir William 

Symonds, Knt., C.B., F.R.S., late Surveyor 
of the Navy. Publbhed with the sanction 
of his Executors, as directed by his Will ; 
and edited by J. A. Shabp. 8vo. with 
Plates and Wood Engravings. 

\In the press. 

Taylor.— Loyola: and Jesuitism in its 
Budiments. By Isaac Tay3:.ob. Post 8vo. 
price IDs. 6d. 

Taylor.— Wesley and Methodism. By 
Isaac Tatloe. Post 8vo. Portrait, 10s. 6d. 

Thacker's Courser's Annual Bemem- 

brancer and Stud-Book : Being an Alpha- 
betical Eeturn of the Bunning at all the 
PubUc Coursing Clubs in England, Ireland, 
and Scotland, for the Season 1856-57 ; with 
the Pediffrees- (as far as received) of the 
Dogs. By Bobebt Abbam Welsh, Liver- 
pool. 8vo. 21s. 

*** Pablished annually in October, 

Thirlwall.— The History of Greece. By 
the Bight Bev. the Lobd Bishop of St. 
David's (the Bev. Connop Thirlwall). An 
improved Library Edition ; with Maps. 8 
vols. 8vo. price £3. —An Edition in 8 vols, 
fcp. 8vo. with Vignette Titles, price 28s. 

Thomas,— Historical Notes relative to 

the History of England; embracing the 
Period from the Accession of King Henry 
VIII. to the Death of Queen Anne inclusive 
(1509 to 1714) : Designed as a Book of in- 
stant Beference for the purpose of ascer- 
taining the Dat«s of Events mentioned in 
History and in Manuscripts. The Names 
of Persons and Events mentioned in History 
within the above period placed in Alpha- 
betical and Chronological Order, with Dates; 
and the Authority from whence taken 
given in each case, whether from Printed 
History or from Manuscripts. By F. S. 
Thomas, Secretary of the Public Becord 
Department. 8 vols, royal 8vo. price £2. 



Thomson's Seasons. Edited by Bolton 

CoKNET, Esq. Illustrated with 77 fine 
Wood Engravings from Designs by Mem- 
bers of the Etching Club. Square crown 8vo. 
21s. cloth 5 or 36s. bound in morocco. 

Thomson (the Bev. Dr.)— An Outline of 

the necessary Laws of Tliought : A Treatise 
on Pure and Applied Logic. By William 
Thomson, D.D., Provost of Queen's Col- 
lege, Oxford. Fourth Edition^ carefully re- 
vised. Fcp. 8vo. price 7s. 6d. 

Thomson's Tables of Interest, at Three, 

Four, Four-and-a-Half, and Five per Cent., 
from One Pound to Ten Thousand, and from 

1 to 365 Days, in a regular progression of 
single Days ; with Interest at all the above 
Bates, from One to Twelve Months, and 
frx>m One to Ten Years. Also, numerous 
other Tables of Exchanges, Time, and Dis- 
cocnts. New Edition, 12mo. price 8s. 

Thombury.— Shakspeare's England ; or, 

Sketches of Social History during the Beign 
of Elizabeth. By Q-. W. TnOENBinftY, 
Author of History of the Buccaneers^ &c. 

2 vols, crown 8vo. 21s, 

*' A work which stands unrivalled for the variety 
and entertaining character of its contents, and which weU 
deserves a place on the library-shelf, by the side either of 
the historians of England or the prince of dramatists." 

JoHir Bull. 

The Thumb Bible ; or, Verbum Sempi- 

temum. By J. Taylob. Being an Epi* 
tome of the Old and New Testaments in 
English Verse. Beprinted from the Edition 
of 1693 I bound and clasped. 64mo. Is. 6d. 

Bishop Tomline's Introduction to the 

Study of the Bible : Containing Proofs of 
the Authenticity and Inspiration of the 
Scriptures; a Summary of the Histoiy of 
the Jews ; an Account of the Jewish Sects ; 
and a brief Statement of Contents of seve- 
ral Books of the Old Testament. New Edi- 
tion. Fcp. 8vo. 5s. 6d. 

Tooke.—History of Prices/ and of the 

State of the Circulation, during the Nine 
Years from 1848 to 1856 inclusive. Form- 
ing Vols. V. and VI. of Tooke's History of 
Prices from 1792 to the Present Time ; and 
comprising a copious Index to the whole of 
the Six Volumes. By Thomas Tooke, 
F.B.S. and William Nbwmaech. 2 vols. 
8vo. price 528. 6d. 

Townsend.— Modem State Trials revised 

and illustrated with Essays and Notes. By 
W. C. TowN3ENi>, Esq., M.A., Q.C. 2 vols. 
8vo. price 30s. 
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NEW WORKS AiTD NEW EBITIONS 



COMPLETION 

OF 

THE TRAYELLER'S LIBRARY. 



Stmmary ef the CotUeiUi of its TRAYELLER'S LIBBARY, now compleie.in 102 
Parts, price One SMlling each, or in 50 Volumes, price 2s, 6d. each in eloth.-^ 
To be Mod also, in eomplete Sets only, at Five Guineae per Set, bound in cloth, 
lettered, in 35 Yolomes, classified as followe:-—* 



VOYAGES AND TRAVELS. 



IN EUROPE. 

A OONnNENTAL TOUR BrJ.BASBOW. 

AECTIC VOYAGES AND \ __ - mayKE 

DISGOYSRIES J bt r. «aij*J5, 

BRITTANY AND THE BIBLE bt I. HOPE. 

BRITTANY AND THE CHASE bt I. HOPE. 

CORSICA BY P. ORBGOROVIUS. 

^^^liNiSS^^^!^.:^^.) ■■■■ «s.LAnfo. 

ICELAND BY P. MILES. 

NORWAY, A RESIDENCE IN bt 8. LAING. 

NORWAY, RAMBLES IN by T. FORESTER. 

RUSSIA BY THB MARQUIS DE CU8TINB, 

RUSSIA AND TURKEY .. bt J. R. M'CULLOCH. 

ST. PETERSBURG by M. JERRMANN. 

THE RUSSIANS OP THE SOUTH, by S. BROOKS. 
SWISS MEN AND SWISS \ __ « wiaRanRAW 

MOUNTAINS / ^ "• *^»OUS0N. 

MONT BLANC, ASCENT OP by J. AULDJO. 

^^^THEALPS^^^^}'^ '• VON TSCHUDL 
VISIT TO THB VAUDOiSl ,^ p PATVirQ 

OF PIEDMONT / *^ ^' ^-^^^^'S. 



IN ASIA. 

CHINA AND THIBET by THB ABBE' HUC. 

SYRIA AND PALESTINE "EOTHEN." 

THE PHILIPPINE ISLANDS, by P. GIRONU^BE. 

IN AFRIPA. 

AFRICAN WANDB&INaS BY M. WERKE. 

MOROCCO BY X. DURRIEU. 

NIGER EXPLORATION. .BY T. J. HUTCHINSON. 
THE ZULUS OF NATAL BY G. H. MAJSON. 

rN AMERICA. 

BRAZIL B Y B . WILBERPORCE. 

CANADA. BY A. M. JAMESON. 

CUBA BY W. H. HURLBUT. 

NORTH AMERICAN WILDS .... byC.LANMAN. 

IN AUSTRALIA. 

AUSTRALIAN COLONIES BY W. HUGHES. 

ROUND THE WORLD. 

A LADY'S VOYAGE BY IDA PFEIFFER. 



HISTORY AND BIOGRAPHY. 



MEMOIR OP THE DUKE OF WELLINGTON. 
THB LIFE OF MARSHAL \ BY the REV. T. O. 

ffURENNE J COCKAYNE. 

SCHAMYL .... BT BODENSTBDT aitd WAGNER. 
FERDINAND I. AND MAXIMI- \ __ » ^t^^tt? 

LIAN II / *^ RANKS. 

FRANCIS ARAaO*S AUTOBIOGRAPHY. 
THOMAS HOLCBOFrS MEMOIRS. 



CHESTERFIELD & SELWYN, BY A. HAYWABB. 
SWIFT AND RICHARDSON, BY LORD JEFFREY. 
DEFOE AND CHURCHILL .... BY J. FORSTSB. 
ANECDOTES OF DR. JOHNSON, by MRS.PIOZZI. 
TURKEY AND CHRISTENDOM. 
LEIPSIC CAMPAIGN, by thb RBV. Ov B. GLEIO. 
AN ESSAY ON THE LIFE AND> by HENRY 
GENIUS OF THOMAS FULLER/ ROGERS. 



ESSAYS BY LORD MACAULAY. 



WARREN HASTINGS. 

LORD CLIVE. 

WILLIAM PITT. 

THE EARL OP CHATHAM. 

RANKE'S HISTORY OF THB F0PB9. 

GLADSTONE ON CHURCH AND STATB^ 

ADDISON'S LIFE AND WRITINGS. 

HORACE WALPOLE. 

LORD BACON. 



LORD BYRON. 

COMIC DRAMATISTS OF THE RESTORATION. 
FREDERIC THE GREAT. 
HALLAM'S CONSTITUTIONAL HISTORY. 
CROKER'S EDITION OF BOSWELL»S LIFE OP 
JOHNSON. 

LORD MACAULAY'S SPEECHES ON PARLIA- 
MENTARY REFORM. 



THE LOVE STORY, mOM SOUTHEY'S DOCTOR, 
SIR ROGER DB COVERLEY. . . . } SFECTATOB 
MEMOIRS OF A MAITRE-D'ARMES. bt DUMAS. 
^ WORKISa^MAN f: ] »^ E- SOUVESTRE. 



WORKS OF FICTION. 

AN ATTIC PHILOSO-7 



.....BYB.S0U5 

SIlT EDWARD SEAWARD'S NARBA^ 
HIS SHIPWRECK. 



PHERIN PARIS.. /• 
"AWA 




NATURAL HISTORY, &c. 






NATURAL HISTORY OF 1 __, -n^ ., jrwiurp 

CREATION / ■* •""• *"• *-*'**^» 

INIHCATIONS OF INSTINCT, BY DR.L. KEMP. 



ELECTRIC TELEGRAPH, As. B»Wft. A.^ 
OUR COAL-FIELDS AND Ol»B COXSiC 
CORNWALL, ITS MINES. MINBRSJ^ 



MISCELLANEOUS WORKS. 



LECTURES AND ADDRESSES { °^ ™T^af^, **' 
SELECTIONS FROM SYDNEY SMITH'S 

WRITINGS. 
PRINTING ,. BY A. STARK. 



RAILWAY MORALS 5^ 

RAILWAY POLICY|^.««j.w 
MORONISM . . Bar T&l^*' 



LONDON 



lonB an() 
^viJLLOCH. 
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The Traveller's Library being now com- 
plete, the Publishers cell attention to this 
collection as well adapted for Travellers and 
JSmigrantBy for School-room lAhraries, the Libraries 
of Mechanics* Institutions, Young Men*s Libraries, 
fhe Libraries of Skips, and uroilar purposes. The 
separate volames are suited for School Prizes, 
Presents to Young People, and forg;eneral instmc- 
tioii and entertainment. The Series comprises 
Iterteen of the most popalar of Lord Bftacaiiiay's 
Essay Sy and his Speechee on Parliamentary Reform. 
The department of Travels contains some account 
of eight of the principal eovntries of Burape^ as 
well as travels ia foor districts- of Africa, in f6ur of 
Aaaerica^ aad in three of Asia. Madame Pfeiffer's 
First Jofumey round the World is included ; and a 
genearal account of the AuUraUan Colonies, In 
Biography and History will be found Lord Macau- 
lay's Biographical Sketches of Warren Hastings, 
Chve, Pitt, Walpole, Bacon, and others; besides 
Memoirs of WetHngton, Turenne, F. Arago, &c. ; an 
Essay on the Life and Genius od Thomas Fuller, 
with Setectioiis from his Writings, by Mr. Henry 
Kogers ; and a history of the Leipsie Campaigm, by 
Mr. Gleig, — which is the only separate account of 
this remarkable campaign. Works of Fiction did 
Bot craae within the plan of the Travbllsb's Li- 
bra RY ; bot the Coftfessions of a Working Man, by 
Souvestre, which is indeed a fiction founded on fact, 
has been included, and has been read with imusual 
interest by many of the working classes, for whose 
use it is especially recommended. Dumas's story 

' of the Maitre-d*Armes, though in form a work of 
fiction, gires a strikiug picture of an episode in the 
history of Rossis. Amongst the works on Scteace 
aad Matmral Philosophy, a general view of Creation 
is embodied in Pr. Kemp*a Natural Hisiovy of 
Creations and. in his Indieatiom qf Instinct remark- 
able facts in naUxral history are collected. Dr. 
Wilson has contributed a popular account of the 
Electric Telegraph, In the TOlumes on the Coal' 
Fields, and on the Tin and other Mining Districts 
of Cortswallt is given an acceont of the mineral 
wealth of England, the habits and manners of the 
miners, and the scenery of thesorroun^ng country. 
It only remaiBs to add, that among the Miscella- 
neons Works are a Selection of the best Writings of 
the Rev. Sydney Smith ; Lord Carlisle's Lectures 
and Addresses ; an account of Jf orsi«nt>0i, by the 
Rev. W. J. Conybeare; an exposition of Railway 
management and mismaasgeiMnt, by Mr. Herbert 
Spencer ; an account of the Origin sad Practice of 
Printing, by Mr. Stark; and an account (^ London, 
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^ atic eoui|ferie6, and examples 
L"' . --flTF't siuue <i( Li Me- from the works of Souvestre 
and Domas. Bound together, 
they form twenty-five con- 
venient volumes, which any 
society of a hundred and five 
members may possess, upon 
paymeutof one shilling each. 
An association of this kind, 
filmed in every snudl town, 
would thus create sufficient 

_ _ -. baiHis for a free library up<m 

* liii^ K < ^ H<s:\ i:]>Atz- a modest scalo. Good hooks 

are not beyond the reach of 

working men, if wwking 

men wiU. combine to obtain 

•bi'lthem." Lsadxb. 

Vtf Library may also be bad 
as ongii.^..^ V. ii, 102 parts. Is. each, 

forming 50 ttxIs. 26. 6d. each ; or any separate 
parts or Toliunea, 



.^' 



f>^ 



Trollope.—Barchester Towers. ^Aa- 

THONT Tbollofb. 3^ Tols. post 8to. price 
31s. 6d. 

*' Bart^etter I^mers Ca 
Mttdofseourtinooiitiuuatisn 
of Mr. TroUope's foimer 
novel The Warden) does 
not depend only on s^wy Ibr 
its interest ; the carefiil 
writing, the good humonr 
wlth a tendency often to be 
Shandean in its expression, 



and the sense and right 
feeling with which the way 
is threaded among questions 
of high church and low 
ehurch, are very notice^le, 
and secure for it unquestion- 
able rank among the few 
really weli-^tritteu tales that 
every season produces." 

EXAMUOEB. 



Tndlope.— Th« Warden. 
Post 8vo. 10s. 6d. 



By Antliony Trollope. 



Sharon Turner's Sacred History of the 

World, attempted io be Philosophically 
conffldered, in a Series of Letters to a Son. 
New Edition, edited by the Eev. S.Tubnbb. 
8 Tols» post Sto. price 31b. 6d. 

Sharon Turner's History of England 

during the Middle Ages: Comprising the 
Beigns from the Norman Conquest to the 
Accession of Henry VIII. Fifth Edition, 
reyised by the Key. S. TiminBB. 4 yols. 
8vo. price SOs. 

Sharon Turner's History of the Anglo- 
Saxons, from the Earliest Period to the 
Norman Conquest. Seventh Edition, revised 
by the Bev. S. TmaajL, 3 vols. 8to. 368. 

Dr. Turton's Manual of the Land and 

Fresh-Water Shdls of Great Britain. New 
Edition, thoroughly revised and brought up 
to the Present Time. Edited by Dr. J. B. 
G-BAT, P.B.S., Ac, Keeper of the Zoological 
Department in the British Museum. Crown 
8vo. with Coloured Plates. [I» the press. 

Dr. nre's Dictionary of Arts, Manufac- 
tures, and Mines : Containing a clear Expo- 
sition of their Principles and Practice. 
Fourth Edition, much ^[ilarged ; most of 
the Articles being entirely re-written, and 
many new Articles added. With nearly 
1,600 Woodeuts. 2 vols. 8vo. price OOs. 

Van Der Hoeven's Handbook of Zoology. 

Translated from the Second Dutch Edition 
by the Bev. Wiijjam Clabx, M.D.,F.B.S., 
&o., late Fellow of Trinity College, and Pro- 
fessor of Anatomy in the University of 
Cambridge ; with additional Beferences fur- 
nished by t^e Author. In Two Volumes. 
VoL I. Invertebrate Animals; with 15 Plates, 
comprising mim^rous Figuiee. 8vo. 30s. 

Vehse.— Memoirs of the Court, Aristo- 
cracy, and Diplomacy of Austria. By Dr. B. 
Vehse. Translated from the German by 
"StulSZ Dsmmleb. 2 'vols, post Svo. 21s. 
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NEW W0EK8 PTTBMSHSD BT LONGMAN akd CO. 



Von Tempsky- — Mitla: A Narrative of 

Incidents and Personal Adventures on a 
Journey in Mexico and Goatemala in the 
Years 1853 and 1854: With Ohserrations 
on the Modes of Life in those Countries. By 
O. F. VoK Tbxpsky. Edited hy J. S. Bell, 
Author of Journal of a Residence in Cireassia 
in the Yean 1836 to 1839. With Illustra. 
tions in Chromolithography and Engravings 
on Wood. 8to. [_In the press. 

Wade. — England's Greatness : Its Rise 

and Progress inGoyemment, Laws, Beligion^ 
and Social Life; Agriculture, Commerce, 
and Manu&ctures ; Science, Literature, and 
the Arts, from the Earliest Period to the 
Peace of Paris. By Johk Wade, Author of 
the Cabinet Lawyer, &c. Post Svo. IDs. 6d. 

Waterton.— Essays on Natural History, 

chiefly Ornithology. By C. Watebtoit, Esq. 
With an Autohiography of the Author, and 
Views of Walton HaU. New and cheaper 
Edition. 2 vols. fcp. 8vo. price IDs. 

Waterton'i Easayi on Natural History. Third 
Series ; with a Continuation of the Auto- 
biography, and a Portrait of the Author. 
Fcp. Svo. price 6s. 

Webster and Parkes's Encyclopaedia of 

Domestic Economy ; comprising such sub- 
jects as are most immediately connected with 
Housekeeping: As, The Construction of 
Domestic Edifices, with the Modes of Warm- 
ing, Yeptilating, and Lighting them — A de- 
scription of the various articles of Furniture, 
with the nature of their Materials — Duties of 
Servants — &o. New Edition; with nearly 
1,000 Woodcuts. 8vo. price 50s. 

Weld. — Vacations in Ireland. By 

Chaeles Bichabd Weld, Barrister - at - 
T-«- Pogt 8vo. with a tinted View of 



Whitelocke's Journal of the 

Embassy to the Court of Sweden in tbe 
Tears 1653 and 1654. A New Edition, 
revised by Hekby Beeyb, Esq., LSI. 
2 vols. 8vo. 24«. 

Wilmot's Abridgment of Blackstone's 

Commentaries on the Laws of England, in- 
tended for the use of Young Persons, and 
comprised in a series of Letters from a Father 
to his Daughter. 12mo. price 6s. 6d. 

TOlson (W.)— Bryologia Britannica: Con- 
taining the Mosses of Great Britain and 
Ireland systematically arrangedanddescribed 
according to the Method of Bruch and 
Schimper; with 61 illustrative Plates. Bcbg 
a New Edition, enlarged and altered, of the 
Muscologia Britannica of Messrs. Hooker and 
Taylor, By William Wilson, President 
of the Warrington Natural History Society. 
8vo. 42s. ; or, with the Plates coloured, 
price £4. 46. cloth. 

Yonge.— ANew En^sh-Greek Lexicon: 

Containing all the Greek Words iised by 
Writers of good authority. By C. D. 
YoKGE, B.A. SecoTui Edition, rerised and 
corrected. Fost4to. price 2l8. 

Yonge's New Latia Gradns : Contaiang 
Every Word used by the Poets of good 
authority. For the use of Eton, West- 
minster, Winchester, Harrow, Charterhouse, 
and Eugby Schools; Bang's College, Lon- 
don; and Marlborough College. I^p 
Edition, Post 8vo. price 98.; or with 
Appbkdix of Epithets classified according 
to their English Meaning, 12s. 

Youatt-The Horse. By William Yonatt. 

With a Treatise of Draught. New Edition, 
with numerous Wood Engravings, from 
Designs by William Harvey. (Messrs. 
Longman and Co.'s Edition should be or- 



Infancy and Childhood. By URAiix.ibB ,, ^„^, 
M.D., Physician to the Hospital for Sick 
Children; Physician- Accoucheur to, and 
Lecturer on Midwifery at, St. Bartholomew's 
Hospital. Third Edition. 8vo. 14s. 

Willich's Popular Tables for, ascertain- 
ing the Value of Lifehold, Leasehold, and 
Church Property, Benewal Fines, &c. With 
numerous additional Tables— Chemical, As- 
tronomical, Trigonometrical, Common and 
Hyperbolic Logarithms; Constants, Squares, 
Cubes, Roots, Reciprocals, &c. Fourth 
Edition, enlarged. Post 8vo. price IDs. 



Life on Eartn. ^j — 

Second Edition. Post 8vo. 7s. 6d. 

Young.— The Mystery; or, Evil and ' 
John TouNa, LL J). Post Svo. ' 

Zumpt's Grammar of the 

guage. Translated and a 
use of English Students bj ■ 
E.R.S.E. : With numc 
Corrections by the A' > 
4th Edition, thorowg^ ' 
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